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ABSTRACT 

In this paper, we show the further research developments in the field for 

the equation: 

(a4 + b4 + c4 + d4 )= (a + b + c + d)4 

 

Introduction  

In 1772 Euler[2] conjectured that a4 + b4 + c4 + d4 = e4 would have integer solutions, but he couldn’t 

find a solution. Simcha Brudno [1] in 1964 found a solution 54004 + 17004 + (−2634)4 + 9554 = (5400 + 

1700 − 2634 + 955)4.. 

Jacobi & Madden[3] in 2008 assumed that a4 + b4 + c4 + d4 = (a + b + c + d)4.. 

They used identity a4 + b4 + (a + b)4 = 2(a2 + ab + b2)2, the equation was reduced to elliptic curve 

problem and they proved that the equation has infinitely many integer solutions. 

One of solutions they gave is 13380589504 + (−89913570)4 + 5041068844 + (−404747255)4= 

(1338058950 − 89913570 + 504106884 −404747255)4. 

Jaroslaw Wroblewski[7] found many integer solutions of a4 + b4 + c4 + d4 = e4. 

Inspired by Jacobi and Madden’s article, in 2008 this author found many integer solutions of 

a4+b4+c4+d4 = (a+b+c+d)4 using their method. 
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Allan J. MacLeod[4] in 2017 found integer solutions of a4 + b4 + c4 + d4 = (a + b + c + d)4. 

In particular, he found large height solution using 2-isogenous curve. 

We show, a4 + b4 + c4 + d4 = (a + b + c + d)4 has infinitely any integer solutions using two different 

methods. 

One method is Jacobi and Madden method, another is quartic method. 

In addition, we summarized many small solutions ( a+b+c+d< 1018 ). This contains all presently known 

small solutions. 

2. Jacobi and Madden’s method 

Theorem 1. a4 + b4 + c4 + d4 = (a + b + c + d)4 has infinitely many integer solutions 

Proof. 

Assume that,  a4 + b4 + c4 + d4 = (a + b + c + d)4 = 𝑒4 

We use identity a4 + b4 + (a + b)4 = 2(a2 + ab + b2)2. 

So,  

a4 + b4 + (a + b)4 + c4 + d4 + (c + d)4 = a + b)4 + (c + d)4 + (a + b + c + d)4. (a2 + ab + b2)2 + (c2 + cd 

+ d2)2 = ((a + b)2 + (a + b)(c + d) + (c + d)2)2  

We obtain 

 

 

We use a known solution to determine the value of m. 

481504 + (−31764)4 + 273854 + 75904 = 513614 (Wroblewski) 

Set a0 = 48150,b0 = −31764,c0 = 27385,d0 = 7590 and substitute to equation (1). 

We get m = 1807/475. 

To find the solution easy to obtain, we convert the variables. 

a        =         2z+2w 

b        =         2z−2w c      = −x − y − z d = x − y – z 

(1),(2) become to following equation. 

−5979z2 + 1807x2 + 3521y2 + 10842yz − 1900w2 = 0 (3) 

1425z2 + 475x2 − 5803y2 + 2850yz + 7228w2 = 0 (4) 

 
5415000z2 − 12158496y2 + 13963496w2 = 0 

 
(5) 
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To find a parametric solution of (5),we use a known solution[𝑦𝑜, 𝑤𝑜, 𝑧𝑜 = (−21584,
39957

2
,

8193

2
) 

 

Substitute x,y,z of (6) to (3), then we get a quartic equation. 

Y 2 = 65133101042606285634765625k4 + 9768720608022511028587687500k3 

+21535806813463498836066039708k2 + 21934062869392293305824429200k + 328370811600539078296707600     (7) 

Y = 72202299x 

Transform (7) to minimal Weierstrass form (8). 

V2 + UV = U3 − U2 + 693712100835217413098595U – 925623290959491513363159202180191099 …..(8) 

 

We get a point 

As this point on the curve (8) does not have integer coordinates, there are infinitely many rational 

points on the curve (8) by Nagell-Lutz theorem. 

Point 2 ,  

 

Substitute 𝑘 to (6),then we get  
 

 
 

 

We get a new solution. 

a = -99205298414251164662846807108945267922382794305394 

b = 286217560523954682289956279947366565354401483969850 

c = 217902012809334210448629156518650668768393853565040 

d = -95665174177424955524433769002923042240304835226765 

e= a+b+c+d = 309249100741612772551304860354148923960107708002731 

We can obtain infinitely many integer solutions of a4 + b4 + c4 + d4 = (a + b + c + d)4    by applying the group 

law. The proof is completed. 

