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l. INTRODUCTION

A topological space X is said to be regular if for each non- empty closed set F of X and any point
x€ X, such that xg F (i.e. x is the external point of F), there exist two disjoint open sets V and W such
that x €V and FC W. In paper [1] a pseudo regular topological spaces has been defined by replacing
aclosed subset F by a compact subset K in the definition of a regular space. Here the concept of Pseudo
regularity has been extended to |- spaces and U- spaces. These spaces were introduced and studied in
[2] and [3].In this paper we have given examples of pseudo regular I- spaces and pseudo regular U —
spaces which are not regular. A number of important theorems regarding these spaces have been
established.
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Il. PRELIMINARIES

We begin with some basic definitions and examples related to I- spaces and U- spaces.

I-Spaces

Definition 2.1: Let X be a non- empty set. A collection | of subsets of X is called an I- structure on X
if

(i) X,® el and (i)G,,G,,G;, - ,G

) is called an I-space.

el implies G, "G, NGy M-+ NG, €| .Then (X, |

The members of | are called I-open set and the complement of |- open set is called I- closed set.
Example 2.1: Let X={a, b, ¢, d}, I = {X, @, {a},{b},{a, b}, {c},{a, c}, {b, c, d}}.

Here (X, 1 )is al- space but not a topological space and nor a U- space.

Example 2.2: Let X = R, | = Finite unions of the sets in C, where C= {R,®}U {[a, b]|a, be R}
Then | is an |- structure on R. Thus (R, | ) is an I- space.

Definition 2.2: Let (X, 1 ) be an|—space. An |- open cover of subset K is a collection {G , } of I- open

sets such thatKc | J G, .
a

Definition 2.3: An I-space X is said to be I- compact if for every I-open cover of X has a finite
sub-cover.
A subset K of a |- space X is said to be I- compact if every I-open cover of K has finite sub- cover.
Thus, if (X, 1 ) be an |- space, and A C X, then A is said to be I- compact if for each {I a|la € | }such
that A
gUIa,thereexitl I, e 1, suchthatAc 1, Ul U ul, , forsomeneN.

a

a ! tay!

Example 2.3: K is |- compact if K contains only intersections of the form [a, a] = {a}, and these must
be finite in number. Thus K must be a finite set.
For, let K be a compact subset of R, for some ne N and x € R with x& K.

We know that | = {R,®}u {[a, b]|a, be R} . Since K is |- compact,
K =1{X,, X,, =, X, }, where x; = x;,Vi, j, for some positiveinteger n.

If KR, K> [a,b], forsome a,b € R,a <b, then K is not compact, since|a, b] is not so.
U-Spaces
Definition 2.4 A U-structure on a nonempty set X is a collection U of subsets of X having the following
properties:

(i) ®andXareinU,

(ii) Any union of members of U is in U.

The ordered pair (X, U ) is called a U-space. A U-space which is not a topological space is

called a proper U-space. The members of U are called U-open set and the complement of a U-open
set is called a U- closed set.

A U- structure and a U-space have been called a supra-topology and a supra-topological
space respectively by some authors (see [4], [5], [6], [7])

In general we have

Topological space = U-space, / Topological space <= U-space
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Example 2.4: LetX={a, b, c,d}, U={X, @, {a, b}, {a, c}, {a, b, c}}. Here (X, U) is a U-space but not a
topological space.

Definition 2.5: A U-space X is said to be U- compact if for every U-open cover of X has a finite
sub-cover.

A subset K of a U- space X is said to be U- compact if every U-open cover of K has finite sub- cover.

Example 2.5: Let X = N, U = {2N, 4N, 8N, 16N, ....... 2"N, ...... ,N, ®@}. Then X is U- compact.

Let ® #A X and C be aU open cover of A. Let n,be smallest +ve integer such that 2 ™ Ne C.
Then Ac2™ N. So {2™ N} is a finite sub-cover of C. Therefore any subset K of X, K# X is U- compact.
Definition 2.6: A U- space X is called U- regular space if for any U- closed set F of X and any point xe

X, such that xgF (i.e. x is the external point of F) there exist two disjoint U-open sets G and H such
thatx e Gand FCH.

