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BOMSR solution of the Pell equation is found in the present article x?> — Cy? = +1

by using Continued fraction expansion of V/C. Also, in terms of Generalized
Bi-Periodic Fibonacci & Lucas sequences, we obtain all positive-integer
solutions of the Pell equation x? — Cy? = +1.
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1 Introduction

It is generally recognized that the Pell equation x? — Cy? = 1 always have positive-integer
solutions, where C is a positive integer which is not a perfect square. When N is not equal to 1, there
may be no positive-integer solution for x> — Cy? = N Pell equation. The positive-integer solution for

x% — Cy? = —1 equation depends on the period length of v/C continued fraction expansion. In [10],
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we gave all positive-integer solutions of the Pell equation x? — Cy? = +1 in terms of Generalized Bi-
Periodic Fibonacci and Lucas sequences for the choices C = m? + 1,m? + 2, m? + m. In the present
article, when m is a positive integer as well as C = m? + 4, particularly if a solution is available, all
positive integer solutions are provided in terms of Generalized Bi-Periodic Fibonacci and Lucas

sequences by utilizing v/C continued fraction expansion.
2 Preliminaries

Some writers have generalized the sequences, Fibonacci & Lucas, by altering their initial
conditions and recurring relations. Yayenie & Edson ([4]) generalize the Fibonacci sequence to the new
set of sequences denoted as {p,} and is defined by

APn_1 + Pn_z, if niseven

bp,_1 +pn_y ifnisodd (n = 2).

po=0,p1 =1, pn={
Bilgici ([6]), on contrary, generalized the Lucas sequence by presenting a bi-periodic Lucas
sequence denoted as {l,} and is expressed as:

bl, 1+, 5, ifniseven

al,_ +1,_, ifnisodd =2

1022,11=a,ln={

as well as several interesting associations between {p, } & {l,;} have been proven.

We now consider a generalized bi-periodic Fibonacci sequence {f,,} and Lucas sequence {q,}
which are the generalization of {p,,} and {l,;}, termed as:

_ _ _(afp—1* Cfn_a if niseven
f0_0;f1_1, fn_{bfn—l-l_cfn—z; ifnisodd (n22),

and

bqn_1 + cqn-_n, if niseven

aqp-1 + Ccqn_n, if nisodd (n=2),

qo = 2d,q, = ad, q, ={

where a, b, ¢, d are nonzero real numbers.

Yayenie and Choo ([4] and [5]) gave Binet’s formulas for {f,,} & {q,,} are represented as:

a((n+1) a — ’[)m
fa(a b, c) = m ( — ) €Y
@zl \ @ =8
qn(a,b,c,d) = m (@™ +B™) (2)
(ab)lszZ(n)
where a = ab+va?b?+aabe and = w, i.e., & and B are the roots of the equation x?% —

2 2

abx —abc =0,and{(n) =n — 2 EJ is the parity function such that

_(0if niseven
{m) _{1ifnis odd

We now provide the fundamental solution to an equation x? — Cy? = +1 utilizing the length

of a period of v/C continued fraction expansion.

Lemma 2.1: Suppose [ be the period length of v/C continued fraction expansion. When [ is even, then
the fundamental solution for x? — Cy? = 1 equation is represented as:
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X1+ y:1VC =pi_g + q-1VC
and x2 — Cy? = —1 equation has no integer solution. In case of [ is odd, then the fundamental
solution for x? — Cy? = 1 equation is represented as:
x1 +y1VC = pyroq + qz-1VC

2:

and fundamental solution for x2 — Cy —1 equation is represented as:

X+ V€ =p_y + q1VC

Cognition 2.1 Let x; + y;v/C be the fundamental solution of x? — Cy? =1 equation. Then all
positive-integer solutions of x2 — Cy? = 1 equation is represented as:

Xn + V€ = (x, + ylx/f)n
withn > 1.

2:

Cognition 2.2 Let x; + ylx/f be the fundamental solution of x2 — Cy —1. Then all positive-integer

solutions for x2 — Cy? = —1 are represented as:
2n—1
Xn + YaVC = (x1 + y1VC)
withn > 1.

Cognition 2.3 Let C = m?2 + 4. Then /C continued fraction expansion is given by

m

[m; 7,2m] ifC=m?+4and misevenwithm > 1
m—1 m—1

m; — 1,1, > ,2m ifC=m?+4and mis odd withm > 1

m—3 m-—3
[m—l; 1, 5 ,2, 5 ,1,2(m—1)] ifC=m?—4and mis odd withm > 3

—,1,2(m - 1)] ifC=m? —4and mis evenwithm > 2,m # 4

L [3; 2,6] ifm=4

Corollary 2.1 Let C = m? + 4. The basic solution of x? — Cy? = 1 equation is represented as:
mé+6m*+9m?+2 m®+4m3+3m
+
2 2
m2+2 m
5 +?\/E if C=m?+4and miseven
x1 + y,VC =3

m3—-3m m?-1

VC if C=m?+4and mis odd

S+t N if C=m?—4and misodd
m?—2 m
| — +7\/E if C =m?—4and miseven

Corollary 2.2 Let m > 0 and C = m? + 4. The basic solution of x2 — Cy? = —1 is

m3+3m . m?+1

VC if C=m?+4and mis odd

2 2
%+ y1VC = { nosolution if C =m?+4and mis even
nosolution  if C=m?—4andm >3
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3 Main Theorems
Theorem 3.1 Let m > 1 and C = m? + 4. Then all positive-integer solutions of the equation
x? — Cy? = 1 are given by