Small New Solutions 
We searched for small new solutions without using elliptic curve as follows. 

a4 + b4 + c4 + d4 = (a + b + c + d)4 = 𝑒4 
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(b + c + d)(a + c + d) = pt2  

(a + b + d)(a + b + c) = pr2/2  

ab + ac + ad + bc + bd + cd = −prt             (9) 

Change the variables by (10). 

 

 

 

                                                                                                       (10) 

e=(a+b+c+d)  
(9) becomes to (11).  

AB = pt2 CD = pr2/2   

AB + AC + AD + BC + BD + CD − A2 − B2 − C2 − D2 = −3prt       (11) 

We use a known solution again. 

a0 = 48150, b0 = −31764, c0 = 27385,  
d0 = 7590  

Set, 

𝐀𝟎 = b0 + c0 + d0 = 3211 = (13)2·(19) 

𝐁𝟎 = a0 + c0 + d0 = 83125 = (5)4 · (7) · (19)  
𝑪𝟎 = a0 + b0 + d0= 23976 = (2) · (3) · (37) 

𝐃𝟎 = a0 + b0 + c0 = 43771 = (7) · (13)2 · (37) 

A = p1t1t2
２ 

C = p1r1r3
2/2 

D = p2r1r2
２                                                                                                                               (12) 

We obtain the equation similar to their[3] lemma4, that is 

If (p1,p2,r1,r2,r3,t1,t2,t3) is a solution of (13) then (14) is a solution of a4 + b4 + c4 + d4 = (a + b + c + d)4. 

4p1t1
２t2

２p2t3
２ + 2p1

２t1t2
２r1r3

２+ 4p1t1t2
２p2r1r2

２+ 2p2t1t3
２p1r1r3

２+4p2
２t1t3

２r1r2
２ + 2p1r1

２r3
２p2r2

２ − 4p1
２t1

２t2
４ − 4p2

２t1
２t3

４ 

−p ２r1
２r3

４ − 4p2 ２r1 ２r2
４ + 12p1p2r1r2r3t1t2t3 = 0                  (13) 

a = −𝟒𝐩𝟏𝒕𝟏𝒕2𝟐 + 𝟐𝒑𝟐𝒕𝟏𝒕3𝟐 + 𝒑𝟏𝒓𝟏𝒓3𝟐 + 𝟐𝒑𝟐𝒓𝟏𝒓2𝟐 

b =2p1t1t2
2 − 4p2t1t3

2 + p1r1r3
2 + 2p2  r1r2

2 

c=2p1t1t22 + 2p2t1t32 − 2p1r1r32 + 2p2r1r22 

d=2p1t1t2
2 + 2p2t1t3

2 + p1r1r3
2 − 4p2r1r2

2                                          (14) 

 

Define L4(p1,p2,r1,r2,r3,t1,t2,t3) with left hand side of (13). 

It is understood that L4(1,7,37,13,36,19,13,25) = 0 by the values of A0,B0,C0 and D0. 

We consider  

Since above solutions are 1 and
741028813

72596023
, then we get  

Hence we get a new solution by using (14). 

a = 1058103081810 

b = 535945811334 
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c = -1140105961325 

d = 944080652640 

e= a+b+c+d =1398023584459 

Next, we consider 

   

Since above solutions are 37 and 
9463957

55411
, then we get L4(1,7, 

9463957

55411
, 13,36,19,13,25)=0. 

In the same way, we get a new solution by using (14). 

a = 378573600 

b = 145514934 

c = 65167315 

d = -201317790 

a+b+c+d = 387938059 

This solution is smaller than found by Jacobi and Madden [3]. 

3.Quartic method 

According to Piezas [5], if simultaneous equation (17),(18) has a rational solution for some rational number m, 

equation (15) has a rational solution. 

Above equations are numbered as, (15),(16),(17),(18) & (19) resp. 

First, we search one solution (p,q,r) using Sage’s qfsolve and we obtain the parametric solution (p,q,r) of (17) for 

given m. 

Substituting the parametric solution (p,q) to (18), we obtain the quartic equation.  

V 2 = c4U4 + c3U3 + c2U2 + c1U + c0                            (20) 

We can find the rational solution of quartic equation using Sage’s ratpoints (Michael Stoll). Before using 

ratpoints, we should check local solubility using Is locally solvable (X) in Magma.  

Since the Hasse Principle no longer holds for genus one curve in general, we don’t know quartic has rational 

points or not really. 

After checking ELS, we search the rational points using ratpoints for given height.  