For a U- space, ‘Hausdorff’ and regular are independent concepts.
Example of a U- space which is regular but not U-Hausdorff space

Example 2.6: Let X ={a, b, c, d}, U ={X, ¢, {a},{d},{a, d},{a, b, c}, {b, ¢, d}}. Then (X, U) is a U-space.
Here the U- closed sets are X, ¢, {a},{d},{b, c},{a, b, c},{b, ¢, d}. We easily sec that X is a U- regular

space but it is not U- Hausdorff space, since b and c cannot be separated by disjoint U- open sets.
Also X is not a topological space.

I1l. PSEUDO REGULAR | - SPACES

Definition 3.1: An |- space X is said to be pseudo regular if for every |- compact subset K of X and for

every xe X, xgK, there exist two l-openssets |,,1, e Il with Kc l,,xel,, |, nl, =d.

1772
Example 3.1: (Example of an I-pseudo regular space)

Let [Xl —a, X +0€1], [X2 — 5y, X, +0!2],""""‘,[Xn =, X, +0€n] be n closed intervals with each

1
a <E‘Xi —Xj‘and Q, <|X—Xi| foreach |, j, I.

Let
a:—mln{al,az, ------ an}.Then[X—a,XJra]r\([Xl—al,xl+al]u ------ u[xn—an Xn+an]):CD
Now Xe[x—a,x+alKc[x —a,x +a U U[x, —a,, %, +,] . Then(R,1 )is

pseudo regular.

Example 3.2: (X, 1)is I-pseudo regular but not I-regular.
Proof: We first show that for a < b, [a, b] is not I-compact.

. 1
For this, we note that {|:a — E , bj||n e N } ) {[a, a]}is an |- cover of [a, b], since

0

1
U{a —H,b} = (a, b]- However, it does not have a finite sub-cover. Hence [a, b] is not I-compact.
n=1

Moreover, if K< r with KD [a, b], then K is not compact.
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For, if{[ ar da]a € A} is an |- cover of K—[a, b], then

{[Ca ,d, ]|a c A}u {[a —%,b|n c N}} U {[a, a]} is an I-cover of K. Obviously, it does not have a

finite sub-cover. Hence K is not I- compact.

Thus, if K is a I- compact non-empty subset of r, then K cannot contain any [a, b], where a< b.
Hence K must be finite union of sets of the form [a, a] = {a}.

Let K be a non- empty compact set in X, and let xe X with x& K. Then, K may be written as

K ={X,X,, X, | Here x, € X, Vi, x, # X;, Vi, j. Now let x = x;, Vi. Let 6 = min{[x—xi|i:l,2,3, ------ n}

Let X, = min{xl,xz, ------ ' X, }, X;, :max{xl,xz, ...... ’Xn}

Case I: Let X <x;,Vi. Letl, z{x—g,x.,.%

| I |
=
Il
1
<
|
X
+
w|
L1
_|
=
D
>
—
=
m
Q
>
o

xel,Kcl,andl,nl, =0,
Case II: Let X; <X <X, for some | and j. Let X; the largest of the X; Swith X; < xand let X; be the

smallest of the X;'Swith x < X;, .

Letl, = x—é,x+§ andl, =|x; —é,xi +é U X —é,xi +é . Then I, 1, €l
3 3 © 3 * 3 3 ' 3

and xel,,Kcl,andl, "1, =® Thus (X, 1 )is pseudo regular.

. 1
But (X, I ) is not regular. Because F = (—0,1) U (2,0) =[1 2]°is an I- closed set in X, and 3 ¢F.
Then, x and F cannot be separated by disjoint |- open sets, since the only I-open set containing F is R

1
which also containsE . Therefore (X, | ) is I-pseudo regular but not I-regular.

Example 3.3: Let X = RU{i,2i}, and | = Usual topology U R 0n {R U {i, 2}, X, @}
I- closed sets in X: {F U {i,2iF closedinRwith respectto U, } and X, @

Then, (X, I ) is I- regular but not I- pseudo- regular.

Proof: Let F; be a non- empty closed setin X. Let X € X —F;,

(i)  IfF1=R, then X&F, =X=1(0r2i) Then, R and {j, 2i} separate F; and i (or 2i).

(i) kR=F u{i, Zi}, for some closed set FinR, @ # F #R. Then x e R, and X ¢ F.since R is
regular w. r. t. UR, F and x can be separated by two disjoint I-open sets in R, and hence open
in X.

