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ABSTRACT

Some generating functions are introduced which generates the modified
version of verma information measures and their corresponding information
measures in fuzzy set under discrete probability distribution.
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1. INTRODUCTION

In 1966, Golomb [1] defined

f® =-Xpi (1.1)
as generating function with the property that
f'() ==X pilnp; (1.2)

That is Shannon’s [6] measure of entropy.

Later in 1985, Guiasu and Reisher [2] defined the generating function g(t) for relative information or
cross-entropy or directed divergence of one probability distribution from P = (p1,p1, - - -

...... , Pn) another probability distribution Q = (q4,93, -+ - .-, @) by
g@® =X, a:(piy/q)" (1.3)

with the property, ...,q,) Q@ =(q1, 92, Q =(q1, 92, - e - ,qn)
g'(1) = =¥ pilnpyq; (1.4)
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g™ (D) =Xz pi(npyq)" , =123, ..., (1.5)
In 1997, Kapur [4] defined the generating function
1
fa@®) = i@ — 1), a #1 (1.6)
with the property,
1
feD) == Qitipi -1, a#1 (1.7)
. 1
and fla(0) =—In¥L,pi, a#1 (1.8)
Kapur [3] also defined the generating function for relative information or cross-entropy or directed
divergence of P = (p1, P2, -+ «r - , Pn) from another probability distribution Q = (q1, gz, - .- - ,qn)
by
1 —ant
9a(t) = = [(Tipfai™®) — 1] a=#1 (1.9)

with the property that,
1 _
9o(D) = — [Epffqi “—1], a#1 (1.10)
And g, (1) = ﬁan?zlpi“qil'“, az1 (1.11)
Laterin 2012, Verma, R. K. [7] introduce the new measures of information
V,(P)==Y" In(1+ap;)+ X Inp; +In(1 + a), a>0 (1.12)
and its fuzzified form i. e.
Va(A) = — Z?:lln(l + a.uA(xi)) - Z?:lln(l +a-— #A(xi)) +
Y Inp,(x) + Z?zlln(l — yA(xl-)) + In(1 + a), a>0. (1.13)

Verma [7] also introduce the corresponding directed divergence, using Kullback-Liebler [5] concept, is
given by

Dy(P:Q) =31, q;In (“%) —In(1 +a), a>0 (1.14)

whose measures in fuzzy set is given by,

(x)+up(x;) 1+a-aps(x)—pp(x;)
P8 = B 0 (A) 31 (3 (2

—In(1+a), a>0 (1.15)

and the directed divergence deduced by general method, is given by

L) — Y N1, 2i(1+ap)
Da(P Q) - i=1 ql(l + aql) ln pi(1+aqi) ’ a> O (1'16)

whose measures in fuzzy set is given by,

. _\n ) 200 pp(x)(1+apa(xy))
Da(A: B) = Sty (5 0x) + aud () ) InfEZ0oRa s 4

n 2\, (1-up(x))(1+a—apa(x;))
i=1 ((1 — UB (xi)) + a(l — HUp (xi)) )ln (1—Mj(xi))(1+a—au:(xi)) , a>0 (1.127)

Verma [8] also defined,
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b+ap;\t
fap® = =Ey (o) + T + @) py ab>0  (118)

as generating function for, Verma [8] measures of information, with the property that,

' b+ap; t b+ap;
fan® = =32, ( b;‘p) In ( o )+ b+ ) In(b+a)p, ab>0  (119)
so that, fa1(0) ==3%" In (1+pa‘pi) +In(1 + a), a>0 (1.20)

which is the same as (1.12).

again Verma [8] defined the generating function, for Verma [8] measures of information, in fuzzy set

b2ua () =b2uG (x) ‘
n AKX A\ t
i=1 (b2+ab2+a2b2uA(xi)—a2b2u/24(x,-) +(b+a)

—_yn bpa(x)(b=bpa(x)) t ¢
- Zi:l ((b+abuA(xi))(b+ab—abuA(xi)) +(+a), a,b > 0.

