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ABSTRACT 

I In this paper we study to solve the of additive (Γ1, Γ2)-functional inequality 

with three variables and their Hyers-Ulam stability. First are investigated in 

complex Banach spaces with a fixed point method and last are investigated 

in complex Banach spaces with a direct method. These are the main results 

of this paper. 
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Let 𝕏 and 𝕐 be a normed spaces on the same  feld 𝕂, and 𝑓: 𝕏 → 𝕐 . We use the notation ‖. ‖ 

for all the norm on both 𝕏 and 𝕐.   In this paper, we investisgate additive (𝚪𝟏, 𝚪𝟐)- functional inequality 

when 𝕏 be a real or complex normed space and 𝑌 a complex Banach spaces. We solve and prove the 

Hyers-Ulam stability of forllowing additive (𝚪𝟏, 𝚪𝟐)- functional inequality. 

‖𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
                                                                                               

≤ ‖Γ1(𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
− 𝑧) − 2𝑓(

𝑥 + 𝑦

2
))‖

𝕐

+ ‖Γ2(2𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) − 𝑓(

𝑥 + 𝑦

2
) 

− 𝑓(𝑧)‖
𝕐

                                                                                                                     (1.1) 

In which   Γ1, Γ2 are fixed non zero complex numbers with G(Γ1, Γ2)-functional inequality. 
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Note that in the preliminaries we just recap some of the most essential properties for the above 

problem and for the specific problem, please see the document. The Hyers- Ulam stability was first 

investigated for functional equation of Ulam in [28] concerning the stability of group homomorphisms. 

The functional equation 

𝑓 (𝑥 +  𝑦)  =  𝑓 (𝑥)  +  𝑓 (𝑦) 

is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an 

additive mapping. 

The Hyers [13] gave firts affirmative partial answer to the equation of Ulam in Banach spaces. 

After that, Hyers’Theorem was generalized by Aoki[1] additive mappings and by Rassias [26] for linear 

mappings considering an unbouned Cauchy diffrence. Ageneraliza- tion  of  the  Rassias  theorem  was  

obtained  by  Gaˇvruta  [10]  by  replacing  the  unbounded Cauchy difference by a general control 

function in the spirit of Rassias’ approach. 

The stability of quadratic functional equation was proved by Skof [27] for mappings 𝑓 ∶  𝑋 →  𝑌 

, where X is a normed space and 𝛾 is a Banach space. Park [24], [25] defined additive 𝛾 -functional 

inequalities and proved the HyersUlam stability of the additive γ -functional inequalities in Banach 

spaces and nonArchimedean Banach spaces. The stability problems of various functional equations 

have been extensively investigated by a number of authors on the world. We recall a fundamental 

result in fixed point theory. 

Recently, in [3],[4],[21],[22],[24],[25] the authors studied the Hyers-Ulam stability for the 

following functional inequalities 

‖𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖ ≤ ‖𝑓(

𝑥 + 𝑦

22
+

𝑧

2
) −

1

2
𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖                              (1.2) 

‖𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) −

1

2
𝑓(

𝑥 + 𝑦

2
) −

1

2
𝑓(𝑧)‖

≤ ‖𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖                              (1.3) 

‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥)  − 𝑓(𝑦)‖ ≤ ‖𝜌(2𝑓(
𝑥 + 𝑦

2
) − 𝑓(𝑥)  − 𝑓(𝑦)‖                              (1.4) 

‖2𝑓(
𝑥 + 𝑦

2
) − 𝑓(𝑥)  − 𝑓(𝑦)‖ ≤ ‖𝜌(𝑓(𝑥 + 𝑦) − 𝑓(𝑥)  − 𝑓(𝑦)‖                               (1.5) 

and 

‖𝑓(
𝑥 + 𝑦

2
+ 𝑧) + 𝑓(

𝑥 + 𝑦

2
− 𝑧) − 𝑓(𝑧) − 2𝑓(

𝑥 + 𝑦

2
) − 2𝑓(𝑧)‖                                                            

≤ ‖𝛽(2𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) − 2𝑓(

𝑥 + 𝑦

22
−

𝑧

2
) − 𝑓(

𝑥 + 𝑦

2
)

− 𝑓(𝑧)‖                                                      (1.6) 

