Vol.10.Issue.3.2022 (July-Sept)

©KY PUBLICATIONS BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

INTERNATIONAL
htto://www.bomsr.com ' ‘ STANDARD
Email:editorbomsr@gmail.com . \ SERIAL

NUMBER

2348-0580
RESEARCH ARTICLE

On Solving a Quadratic Diophantine Equation Involving Powers of 9

Dr. R. Sivaraman
Associate Professor, Post Graduate & Research Department of Mathematics
Dwaraka Doss Goverdhan Doss Vaishnav College, Chennai, India
Email: rsivaraman1729@yahoo.co.in
DOI:10.33329/bomsr.10.3.1

| mesaam ABSTRACT

E @ K Diophantine Equations named after ancient Greek mathematician

BOMSR Diophantus, plays a vital role not only in number theory but also in several

branches of science. In this paper, | will solve one of the quadratic

— Diophantine equations where the right hand side are positive integral
powers of 9 and provide its complete solutions. The method adopted to
solve the given equation is using the concept of polar form of a particular
complex number. This concept can be generalized for solving similar
equations.

Keywords: Quadratic Diophantine Equation, Polar Form, Euler’s Formula,
Positive Integer Solutions.

1. Introduction

Diophantine Equations were equations whose solutions must be in integers. Since the
solutions are integers and most often positive integers, such equations have more practical
applications compared to other equations in mathematics. In this paper, | will solve one of the
guadratic Diophantine equations involving positive integral powers of 9 in a novel way and present its
complete solution in a compact form.

2. Quadratic Diophantine Equation

In this paper, | will provide methods to solve the quadratic Diophantine equation 5x? + y? = 9"
(1), where x, y are positive integers. | will try to obtain a general solution of (1) in closed form. For
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doing this, | will make use of a particular complex number and a fabulous formula proposed by the
greatest mathematician of all times, Leonhard Euler.

3. Solutions to the Equation

We will try to obtain all positive integer solutions (x, y) satisfying (1) for any given natural number n.

n
Now, we will try to determine the polar form of (2 + I\/g)

2+i5 =r(cos@+isin@)=rcos@=2,rsind =5

From this, we obtain 1’ =4+5=9=r=30= tan_l(?} (2)

n
Hence the polar form of (2+ I\/g) is given by

N3

(2+ivB) = zom 1%

Now using Euler’s Formula in (3), we obtain

(2+ix/§)n=3” cos ntan‘{?j +isin ntan‘{?} (4)

J 3)

ifwe now assume y +iv/5x =(2+iyB)  (5) then y—iBx =(2-iV5) (6)

Now multiplying (5) and (6), we get

(y+i\/§x)x(y—i\/§x) = (2+i\/§)n x(2—i\/§)n

Simplifying, we obtain 5X° + y2 =9" which is (1), the original problem which we have considered.

Thus the solutions to (1) are given by equating real and imaginary parts of (5). Now using (4) in (5),
and for n>1we get

__ 0N .; -1 \/g _ 3n H -1 \/g
JBx=3"sin| ntan £7j :X_Esm ntan {7J (7)

y=3"cos| ntan™" [?j = y=3"cos| ntan™ (?J (8)

Now from (7) and (8), if we consider (|X|,|y|)then these pairs would provide all positive integer

solutions to the given Quadratic Diophantine Equation 5x* + y2 =9" for any natural number n.
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4. Conclusion

Considering a quadratic Diophantine equation 5xX° + y2 =9", | have used a novel method to

solve it completely in this paper. In particular, equations (7) and (8) provide all required positive
integer solutions to the given equation. Further, by considering the polar form of a particular complex
number, | have obtained nice closed expressions for the given equations.

In fact, from (7) and (8), we notice that for N >1, all positive integer solutions to 5x* + y2 =9"are

given by
3" . 4l V5 BIRVE)
X=-—/sin| ntan™ £ ,y=3"|cos| ntan™ £ 9)
J5 2 2
Thus, forn=1,2,3,4,5,6,7,8, ... all positive integer solutions to 5X2+y2 =9"are given

respectively by (1,2); (4,1); (7,22); (8,79); (95,118); (308,239); (377,2018); (1264,5921); ...

Thus the values of x and y from expression (9) provides all possible solutions to the given quadratic
Diophantine equation 5X° + y2 =9". We can adopt similar methods to solve other types of quadratic

Diophantine equations using polar forms of suitable complex numbers.
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