(1.21)

on differentiating with respect to t and taking t = 0, b = 1 we get the following result

n ( pale)(1—pa(xy))
=1\ (1 apa () (1+a-apa(x)

) +1In(1+ a)
= —Z?=1ln(1 + aHA(xi)) - Z?:ﬂn(l t+a-— a.UA(xi)) +
Yranp,(x) + Z?zlln(l - ,uA(xl-)) +In(14+a), a>0 (1.22)
which is the same as (1.13).

again Verma [7] defined the generating function for Verma [7] measures of corresponding directed
divergence (effected by Kullback-Leibler [5] )

. A
9.® =10 (157) — (1 +a) a>0  (123)
so that, ga(0) =3, q;In (%) —In(1+a) a>0 (1.24)

which is the same as (1.14).
Verma [7] also defined the generating function for Verma [7] measures of corresponding directed
divergence (using general method)

. PN
(ql+aplql)) , a>0 (125)

i n . i
9a(®) = 2iz1q:(1 + aq;) ((pi+aPiQi)

on differentiating with respect to t and taking t = 0 we get the following result

Liapi/1saas) a>0  (126)

94(0) = X1y ;(1 + ag) In v
which is same as (1.16)

Verma [9] defined the generating function for Verma [7] measures of corresponding directed
divergence (effected by Kullback-Leibler [5] ) in fuzzy set

t
n  ((araCe)—auh () +up () —pa (xi)#B(xi)>
i=1 Hp(x) (HA(xi)+aHA(xi)—allf;(xi)—uA(xi)HB (%)
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_ Y A\
?=1 (1+a a:l_/:l(:éil)ﬂB(xl)) _ (1 + a)t’ a>0 (127)

on differentiating with respect to t and taking limit t — 0 we get the following result

n ) apa(x)+up(x)
S g () In (HATCHEID)

1+a—aps(x)—pp(x;)
S (1— pp () In (FESEATEED) —In(1 @), @ >0 (1.28)

which is same as (1.15).

Again Verma [9] defined the generating function for Verma [7] measures of corresponding directed
divergence (using general method) in fuzzy set

Y1 g (x;) (#B(xi)(1+auA(xz)) (1—uA(xi))(1+a—auB(xi)))t
=1 P \paGep(1+app (x) " (1-up () (1+a—apa(x))

n a2 (x) (us(xi)(1+auA(xi)) (1—u3(xi))(1+a—auA(xi)))t
=B pa () (1+aup (x) " (1-pa(a)) (1+a-aup(xy)

n _ . (1—u3(xi))(1+a—auA(xi))>t
a(1+a - 2app(x)) ((1—uA(xz))(1+a—auB(xi)) , a>0

(1.29)

on differentiating with respect to t and taking limit t - 0 we get the following result we get, the
measure in fuzzy set,

n 2 pe(x)(1+apa(xy))
D=1 (.UB (x;) + app (xi)) In a1+t () +

(1= 1o G0) + a1 = ()" In SEEOEaaE) g5 (1.30)

which is same as (1.17).

In the present paper we investigate some generating functions for modified version of Verma [7]
measures of information

V,(P) =Yt In(Q+ap;) - Xt ipilnp; =Y, In(1+a)p;, a>0 (1.31)

and their corresponding information measures in fuzzy set under discrete probability distribution. All
these are shown in the following sections 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 respectively.

2. NEW RESULTS

2.1 GENERATING FUNCTIONS FOR THE MODIFIED VERSION OF VERMA MEASURES OF
INFORMATION

We define,
fa@® =X (A +ap)t = E pf - X (L + ) py, a>0 (2.1.1)

as generating function for modified version of Verma [7] measures of information with the property
that,

fa@®) =X (1 +ap)t ™ In(1 +ap;) — Xy pf Inp; —
Y.+ a)t ' in(1+a)p;, a>0 (2.1.2)
sothat, f,(1) =X In(1+ap) -2 piInp; — X~ In(1 + a)p;, a>0 (2.1.3)
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which is the same as (1.1.31). Again, we define
fap@® = L1 +ap)™t =Xl bp; — X (b+ @) 'y, ab>0  (2.14)

as generating function for modified version of Verma [7] measures of information with the property
that,