(i) fF = {i, Zi}, ie., F =®,then x ¢ F,impliesx € R. 5o, {j, 2i} and R separate {i, 2i} and x.

(iv)  IfF1=X, i.e. F=R, then there does not exist x such that X & F. . Hence there is no question of

separately x from Fy. Hence (X, 1 ) is I- regular.
Now K =[0,1] U {i}is a I-compact subset of X, since [0,1] is a compact subset of the topological space
Rw.r. t.UR. Now, 2i K. K and 2i cannot be separated by disjoint |- sets, since the only I- sets
containing 2i are X and {l, 2i}, both of which contains i. Hence (X, | ) is not I- pseudo- regular.
Theorem 3.1: Every I- closed subset of a compact I- space is I-compact.
Proof: Let F be an I- closed subset of an I- space X. Let C be an |-open cover of F.
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Then C1= C W {X - Fl}is an |- open cover of X, since X is |- compact. C; has a finite sub-cover, say,
{Il,lz, ------ ,In},Atmostoneofthese,say, I, =X—F.Then {Il,lz, ------ ,In}—{lno}isafinite
subcover of C. Hence F is |- compact.

Theorem 3.2: Every |- compact I- pseudo- regular I- space is I-regular.

Proof: Let X be a pseudo- regular I- space. Let F be a |- closed subset of X and let X € X with x ¢ F
by Theorem — 2.1, F is |- compact. By the pseudo —regularity of X, F and x can be separated by
disjoint |- opensets I, and I,. Hence Xiis I- regular.

Definition 3.2: An |- space (X, | ) is called Hausdorff if for each pair of distinct points X,,X, € X,
there are disjoint I- open sets 1., I, in X such that x, e I, x, € 1,..

Theorem 3.3: Every |- compact subset K of a Hausdorff I- space X is I- closed.
Proof: Let X be a Hausdorff |- space, and let K be a |- compact subset of X. Let X, € X, X, ¢ K. Then,

foreachy € K, there exist I- opensets |, ,J, | suchthat X, €|

yed, ,and

Xo, Y !

| o,mexo,y =0,

X,

Thenl = {J xOvy|y € K} is an |- open cover of K. Since K is |- compact, there exist
{J _— ‘JXO,yz e , ‘Jxo,yn },for some + ve integer n, such that

KgJXD' =J

Xos Yn X "

" U‘]xo,yzu ...... uJd

Now, X, €I, ,,VyeK Hencex, el, |, Nl Meeeeee N = I,,. whichisan |- open set in

X0, Y Xo: Y2 Xos ¥Yn X

X. Also, |

. NJ, =® So, |, < K°.Thus, X, is an | —interior point of K ®. Since X, is arbitrary
0 0 0

point of K¢, this implies that K “is I-open. Hence K is I-closed.

Theorem 3.4: Every |- Hausdorff I- regular space is I- pseudo- regular.

Proof: Let X be an I- Hausdorff I- regular |- space. Let K be an I-compact subset of X, and let
X € X with x ¢ K by Theorem 2.3, Kis I- closed. Since X is regular, K and x can be separated by disjoint

I- open sets. Thus, X is |- pseudo- regular.
IV. PSEUDO REGULAR U - SPACES

Definition 4.1: A X U-space will be called pseudo regular if for every U- compact subset K of X and
for every x € X, xgK, there exist U- open sets Giand Gz in X withG, "G, = ¢ such that xe Gy and K

c Gz.

Example 4.1: Let X = Z, and The U- structure generated by

{Z. fro{(-».a)]a e Z}U{[(b, )b € Z}}

U= {{Z, g} {(—»,a)]a e Z}U{[(b,x)b € Z}}). Then X is pseudo regular U- space.
Proof: The subsets of X are:

(—o,a)]jacZ----- @, [(b,o),beZ------ (2, [(c,d)],c,deZ----- (3).

The sets in (3) are finite, and so, compact.
If A= (—o0,a)], for some ae Z, then any U-open cover C of A must contain (-o0,a")] where a

<a'.Then {(-o0,a")]} is a finite subcover of C. Thus, the sets in (1) are compact.

Similarly, we can show that the sets in (2) are compact.
Thus, every nonempty subset of X is compact.
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Let K be a compact subset of X and xe X with x ¢ K.