‖2𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) + 2𝑓(

𝑥 + 𝑦

22
−

𝑧

2
) − 𝑓(𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 2𝑓(𝑧)‖                                                            

≤ ‖𝛽(𝑓(
𝑥 + 𝑦

2
+ 𝑧) + 𝑓(

𝑥 + 𝑦

2
− 𝑧) − 2𝑓(

𝑥 + 𝑦

2
)

− 2𝑓(𝑧)‖                                                  (1.7) 
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Finaly 

‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥)  − 𝑓(𝑦)‖

≤ ‖𝛽1(𝑓(𝑥 + 𝑦) + 𝑓(𝑥 − 𝑦)  − 2𝑓(𝑥))‖

+ ‖𝛽2(2𝑓(
𝑥 + 𝑦

2
) − 𝑓(𝑥)  − 𝑓(𝑦))‖          (1.8) 

in complex Banach spaces  

In  this  paper,  we  solv e  and proved  the  Hyers-Ulam  stability  for  (Γ1, Γ2)- functional inequalities 

(1.1), i.e., the (Γ1, Γ2)- functional inequalities with three variables. Under suitable assumptions on 

spaces 𝕏 and 𝕐, we will prove that the mappings satisfying the (Γ1, Γ2)- functional inequati lies (1. 1). 

Thus, the results in this paper are generalization of those in [3],[4],[14],[21] for (𝚪𝟏, 𝚪𝟐)- functional 

inequatilies with three variables. 

The paper is organized as followns: In section preliminarier we remind some basic nota- tions in [3],[7] 

such as complete generalized metric space and Solutions of the inequalities.  

Section 3: In this section, I use the method of the fixed to prove the Hyers-Ulam stability of the addive 

(Γ1, Γ2)-functional inequalities (1.1) when 𝕏 be a real or complete normed space and 𝕐 complex 

Banach space.  

Section 4: In this section, I use the method of directly determining the solution for (1.1) when 𝕏 be a 

real or complete normed space and 𝕐 complex Banach space. 

2.1. complete generalized metric space and Solutions of the inequalities. 

Theorem 2.1. Let (𝑋, 𝑑) be a complete generalized metric space and let 𝐽 ∶  𝑋 →  𝑋 be a strictly 

contractive mapping with Lipschitz constant 𝐿 <  1. Then for each given element 𝑥 ∈  𝑋, either 

𝑑 (𝐽𝑛, 𝐽𝑛+1) =  ∞ 

for all nonegative integers 𝑛 or there exists a positive integer n0 such that  

(1) 𝑑 (𝐽𝑛, 𝐽𝑛+1) <  ∞, ∀𝑛≥ 𝑛𝑜; 

(2) The sequence {𝐽𝑛𝑥} converges to a fixed point 𝑦 ∗ of 𝐽; 

(3) 𝑦 ∗ is the unique  fixed point of 𝐽 in the set  

(4) 𝑌 = {𝑦 ∈  𝑋 ∣ 𝑑(𝐽𝑛, 𝐽𝑛+1) <  ∞}; 

(5) 𝑑(𝑦, 𝑦 ∗) ≤  
1

1−𝑙
𝑑(𝑦, 𝐽𝑦)∀𝑦 ∈  𝑌 

Solutions of the inequalities. The functional equation 

𝑓 (𝑥 +  𝑦)  =  𝑓 (𝑥)  +  𝑓 (𝑦) 

is called the cauchuy equation. In particular, every solution of the cauchuy equation is said to be an 

additive mapping. 

3. ESTABLISH THE SOLUTION OF THE ADDITIVE (Γ1, Γ2 )-FUNCTION INEqUALITIES USING A FIXED 

POINT METHOD 

Now, we first study the solutions of (1.1). Note that for these inequalities, when 𝕏 be a real or 

complete normed space and 𝕐 complex Banach space. 
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Lemma 3.1. A mapping 𝑓: 𝕏 → 𝕐 satisfies 𝑓 (0) = 0 and 

‖𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
                                                                                               

≤ ‖Γ1(𝑓(
𝑥 + 𝑦

2
+ 𝑧) + 𝑓(

𝑥 + 𝑦

2
− 𝑧) − 2𝑓(

𝑥 + 𝑦

2
))‖

𝕐

+ ‖Γ2(2𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) − 𝑓(

𝑥 + 𝑦

2
) 

− 𝑓(𝑧)‖
𝕐

                                                                        (3.1) 

for all 𝑥, 𝑦, 𝑧 ∈  𝑋 if and only if 𝑓: 𝑋 → 𝑌 is additive 

Proof. Assume that 𝑓 ∶  𝑋 → 𝑌 satisfies (3.1) 

Letting 𝑥 =  𝑦 = z in (3.1), we get 

‖𝑓(2𝑥) − 2𝑓(𝑥) ‖𝕐  

≤ |Γ1| ‖(𝑓(2𝑥) − 2𝑓(𝑥)) ‖𝕐                                                                                                

and so 𝑓(2𝑥) =  2𝑓(𝑥) for all 𝑥 ∈ 𝑋. 

