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ABSTRACT 

In this paper Pseudo- regular I- spaces and Pseudo -regular U- spaces have 

been defined and a few important properties of these spaces have been 

proved.  
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I. INTRODUCTION 

A topological space X is said to be regular if for each non- empty closed set F of X and any point 

x  X, such that xF (i.e. x is the external point of F), there exist two disjoint open sets V  and W such 

that x V and FW. In paper [1] a pseudo regular topological spaces has been defined by replacing 

a closed subset F by a compact subset K in the definition of a regular space. Here the concept of Pseudo 

regularity has been extended to I- spaces and U- spaces. These spaces were introduced and studied in 

[2] and [3].In this paper we have given examples of pseudo regular I- spaces and pseudo regular U –

spaces which are not regular. A number of important theorems regarding these spaces have been 

established. 
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II. PRELIMINARIES 

We begin with some basic definitions and examples related to I- spaces and U- spaces. 

I-Spaces 

Definition 2.1: Let X be a non- empty set. A collection I   of subsets of X is called an I- structure on X 

if  

(i) ,X  I   and  (ii) nGGGG ,,,, 321   I     implies  nGGGG 321
 I  . Then (X, I   

) is called an I-space. 

The members of I   are called I-open set and the complement of I- open set is called I- closed set. 

Example 2.1: Let X = {a, b, c, d}, I = {X, , {a},{b},{a, b}, {c},{a, c}, {b, c, d}}.  

Here (X, I   ) is a I- space but not a topological space and nor a U- space. 

Example 2.2: Let X = R, I  = Finite unions of the sets in C , where C =     RbabaR  ,,,     

Then  I  is an I- structure on R. Thus (R, I  ) is an I- space. 

Definition 2.2:  Let (X, I   ) be an I – space.  An I- open cover of subset K is a collection {G  } of I- open 

sets such that K 


GU . 

 Definition 2.3:  An I-space X is said to be I- compact if for every I-open cover of X has a finite  

sub-cover. 

A subset K of a I- space X is said to be I- compact if every I-open cover of K has finite sub- cover. 

Thus, if  (X, I  ) be an I- space, and A  X, then A is said to be I- compact if for each    II  I  } such 

that A

 


 .,,,,,
2121

NnsomeforIIIAthatsuchIIIexitthereI
nn

   

Example 2.3: K is I- compact if K contains only intersections of the form [a, a] = {a}, and these must 

be finite in number. Thus K must be a finite set. 

For, let K be a compact subset of R, for some nN and xR with xK.  

We know that I  =     RbabaR  ,,,  . Since K is I- compact, 

  .int,,,,,,, 21 negerpositivesomeforjixxwherexxxK jin =  .

    so.not  is b] [a, since compact,not  isK then ,,,,,, baRbasomeforbaKRKIf   

U-Spaces 

Definition 2.4 A U-structure on a nonempty set X is a collection U of subsets of X having the following 

properties: 

         (i)    and X are in U , 

         (ii)  Any union of members of U is in U. 

                    The ordered pair (X, U ) is called a U-space. A U-space which is not a topological space is 

called a proper U-space. The members of U are called U-open set and the complement of a U-open 

set is called a U- closed set. 

A U- structure and a U-space have been called a supra-topology and a supra-topological 

space respectively by some authors (see [4], [5], [6], [7]) 

       In general we have  

         Topological space  U-space,         Topological space   U-space  
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Example 2.4:  Let X = {a, b, c, d}, U = {X, , {a, b}, {a, c}, {a, b, c}}.   Here (X, U) is a U-space but not a 

topological space. 

Definition 2.5:  A U-space X is said to be U- compact if for every U-open cover of X has a finite  

sub-cover. 

A subset K of a U- space X is said to be U- compact if every U-open cover of K has finite sub- cover. 

Example 2.5: Let X = N, U = {2N, 4N, 8N, 16N, ……. 2 n N, ......,N, }. Then X is U- compact. 

Let   A  X and C  be a U open cover of A. Let n
0

be smallest +ve integer such that 2 0n
N  C.   

Then  A 2 0n
N. So {2 0n

N} is a finite sub-cover of C. Therefore any subset K of X, K X is U- compact. 