Case-l: If K is a set of the form (1) i.e., K = (—o0,a)], for some ae Z, thenxeZz x> a,

(x>a if K=(—0,a)))

Letchoose Gy =[(a+1, o) ifK=(-00,a], Gi=[a, ©)ifK=(-0,a),and G, = (-0,a)] if K= (-0, a],
Gy= (-0, a)if K=(-00, a). Thus, in each case xe G;, K£G,and G, NG, =¢.

Case- ll: If K is a set of the form (2), i.e. K= [(b, o), for some be Z, then x<b, or x < b, according as
K=(b, ), or[b, o).

Let choose Gi=(-0,b], Go= (b, ), if K= (b, ©); Gi=(-0,b), G2 =[b, ) if K=[b, o)

Then for each case, xe G;, KEG,and G, NG, =4¢.

Case- lll: Now let K= [(c,d)], for some ¢, d€Z. Then, (i)x<cand /orx>d, if K= (c, d),

(ii)x<c,and /orx>d, if K=[c, d), (iii) x<c,and /orx>d, if K= (c, d], (iv) x< c,and / or x > d if K= (c,
d]

For (i), we choose G; = (-o0,c] U (d, ), G; = (c, d), for (ii), we choose G; =(-c0,c) U [d, ©), G, =
[c, d), for(iii), we choose G;=(-%0,c] U (d, ®), Gz = (c, d],for(iv), we choose G; =(-,c) U (d, =)
, G2 =[c, d].

Then, for each case xe G1, K& G, and G, NG, = ¢. Thus, X is pseudo regular U- space.

Example 4.2: A U —space X may be regular but not pseudo regular.

Proof: Let X ={a, b, ¢, d}and U = {X, ¢ ,{a, b}, {c, d},{a, ¢, d},{a}}.

Here closed sets are {c, d},{a, b},{b, c, d},{b}, X, #. Then (X, U ) is U- regular. For, {a, c} is compact,
b¢{a, c}, but {a, c} and b cannot be separated by disjoint U- open sets. Here (X, U ) is not pseudo
regular.

Example 4.3: A U- space X may not be regular but pseudo regular.

Proof: Let X = R, U = < U ou §>, where U o is the usual U — structure on R, and

§={{xo}|xO € R—Q}}, Qs closed, since R-Q is U- open. But Q cannot be separated from any in

point, since the only U- open set containing Q is R. X is not regular. The compact sets of X are (-, a],
[b, o ), [a, b] such that a, be R. Any U-open cover C of (-0, a] must contains a U- open set of the
form (-00,a") where a’>a.Then{(-c0,a’)}is a finite sub cover of C. So (-0, a] is U- compact. Similarly,
[b, o) is U- compact. Then for each a, beR, for each a< b, [a, b] is U- compact, by Theorem 3.4 of |
N.S.S, 2014, On Hausdorff and compact U-spaces], since [a, b] = [(-o0, a] W [b, o )]¢is a closed and
is a subspaces.

Let K be any compact in X and let xe X, xg K . Then K is of the form (-0, a], or [b, o ), or[a, b].

X+a

X+a
Case-I: LetK= (-0, a]. Then, x > a. Let G;= (T,oo) and G, = (— oo,—j .Then xe G, KC G,

and G, NG, =¢.

Case-II: Let K= [b, o ), Then, x< b. We take Glz(— oo,b—zxj and G, = (b;zx,ooj .Then xe Gy, K

cGyand G, NG, =¢.
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X+
Case — lll: Let K = [a, b]. Then either x<a or x> b. If x<a, then we take Gl=(— OO’Taj and G; =

(X er a ,oo] and if x > b, we take G;= (bLZX,ooj and G; = (—oo, b er XJ . Then, for both the cases x

€Gy, Kc&Gzand Gi Gz = ¢. Thus K is U- pseudo regular.

Result and Discussion: It has been proved that for both U- spaces and I- spaces regularity does not

imply pseudo regularity and also pseudo regularity does not imply regularity. i.e., Regularity and

Pseudo regularity are independent concept. Some connection between regular and pseudo regular |-

spaces and U- spaces have been established.

Conclusion: It is the beginning of study of pseudo regular |- spaces and U- spaces and will be continue

later.
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