Thus 

𝑓(𝑥/2) = 1/2𝑓(𝑥)                                                                                     (3.2) 

for all 𝑥 ∈ 𝑋 It follows from (3.1) and (3.2) that 

‖𝑓 (
𝑥 + 𝑦

2
+ 𝑧) − 𝑓 (

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
                                                                                               

≤ ‖Γ1 (𝑓 (
𝑥 + 𝑦

2
+ 𝑧) + 𝑓 (

𝑥 + 𝑦

2
− 𝑧) − 2𝑓 (

𝑥 + 𝑦

2
))‖

𝕐

+ ‖Γ2(2𝑓(
𝑥 + 𝑦

22
+

𝑧

2
) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
  

= ‖Γ1 (𝑓 (
𝑥 + 𝑦

2
+ 𝑧) + 𝑓 (

𝑥 + 𝑦

2
− 𝑧) − 2𝑓 (

𝑥 + 𝑦

2
))‖

𝕐

                                                      

+ ‖Γ2(𝑓(
𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧))‖

𝕐
                                          (3.3) 

and so 

(1 − |Γ2|) ‖𝑓 (
𝑥 + 𝑦

2
+ 𝑧) − 𝑓 (

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
 

≤ |Γ1| ‖(𝑓 (
𝑥 + 𝑦

2
+ 𝑧) + 𝑓 (

𝑥 + 𝑦

2
− 𝑧) − 2𝑓 (

𝑥 + 𝑦

2
))‖

𝕐

                      (3.4) 

𝐿𝑒𝑡𝑡𝑖𝑛𝑔 𝑢 =  
𝑥 + 𝑦

2
 +  𝑧;  𝑣 =

𝑥 + 𝑦

2
−  𝑧 𝑖𝑛 (3.4), 𝑤𝑒 𝑔𝑒𝑡 

(1 − |Γ2|) ‖𝑓(𝑢) − 𝑓 (
𝑢 + 𝑣

2
) − 𝑓 (

𝑢 − 𝑣

2
)‖

𝕐
 

≤ |Γ1|) ‖𝑓(𝑢) − 𝑓(𝑣) − 2𝑓 (
𝑢+𝑣

2
)‖

𝕐
                                           (3.5) 

for all 𝑢;  𝑣 ∈ 𝑋 and so 
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1

2
(1 − |Γ2|)‖𝑓(𝑢 + 𝑣) − 𝑓(𝑢 − 𝑣) + 2𝑓(𝑢)‖𝕐 

≤ |Γ1|)‖𝑓(𝑢 + 𝑣) − 𝑓(𝑢) − 𝑓(𝑣)‖𝕐                                              (3.6) 

for all 𝑢;  𝑣 ∈ 𝑋 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 (3.4) 𝑎𝑛𝑑 (3.5), 𝑡ℎ𝑎𝑡  

1

2
(1 − |Γ2|)2 ‖𝑓(

𝑥 + 𝑦

2
+ 𝑧) − 𝑓(

𝑥 + 𝑦

2
) − 𝑓(𝑧)‖

𝕐
 

≤ |Γ1|)2 ‖𝑓(
𝑥+𝑦

2
+ 𝑧) − 𝑓(

𝑥+𝑦

2
)  − 𝑓(𝑧)‖

𝕐
                                              (3.7) 

Since √2 |𝛽1| +  |𝛽2| < 1 𝑎𝑛𝑑 𝑠𝑜 

𝑓(
𝑥 + 𝑦

2
+ 𝑧) = 𝑓(

𝑥 + 𝑦

2
) + 𝑓(𝑧) 

for all 𝑥, 𝑦, 𝑧 ∈  𝑋. Thus 𝑓 is additive 
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5. CONCLUSION 

In this paper, I have shown that the solutions of the Γ1, Γ2 -functional inequalities are additive 

mappings. The Hyers-Ulam stability for these given from theorems. These are the main results of the 

paper , which are the generalization of the results [3],[4],[14],[21] . 
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