Definition 2.6:  A U- space X is called U- regular space if for any U- closed set F of X and any point x  

X, such that xF (i.e. x is the external point of F) there exist two disjoint U-open sets G and H such 

that x G and FH.  

For a U- space, ‘Hausdorff’ and regular are independent concepts. 

Example of a U- space which is regular but not U-Hausdorff space 

Example  2.6: Let X = {a, b, c, d}, U = {X,  , {a},{d},{a, d},{a, b, c}, {b, c, d}}. Then (X, U) is a U-space. 

Here the U- closed sets are X,  , {a},{d},{b, c},{a, b, c},{b, c, d}. We easily sec that X is a U- regular 

space but it is not U- Hausdorff space, since b and c cannot be separated by disjoint U- open sets. 

Also X is not a topological space. 

III. PSEUDO REGULAR I - SPACES 

Definition 3.1:  An I- space X is said to be pseudo regular if for every I- compact subset K of X and for 

every  x  X, xK, there exist two I-open sets 21, II  I  with .,, 2121 = IIIxIK  

Example 3.1: (Example of an I-pseudo regular space) 

Let      nnnn xxxxxx  +−+−+− ,,,,,, 22221111   be n closed intervals with each 

jil xx −
2

1
 and il xx − for each I, j, l. 

 Let 

       ( ) =+−+−+−= nnnnn xxxxxxThen   111121 ,,.,,min
2

1

. Now      nnnn xxxxKxxx  +−+−+− ,,,, 1111   .  Then ( R, I   ) is 

pseudo regular. 

Example 3.2: (X, I  ) is I-pseudo regular but not I-regular. 

 Proof:  We first show that for a < b, [a, b] is not I-compact.  

For this, we note that   aaNnb
n

a ,,
1


















− is an I- cover of [a, b], since 

( .,,
1

1

bab
n

a
n

=







−



=

  However, it does not have a finite sub-cover. Hence [a, b] is not I-compact. 

Moreover, if K  r with K  [a, b], then K is not compact.  
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For, if   Adc  ,  is an I- cover of K – [a, b], then 

     aaNnb
n

aAdc ,,
1

, 
















−  is an I-cover of K. Obviously, it does not have a 

finite sub-cover. Hence K is not I- compact. 

Thus, if K is a I- compact non-empty subset of r, then K cannot contain any [a, b], where a < b.  

Hence K must be finite union of sets of the form [a, a] = {a}.  

Let K be a non- empty compact set in X, and let x  X with xK. Then, K may be written as  

   nixxLetixxletNowjixxiXxHerexxxK iijiin  ,3,2,1min.,.,,,,.,,, 21 =−== 

Let    nini xxxxxxxx ,,,max,,,,min 2121 10
 ==  

Case I: 







+−=








+−= 2121 ,.

3
,

3
,

3
,

3
.,

10
IIThenxxIxxILetixxLet iii


 I  and 

= 2121, IIandIKIx . 

Case II: Let ,ji xxx  for some I and j. Let
2i

x  the largest of the sxi ' with 
2i

x < x and let 
3i

x  be the 

smallest of the sxi ' with x < 
3i

x . 









+−








+−=








+−= 2121 ,.

3
,

33
,

33
,

3 1320
IIThenxxxxIandxxILet iiii


I    

and = 2121, IIandIKIx . Thus (X, I  ) is pseudo regular.  

But (X, I  ) is not regular. Because F = c]2,1[),2()1,( =− is an I- closed set in X, and F
2

1
. 

Then, x and F cannot be separated by disjoint I- open sets, since the only I-open set containing F is R 

which also contains
2

1
. Therefore (X, I  ) is I-pseudo regular but not I-regular. 

Example 3.3: Let X =  iiR 2, , and I  = Usual topology U R   },,2,{  XiiRon .  

I- closed sets in X:   RUtorespectwithRinclosedFiiF 2, , and ,X . 

Then, (X, I  ) is I- regular but not I- pseudo- regular. 

Proof: Let F1 be a non- empty closed set in X. Let 1FXx − .  

(i) If F1 = R, then )2(1 iorixFx = . Then, R and {i, 2i} separate F1 and i (or 2i). 

(ii) If  iiFF 2,1 = , for some closed set F in R , .,. FxandRxThenRF  Since R is 

regular w. r. t. U R , F and x can be separated by two disjoint I-open sets in R , and hence open 

in X. 