fap@® = Xi(b +ap)t~tIn(b + ap,) — XL, bp{ Inp; —
rL+a) ' Inb+a)p; a,b>0 (2.1.5)
sothat, f;1(1) =X, In(1+ap;) — X piInp; — X1 In(1 + a)p;, a>0 (2.1.6)
which is the same as (1.1.31).
2.2 MODIFIED VERSION OF VERMA MEASURES OF INFORMATION IN A FUZZY SET
Modified version of Verma [7] measures of information i. e.
V,(P) =Y In(1+ap;) — XL pilnp; = X In(1 + a)p;, a>0
we get the corresponding measures in fuzzy set,
V(D) =28 In(1+ aps(x) + T In(1 + a — apy(x;)) —
D=1 ta ) Inpy () — Z?:l(l - HA(xi)) ln(l - .uA(xi)) -
In(1+a), a>0 (2.2.1)

2.3 GENERATING FUNCTIONS FOR THE MODIFIED VERSION OF VERMA MEASURES OF
INFORMATION IN A FUZZY SET

We define,
1+a+a?ug () —a?u3(x;) -1 1—pa(x;) t-1 -
?21( 1fﬂA(xi) . ) + i pa(xi) ( ﬂA?xi) ) -+ a)t
_\n (1+ayA(x,-))(1+a—auA(xi)))t n N (1-Ha(x) t-1 _ t-1
B Zl=1< (1-pax) + Zima e ( Hax) ) (1 +a)™
a>0 (2.3.1)
Now, differentiating (2.3.1) with respect to t, we get
n ((1+auA(xi))(1+a—auA(xi)))t_1 In ((1+auA(xi>)(1+a—auA(xi))) N
=1 (1-palx)) (1-pna(xp))
n N (1=Ha(x) t-1 1-pa(x)) _
Bt ( nax) ) n( nax) )
1+ In(1+a), a>0 (2.3.2)

On taking t = 1 we get,

n (1+aﬂA(xi))(1+a‘a#A(xi))) n ] 1-pa(x)Y
i=1 ln( (1_HA(xi)) + Zi:l ‘uA(xl) 1n ( #A(Xi) ) ln(l + a)

= ?=1ln(1 + auA(xl-)) +Xh, ln(l +a-— a/,LA(xi)) —
Y imaGe) Inp () = Xy (1 — pa(x)) In(1 = pa(x;)) —In(1 + ),
a>0 (2.3.3)
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which is the same as (2.2.1).

Again, we define

n (Prrab?+a?bPus(x)—-a?bi i)\ ! n N (P=buaGe)\ "t t—1
i=1 ( b2—b2u (%)) ) + Xizq ta () (—buA(xi) ) (b+a)

_vn ((brabpaGe)(b+ab-abuad)\ T | < \ (b=buaG)\7L t—1
- Zi:l( bz—bleA(Xi) ) + Zi:l :uA(xl) ( bua(x;) ) (b + a) ’

a,b>0. (2.3.4)

Now, differentiating (2.3.4) with respect to t we get,

n ((b+abpa(x))(b+ab—abpa(x;)) t-1 (b+abua(x))(b+ab—abpa(xy))
i=1 ( b2—b2p4(x;) ) ln( b2—b2p,(x;) ) +

n § (2obraG\ Y (b-buaGr)) _
Zi:l‘uA(xl)( bug(x;) ) ln( bug(x;) )

(b+a)1In(b+a), a,b > 0. (2.3.5)

Ontakingt = 1and b = 1 we get,

n (1+auA(xi))(1+a—auA(xi>)) n N (1maGDY)
fey In (s OO e aCO)) 4 3 g Ged In (S2450) ~ (1 + a)

= Z?:ﬂn(l + a.uA(xi)) + Z?:ﬂn(l +a— a.UA(xi)) -
Z?:l ta () Inprg (x;) — Z?:l(l - .UA(xi)) ln(l - .uA(xi)) —In(1+a),
a>0
which is the same as (2.2.1).
2.4 CORRESPONDING MEASURE OF DIRECTED-DIVERGENCE
Motivated by Kullback and Liebler [5] we get the corresponding measure of directed- divergence
Da(P:Q) =¥ qiIn(1+ aZ—) + X, pIn2 +In(1 + a), a>0 (2.4.1)

and the directed divergence, due to general rule, is given by

Dq(P:Q) = ¥ty (ln (1+api) —pilnp; +¢q;In Cli)