We searched the rational points within the range of height(m) < 10000 and height(U) < 106. After we find the 

rational solution, quartic equation can be transformed to an elliptic curve and we can obtain infinitely many 

integer solutions of (15). 
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Theorem 2. a4 + b4 + c4 + d4 = (a + b + c + d)4 has infinitely many solutions form 𝑚 =
211

150
  and 𝑚 =

2851

1626
 

Proof. 

In the case of 𝑚 =
211

150
 

Taking 𝑚 =
211

150
 and a known solution (p,q) = (825,311), we can obtain a parametric solution of (17). 

 

Hence equation (18) becomes to 

V2 = 9471547265521339197853197k4 + 22062657079770078500959500k3 + 756411501601022852455206k2 + 

5173869366750430780465500k – 11494681792596210024563403                                                            (21) 

Using ratpoints (Sage,Stoll) we found a rational point  

Then (21) can be transformed to an elliptic curve (22). 

Y 2 + XY = X3 − X2 + 1524020321143902735X – 752432065809125643921039075                                 (22) 

Using mwrank (Sage) we know an elliptic curve has rank ≥ 1.  

Hence we can obtain infinitely many rational solutions of simultaneous equation (17),(18). 

We obtain a small new solution using 

a = 1229559 

b = -1022230 

c = 1984340 

d = -107110 

e= a+b+c+d = 2084559 

In the case of 𝑚 =
2851

1626
  

Taking 𝑚 =
2851

1626
 and a known solution (𝑝, 𝑞)  =  (−

1873

385
, −

332677

313005
), we can obtain a parametric solution of 

(17). 

Substituting the parameterized p and q into (18), then we obtain 

                                                                                                                                                                                 (23)_ 

Then (23) can be transformed to an elliptic curve below. 

E : Y 2 + XY = X3 − X2 + 971928215887051428490754955X – 55329591449597546272216211300713415224779 

Though we couldn’t obtain the rank, one point  

𝑃(𝑋, 𝑌) =  
456381414199597952657263

79727041
,
3083172587090396226431500762632704024

7118827499089
 

   was found. 
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According to the Nagell-Luts theorem, since the point P is a point of infinite order then we can obtain infinitely 

many rational points on E. 

Hence we can obtain infinitely many rational solutions of simultaneous equation (17) , (18). We obtain a small 

new solution using  

a = 2434795 

b = -1945570 

c = -1483582 

d = -1858600 

e = a+b+c+d = -2852957 

The proof is completed. 

4. MacLeod’s results 

Allan MacLeod found many solutions by solving simultaneous equation as follows : 

(−c2 − cd − d2)t + (a + b)2 + (a + b)(c + d) + (c + d)2 + a2 + ab + b2 = 0 

(b + c + d)(a + d + c)t − c2 − cd − d2 = 0 

Table 1: Solutions of a4 + b4 + c4 + d4 = (a + b + c + d) 

t a b c d 

193/18 27385 48150 7590 -31764 

511/450 -2634 955 5400 1770 

619/450 27385 -31764 48150 7590 

1651/126 955 5400 1770 -2634 

1141/666 7590 27385 48150 -31764 

2041/150 -1229559 -1984340 1022230 107110 

1423/1098 955 1770 5400 -2634 

31/6 53902630 2542025 35847220 -34122866 

157/150 -841263 792940 44410 -3852350 

181/150 -460945405 189854902 732896170 303742360 

He also found the solutions by solving simultaneous equation using Tito Piezas’s [5] method. 

(t2 − 7)p2 + 24pq − 24q2 = (t2 + 1)r2 

8tp2 − 24tpq − 3(t2 − 8t + 1)q2 = (t2 + 1)s2 

Table 2: Solutions of a4 + b4 + c4 + d4 = (𝑎 + 𝑏 + 𝑐 + 𝑑)4 

t a b c d 

499/474 3868630767650 895775733285 21271390911326 -4745425061560 

511/150 -6714317914 994485789915 -698106854980 864417463190 

3163/1350 -16515508578 10824551825 -15627586290 1711841340 

18913/438 123140611690 446604426005 -96985017746 -25263498320 

1213/438 106185491830 80795489585 146163232960 -149806955726 

1963/150 662971279500154 309770790508565 85290604949260 -371936154165950 

1651/126 115711769730 58931380645 10424211666 -64829623500 
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a = −11590249845869269057824863556535439476779628603513075 

b = 12097338013880728917779953989473028810920897155225060 

c = 3561881391291690403489592769705028154469958565069524 

d = 11315459134997579304238981942203181424806814023773640 

e = (a+b+c+d) 

5. Solution family 

According to Piezas [5], if simultaneous equation {(17),(18)} has a rational solution for some rational 

number m, equation (15) has a rational solution. 