(iii) If   .,,.,.,2,1 RximpliesFxthenFeiiiF == So, {i, 2i} and R separate {i, 2i} and x. 

(iv) If F1 = X, i.e., F = R, then there does not exist x such that 1Fx  . Hence there is no question of 

separately x from F1. Hence (X, I  )  is I- regular. 

Now K = [0,1]  {i} is a I-compact subset of X, since [0,1] is a compact subset of the topological space 

R w. r. t. U R . Now, 2i K. K and 2i cannot be separated by disjoint I- sets, since the only I- sets 

containing 2i are X and {I, 2i}, both of which contains i. Hence (X, I  ) is not I- pseudo- regular. 

Theorem 3.1: Every I- closed subset of a compact I- space is I-compact.  

Proof: Let F be an I- closed subset of an I- space X. Let C be an I-open cover of F.  
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Then C1= C  {X - F}is an I- open cover of X, since X is I- compact. C1 has a finite sub-cover, say, 

 nIII ,,, 21  . At most one of these, say, 
0nI = X – F. Then    

0
,,, 21 nn IIII −  is a finite 

subcover of C. Hence F is I- compact. 

Theorem 3.2: Every I- compact I- pseudo- regular I- space is I-regular.  

Proof: Let X be a pseudo- regular I- space. Let F be a I- closed subset of X and let FxwithXx 

by Theorem – 2.1, F is I- compact. By the pseudo –regularity of X, F and x can be separated by 

disjoint   I- open sets 21 IandI . Hence X is I- regular. 

Definition 3.2: An I- space (X, I  ) is called Hausdorff if for each pair of distinct points Xxx 21 , , 

there are disjoint I- open sets .,, 221121 IxIxthatsuchXinII  . 

Theorem 3.3: Every I- compact subset K of a Hausdorff I- space X is I- closed.  

Proof: Let X be a Hausdorff I- space, and let K be a I- compact subset of X. Let KxXx  00 , . Then, 

for each Ky , there exist I- open sets yxyx JI ,, 00
, such that yxyx JyIx ,,0 00

,  and 

= yxyx JI ,, 00
.  

Then I  =   KyJ yx ,0
 is an I- open cover of K. Since K is I- compact, there exist 

 
nyxyxyx JJJ ,,, 02010

,,,  ,for some + ve integer n, such that 

.
002010 ,,, xyxyxyx JJJJK

n
=   

Now, KyIx yx  ,,0 0
. Hence .

002010 ,,,0 xyxyxyx IIIIx
n
=   which is an I- open set in 

X. Also, =
00 xx JI . So, .

0

c

x KI  Thus, 0x  is an I – interior point of cK . Since 
0x is arbitrary 

point of cK , this implies that cK is I-open. Hence K is I-closed. 

Theorem 3.4: Every I- Hausdorff I- regular space is I- pseudo- regular. 

Proof: Let X be an I- Hausdorff I- regular I- space. Let K be an I-compact subset of X, and let

KxwithXx  by Theorem 2.3, K is I- closed. Since X is regular, K and x can be separated by disjoint 

I- open sets. Thus, X is I- pseudo- regular.   

IV. PSEUDO REGULAR U - SPACES 

Definition 4.1: A X U-space will be called pseudo regular if for every U- compact subset K of X and 

for every x X, xK, there exist U- open sets G1and G2 in X with = 21 GG  such that xG1 and K

G2.  

Example 4.1: Let X = Z, and The U- structure generated by 

}}),{[(})],{(},{{ ZbbZaaZ −
 

, U = }}),{[(})],{(},{{ ZbbZaaZ − . Then X is pseudo regular U- space. 

Proof: The subsets of X are: 

).3(,)],,[(),2(),,[(),1()],,(  ZdcdcZbbZaa −  
The sets in (3) are finite, and so, compact. 

 If ,)],,( ZasomeforaA −=  then any U- open cover C of A must contain (- a, )] where a

.a Then {(- a, )]} is a finite subcover of C. Thus, the sets in (1) are compact. 

Similarly, we can show that the sets in (2) are compact.  

Thus, every nonempty subset of X is compact. 
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Let K be a compact subset of X and xX with x K. 