(1 1) 1 1 1
3 o (1,501 5 on (. 2.2)
{ or if misodd

L o 1 1
30 don (1072). fo (1.2

(1 1 31 1
3" don (. 1.20.1) 2 on (2. 2)

X or if miseven

L i 1 1
LL Em QZn(l;m;a;:L),fzn(l,m,—)

)

(X, Yn) = 1

3

withn > 1.
Proof

Case |

Let m is odd.

By Corollary 2.1, Cognition 2.1, and Cognition 2.3, all positive integer solutions of the equation x2 —
Cy? = 1 are given by

mé+6m*+9m?+2 m®+4m3+3m "
Xy + Y VC = < > + > \/E>
3 2 2,921 3 2 242)% 1
withn > 1. Let a; = (m +32m) A +m((m > ) )\/Fand B = (m +32m) 2 m((m > ) )\/E
Then,

Xn t+ yn\/E =a;" and x,, — :Yn\/E ="

Thus, it follows that

a" + B d a" — B
X, =———— an =
Let
ab +Va?b? + 4abc ab —Va?b? + 4abc
a= and § =
2 2
Sub Case (i)
Take a=m,b=1,c =$,weget
m+vm? + 4 m—vVm? +4
= adf=——r——

Thus, a® = a; and B = 3,
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Therefore, we get,

(@®)" + (B

x?’l = f =
and

b= (a6)n _ (36)71 _ 2_1 a,én _ ‘Bén _ -

2+ 4 a—f
Thus,
1 n) 1
(xn' yn) = Em den (m: LE' 1)

Sub Case (ii)

Take, a=1,b :m,czi,weget

1 i3nl L Y1 s
(xn'yn) = Em q6n(1'm'E’1>'§m f6n (l,m,g)

m+vVm?2 + 4
a=—————andf =
2
Thus, a® = a; and $° = B,
Therefore, we get,
@)+ (O™
Xy = > =
and
a6 n __ 6\n a,6n __ poén
N Gl 10 LY
2Vm? +1 a=p
Thus,
Case ll

Let m is even.

3
_mi3nl

1
il (Lm, E)

1
271 (af" + gom) = 27 Imb3nlg,, (m, 1%, 1) by (2)

fn(m12) by

m

L tenig (m 11)
"2m n\" " m

m2+4
2

m —

1
271 (a®™ + B = 27 Iml3nlg,, (1, m—, 1) by (2)

by (1)

1

By Corollary 2.1, Cognition 2.1, and Cognition 2.3, all positive integer solutions of the equation x? —

Cy? = 1 are given by

m>4+2 m "
xn+ynVC=< 5 +EVC>
2 2
withn = 1. Let a; = m+2 +%\/C and p; = m2+2 _%,/C_

Then,

X + yn\/f =a,;" and x,, — yn\/E ="

Thus, it follows that
v = " + B
n 2

and y,

a" — ﬂ1n

24/C
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Let
ab +Va?b? + 4abc ab —Va?b? + 4abc
a= and f =
2 2
Sub Case (iii)

Take a=m,b:1,c:i,weget

m+Vm? + 4 m—vm? +4
a=————andf=——F7—
2 2
Thus, a? = a; and B2 = 3,
Therefore, we get,
az TL+ 2\n 1
X, = % = 2_1(0(2” + 32”) = 2_1mlnjq2n (m, I,E, 1) by (2)
and
(@)™ - (B2)" a?" — g2 m!™! 1
@B B 1 d) by
I e = — fon (m y (1)
Thus,

1 In] 1 1 n] 1
X V) = Em Q2n (m, 1,—m, 1) ,—me fon (m, 1,—m)
Sub Case (iv)

Take, a=1,b =m,c=%,weget

m++Vm2 + 4 m—vm?+4
a=———andf=——1—"—
2 2
Thus, @? = a; and 2 = B,
Therefore, we get,
aZ n + 2\n 1
X, = % = 271(a?" + p2") = 27 1mlnlg,, (Lm.a. 1) by (2)
and
(@) = _ e mt L
yn:—z 1 :2 1 f2n<1pm1_) bY(l)
2VmZ + 4 a—p
Thus,

1 In) 1 1 In] 1
(xn'yn)z Em q2n(1JmJE11)l§m f2n<1:m:a)

From Cases (1) and (II) we get the required solution.