From equation (15),(16),(19), m is given below. 

 

 

We used the equation (24) to obtain m from a known solution a,b,c,d. 

 

 

give above solution 

 

give above solution. Jeremey Rouse[6] pointed out that 𝑚1 =  
𝑚+1

𝑚−1
  is solvable if m is solvable. 

For example, if 𝑚 =
211

150
 ,then 𝑚1 =  

𝑚+1

𝑚−1
 −

 361

61
. 

Using 𝑚 =
211

150
 and 𝑚1= 

 361

61
 , we obtain same solution as follows. 

(−107110)4 + 19843404 + 12295594 + (−1022230)4 = 20845594 

When 𝑚 =
211

150
,simultaneous equations {(17),(18)} is transformed to elliptic curve 

Y 2 + XY = X3 − X2 + 1524020321143902735X – 752432065809125643921039075 

Similarly, when m = 
 361

61
 we obtain 

Y 2 + XY = X3 − X2 + 1524020321143902735X – 752432065809125643921039075 

In this way, when 𝑚 =
211

150
 𝑎𝑛𝑑 𝑚   = 

 361

61
 we obtain same elliptic curve 

We summarized the small solutions found until now. 
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Table3: Small solutions 
m a b c d e Finder 

2521/325 5400 -2634 1770 955 5491 Brudno1 

1807/475 48150 -31764 27385 7590 51361 JW 

211/150 1229559 -1022230 1984340 -107110 2084559 ST 

2851/1626 2434795 -1945570 -1483582 -1858600 -2852957 ST 

211/150 561760 1493309 3597130 -1953890 3698309 ST 

157/150 841263 -792940 -44410 3852350 3856263 JR 

31/6 39913670 -23859495 15187700 10116014 41357889 JR 

31/6 53902630 2542025 35847220 -34122866 58169009 JR 

1069/169 378573600 145514934 65167315 -201317790 387938059 ST 

3523/2623 336869940 -178944510 -210240721 -396470430 -448785721 ST 

331/31 732896170 303742360 189854902 -460945405 765548027 ST 

1159/259 753684930 294589950 558360120 -701876813 904758187 ST 

961/61 1338058950 -89913570 504106884 -404747255 1347505009 JM 

1159/259 500764020 1768211850 1297734853 -1510410870 2056299853 ST 

961/61 3095408880 1655829870 -157072326 -1406590625 3187575799 JM 

2977/2502 719130355 -2889516060 4672341330 2405612802 4907568427 ST 

1807/475 4625798910 46140636 3744195265 -3172936050 5243198761 JM 

3163/1350 -16515508578 10824551825 -15627586290 1711841340 -19606701703 AM 

157/150 -7784423350 -2943361793 10692790190 -49328431840 -49363426793 ST 

373/150 50627178820 1357751663 55867457830 -41572821650 66279566663 ST 

1651/126 115711769730 -64829623500 10424211666 58931380645 120237738541 JM 

1213/438 106185491830 80795489585 146163232960 -149806955726 183337258649 AM 

18913/438 123140611690 446604426005 -96985017746 -25263498320 447496521629 AM 

157/150 -35835675310 168853510327 -134075405440 -644955984250 -646013554673 ST 

511/150 -6714317914 994485789915 -698106854980 864417463190 1154082080211 AM 

1807/475 1058103081810 535945811334 -1140105961325 944080652640 1398023584459 ST 

217/25 -259448373800 -1526478290216 889698809680 -687020381505 -1583248235841 ST 

331/31 -150723250810 1751113229630 802797814305 -626137906588 1777049886537 ST 

499/474 3868630767650 895775733285 21271390911326 -4745425061560 21290372350701 AM 

31/6 -29175553438600 -5059968816155 21271610809130 -19158210038746 -32122121484371 ST 

31/6 -34998027446475 -32309023830920 42457132181770 -25125873749306 -49975792844931 ST 

217/25 237321095011880 -558974521862416 -22424373335225 -222795507072280 -566873307258041 ST 

331/31 530920858665230 377970149282480 35966749745415 -360346958398438 584510799294687 ST 

1963/150 662971279500154 309770790508565 85290604949260 -371936154165950 686096520792029 AM 

211/150 1619214280915810 -3065097088334400 2940554547668260 2243306697670930 3737978437920590 ST 

where e=(a+b+c+d) 
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