Case-I: If K is a set of the form (1) i.e., ,)],,( ZasomeforaK −= then xZ, x > a,  

( )  

Let choose G1 = [(a + 1,  ) if K = (- , a], G1 = [a,  ) if K = (- , a), and G2 = (- ,a)] if K = (- , a],  

G2 = (- , a) if K = (- , a). Thus, in each case xG1, KG2 and = 21 GG . 

Case- II: If K is a set of the form (2), i.e. K= [(b,  ), for some bZ, then x b, or x < b, according as                       

K = (b,  ), or [b,  ).  

Let choose G1= (- ,b], G2 = (b,  ), if K = (b,  ); G1= (- ,b), G2 = [b,  ) if K = [b,  ) 

Then for each case, xG1, KG2 and = 21 GG . 

Case- III: Now let K= [(c,d)], for some c, dZ. Then, (i) x c and / or x d, if K = (c, d), 

(ii) x < c, and / or xd, if K = [c, d), (iii) x c, and / or x > d, if K = (c, d], (iv) x < c, and / or x > d if K= (c, 

d] 

For (i), we choose G1 = (- ,c]   (d,  ) , G2 = (c, d), for (ii), we choose  G1 = (- ,c)   [d,  ) , G2 = 

[c, d), for(iii), we choose  G1 = (- ,c]   (d,  ) , G2 = (c, d],for(iv), we choose  G1 = (- ,c)   (d,  ) 

, G2 = [c, d].  

Then, for each case xG1, KG2 and = 21 GG . Thus, X is pseudo regular U- space. 

Example 4.2: A U –space X may be regular but not pseudo regular. 

Proof: Let X = {a, b, c, d} and U = {X,  ,{a, b}, {c, d},{a, c, d},{a}}. 

Here closed sets are {c, d},{a, b},{b, c, d},{b}, X,  .  Then (X, U ) is U- regular. For, {a, c} is compact, 

 b{a, c}, but {a, c} and b cannot be separated by disjoint U- open sets. Here (X, U ) is not pseudo 

regular. 

Example 4.3: A U- space X may not be regular but pseudo regular. 

Proof: Let X = R, U =  U 0  , where U 0 is the usual U – structure on R, and 

}}}{{ 00 QRxx −= , Q is closed, since R-Q is U- open. But Q cannot be separated from any in 

point, since the only U- open set containing Q is R. X is not regular. The compact sets of X are (- , a], 

[b,   ), [a, b] such that a, b  R. Any  U-open cover C of (- , a] must contains a U- open set of the 

form (- , a ) where a > a. Then {(- , a )}is a finite sub cover of C. So (- , a] is U- compact. Similarly, 

[b,  ) is U- compact. Then for each a, bR, for each a< b, [a, b] is U- compact, by Theorem 3.4 of [ 

N.S.S, 2014, On Hausdorff and compact U-spaces], since [a, b] = [(- , a]   [b,   )]c is a closed and 

is a subspaces.  

     Let K be any compact in X and let xX, xK . Then K is of the form  (- , a], or [b,   ), or[a, b].  

Case- I:   Let K =  (- , a]. Then, x > a. Let G1= 









+
,

2

ax
 and G2 = 







 +
−

2
,

ax
 .Then xG1, KG2, 

and .21 =GG   

Case- II: Let K = [b,   ), Then, x< b. We take  G1= 






 −
−

2
,

xb
 and G2 = 










−
,

2

xb
 .Then xG1, K

G2, and .21 =GG   

)),( aKifax −=
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 Case – III: Let K = [a, b]. Then either x < a or x > b. If x a, then we take G1= 






 +
−

2
,

ax
 and G2 =  











+
,

2

ax
 and if x > b, we take G1= 










+
,

2

xb
 and G2 = 







 +
−

2
,

xb
. Then, for both the cases x

G1, KG2 and G1G2 =  . Thus K is U- pseudo regular. 

 

Result and Discussion: It has been proved that for both U- spaces and I- spaces regularity does not 

imply pseudo regularity and also pseudo regularity does not imply regularity. i.e., Regularity and 

Pseudo regularity are independent concept. Some connection between regular and pseudo regular I-

spaces and U- spaces have been established. 

Conclusion: It is the beginning of study of pseudo regular I- spaces and U- spaces and will be continue 

later. 
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