1+aq;

1+aq;

a>0. (2.4.2)

"a-aq;-Ing;—aq;lnq;—-1

Here, D, (P: Q) satisfies the properties D,(P: Q) = 0, vanishes iff Q = P and is a convex function of
both py,p2, <ov v - ,Pnand g1, 42, - oen - ,qn -

2.5 GENERATING FUNCTIONS FOR THE CORRESPONDING MEASURE OF DIRECTED-DIVERGENCE

Let,

N N
ga@®) =Y",q; (Qi‘f;pi) + Yie1Di (Z—Z) +(1+a)f, a>0 (2.5.1)

so that,

950 = T (2) I (1) 4 S () B4 A+ @) I+ @), a > 0 (25.2)

qitap; qitap;

then,
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1 Pi
9a(0) = ?zlqiln(q +ap) Yimipiln+In(1+a), a>0
or,
! l+ 15
9a(0) = =y q;In (22) + ¥, pyIn 2 +In(1 + ), a>0
which is the same as (2.4.1).
Again, we define
bg; \! bp;
9as () = Ty 00 (525) + 511 ba () - B + ), ab>0
so that,
' _ ba; \* bg; bpi\* . bp; ¢
G (® = T (5-22) 0 (22) + 2 b (22) 22k (b + @) InGh + @),
ab>0
then,
qit+ap; Pi
901(0) = =Ty q;1n (122) + T py InZ 4 In(1 + @), a>0
which is the same as (2.4.1).
Now, we define
n qi%i+ap;q; %\ 1+agq;
9a(®) = (pipi+a6hpipi) a-aq;-lngq;—1’ a>0
so that,
n qi%i+apiqiti\" | (qi%i+apiqii 1+agq;
9a(t) = (pipi+a6hpipi) In (Pipi+aqmipi) a-aq;-lngq;-1’ @>0
then,
/ _vn qi%i+ap;q;%i 1+aq;
9a(0) = i=11n (pipi+aqipipi) a-aqi-Ing;-1"’ a>0
or,
, _on 1+ap; 1+aq;
9a(0) = Xiz (ln (1+a ) pilnp; +q;ln q‘) a—aqi-mgi-aqing—1’ & >0

which is the same as (2.4.2).

2.6 CORRESPONDING MEASURE OF FUZZY DIRECTED-DIVERGENCE

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7)

(2.5.8)

Corresponding directed-divergence for the modified Verma measures of information, motivated by

Kullback-Liebler [5] concept, is given by
Do(P:Q) = — 37 lqlln(1+ap’)+2 Lipin 2+ in(l+a), a>0
we get, the corresponding measures in fuzzy set,

Dq(A:B) = Xizq up(x) In (%) + 30 (1= pp(x) ln( 1-#p (i)

apa(x)+ug(x;) 1+a—aps(x)—pup(x)

ua(xy) 1-pa(xy)
Zz 114 (x;) In=225 s () + 2 1(1 'uA(xl)) In (1—u3(xi)) +

Rohit Kumar Verma



Vol.11.Issue.3.2023 (July-Sept.) Bull.Math.&Stat.Res (ISSN:2348-0580)

In(1+a), a>0
(2.6.1)

and the directed-divergence (2.7.2), deduced by general method, is given by

qi(1+ap;)

. - n . .
Da(P:Q) = BiLy 4;(1 + aq) In 242220 a>0
we get, the measure in fuzzy set,
R — n Ttpat)) _ . .
Da (A. B) = i=1 (ln (1+HB(xi)) Ha (xl) In Ha (xl) +
1+aup(xy)
i () In i () ) s 20—

i=1 (ln (M) + (1 - MA(XL')) ln(l - MA(xi)) +

1+a-app(x;)

1+a—app(x;)
(1= e ) (1 = 15(1))) ot ey G

a>0. (2.6.2)