Theorem 3.2 Let m > 1 and C = m? + 4. Then all positive solutions of the equation

x? — Cy? = —1 are given by

(i) If m is odd, then

S. Sriram & P. Veeramallan

Page-87



Vol.10.Issue.4.2022 (Oct-Dec) Bull.Math.&Stat.Res (ISSN:2348-0580)

1 fenz) 1 1
Em 2 den-3 (m' 1;%: 1) lf6‘l’l—3 (m’ 1’%’ 1)

(xann) = or
1 IEJ 1 1
Em 2 qen-3 (1: m’%' 1) » fon—3 (Lm'aw 1)
withn > 1.
(ii) If m is even, then there is no solution
Proof
Casel
Let m is odd.

By Corollary 2.1, Cognition 2.2, and Cognition 2.3, all positive integer solutions of the equation x? —

Cy? = —1 are given by

m3+3m m?+1 an=1
m \/F>

xn+3’n\/E:<

3 2 3 2
withn > 1. Llet a; = = ;3m+m2+1\/?andﬁ1 == ;3m—m2+1\/f.

Then,
Xn + Yn\/E = alzn_l and x,, — Yn‘/E = [),1211—1

Thus, it follows that

. = a12n—1 +B121’l—1 andy _ a,12n—1 _[);12n—1
n 2 n ZVQT
Let
ab +Va?b? + 4abc ab —Va?b? + 4abc
a= and § =
2 2
Sub Case (i)

Take a=m,b=1,c=%,weget

m+vVvm?2 + 4 m—+vm? +4
a=———andf=——
2 2
Thus, a3 = a; and B3 = 3,

Therefore, we get,

CZ3 2n-1 + 3y2n—1 6n-3 1
X, = ( ) . (,3 ) — 2—1(a6n—3 + .Bén_B) — 2_1ml 2 Jan_g (m, 1’;’ 1) by (2)
and
(a3)2n—1 _ ('33)2n—1 L a6n—3 _ '3671—3 IEJ 1
= = 2" = 2_1 — ( '] 11_> 1
Yn Zm a— ‘B mt 2 f6n 3\m m bY( )
Thus,

6n—3

1 n] l_J 1 1 lﬂj 1
(Xn, yn) = Em mt 2 qén_3<1,m,a,1),§m 2 fen—3(m'1;a)
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Sub Case (ii)
Take, a=1,b =m,c = %,weget

m++Vm? + 4 m—Vm?2 + 4
a=————andf=——F7——
2 2

Thus, @® = a; and 83 = B,

Therefore, we get,

a3)2n-1 4 (g3)2n-1 6n-3 1

%, = () ! (B*) _ 2-1(gSn3 4 gOn-3) — 21|75 J%n—3 (Lm'ﬁ'l) by (2)
and

(@3)?n1 — (ﬁ3)2n—1 B a3 — ﬁsn—z o Jen=2 1

= Wm2 + 4 S B 27t s (Lm’E) by (1

Thus,
L izng [ LA L 1
(xn':Vn) = Em mt 2z lqen—3 (Lm'E'l)'Em 2 f6n—3 (Lmla)

Case ll

Let m is even.

Since by Cognition 2.3, the period length of continued fraction expansion of +/C is always even. Thus,
by Lemma 2.1, it follows that there is no positive integer solution of the equation

x? —Cy? = —1.
From Cases (1) and (II) we get the required solution.

Now, we consider the other cases of C without giving their proof since they can be proved as
similar to that of Theorem 3.1 and Theorem 3.2 was proved.

Theorem 3.3 Let m > 0 and C = m? — 4. Then all positive solutions of the equation
x2 — Cy? = 1 are given by

(i) If m is even, then

1o -1 ~1
3" (gan (2,22 1) fon (m 2.2

(Xn, Yn) = or

1 In| -1 -1
3" (aan (1,22 1) fon (102
(ii) If mis odd, then

(1 13_nJ -1 1 -1
3t (don (1,20 1). e fon (m 1 20)
(X, Yn) = or

1 pn -1 -1
Eml zJ <m{(3n)q2n (1, m,?, 1) , fan (1,m, F))
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withn > 1.

Theorem 3.8 Let C = m? — 4 then the equation x? — Cy? = —1 has no solution in positive

integers.

Proof

Since by Cognition 2.3, the period length of continued fraction expansion of /C is always even. Thus
by Lemma 2.1, it follows that there is no positive integer solution of the equation

4 Conclusion

In this paper, we investigate the Pell equation x? — Cy? = +1, C = m? 4+ 4 and we are seeking
positive integer solutions in x and y. We get all positive integer solutions of the Pell equations x? —
Cy? = 41 in terms of Generalized Bi-Periodic Fibonacci and Lucas sequences when C = m? + 4.
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