2.7 GENERATING FUNCTIONS FOR THE CORRESPONDING MEASURE OF FUZZY DIRECTED-
DIVERGENCE

Let,

n N (a0 —paCGeup (x)\
Li=1 Ha (%) (#B(xi)—llA(xi)llB(xi)) +

n \ (B +app (e —apaGe)pp () —pd )\
Li=1 #p (X) (auA(xi)ﬂiB(xi)—auA(xi)uB(xi)—u,%(Xi))

n 1—p () —pp (X)) +pa(x) (%) t t
=1 (1+a—aliA(xi)—2!lB(xi)—aMB(xi)+aﬂA(Xi)MB(xi)+#12;(xi)) +t1+9

_n _ uA(x,-)(l—uB(xi))>t n ,(us(xi)(1+a—auA(xi)—uB(xi)))t
= Zim1 #a (i) (#B(Xi)(l—HA(xi)) + Lz #p (1) (apaCx))+up(x))(1—pup(x) +

n (1-paCx))(1-pp(x) )t t
=1 ((1—#B(xi))(1+a—aﬂA(xi)—HB(xi)) td+a)y, “>90 274

Now, differentiating (2.7.1) with respect to t we get,

n , uA(xa(l—uB(xi)))t (uA(xi)(l—uB(xi)))
=1 Ha (%) <u3<xi>(1—uA(xi)) I s o (= raGe)

Y s (X)) (#B(xi)(1+a—allA(xi)—lJB(xi)))t (#B(xi)(1+a—auA(xi)—uB(xl-)))
ELEEI (ama e +up () (1-1p () (araCed+us(x0))(1-p5(x)

n( (1-pa () (1-15(x) )tm( (1-paCe) (1-5(x) ) N

=1\ (T=pp () (1+a-apaGe)—p D)) - \(1=15 D) (1+ a-aaGe) -z (D)
1+ a)tIn(1+a), a>0.

On taking t = 0 we get,

2i=1ta(x;) In (MB(xi)(l—ﬂA(xi)) *

n ) UB (Xi)(1+a—aHA(xi)—HB(xi)))
Li=1 5 (%) In ( (apaCe)+up(x))(1-pp(x) +
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n (1-pa(x))(1-pup(xy) )
iz In ((1_.“8(xi))(1+a_a.uA(xi)_ﬂB(xi)) +In(1 +a)

= Xt tp(x;) In (%) + Z?:l(l - ,uB(xl-)) ln( 1—pp(xi) ) +

apa(x)+up(xy) 1+a—apa(x)—up(x;)

ua(xy) 1—ppg(x;)
D=1 Ha(x;) lnm + 3%, (1 = pa(x)) In (T[;(xl)) +In(l+a), a>0.

which is the same as (2.6.1). Again, we define

n N (braGe)—paCedup(x)\*
Li=1 Ha(x) (bu3<xi>—uA(xi)uB(xi)) +

n \ (PHp () +abug (x)—abua(x) up (x)~bud ()
Zl:l'uB(xl)( abpg(x)+bug(x)—apa(x)up(x)—pup (x) )

n b2—bpa(x)—bupg(x)+ua(x)pp(x) t t
i=1 (bz+ab—ab“A(xi)_Zb”B(xi)_a”B(xi)+aﬂA(xi)MB(xi)+u§(xl-)) + (b + a)

_ , uA(xi)(b—uB(xa))t n , (uB(xi)(b+ab—abuA(xi)—buB<xi)))t
= Lima#a (%) (us(xi)(b—uA(xi)) =145 (%1) (enaGD+ms D) 0-rp D) ) T+

n (b—pa(x)(b—pp(xp) )t t
=1 ((b—ug(xi))(b+a—aHA(xi)—llB(xz)) +b+a)y, ab>0.

Now, differentiating (2.7.2) with respect to t we get,

n , uA(xi)(b—uB(x»))t (uA(x»(b—uB(xi)))
i=1 Ha(X1) (MB(xi)(b—ﬂA(xi)) In up(x)(b—palx))

Y g (x;) (#B(xi)(b+ab—abuA(xl')—bllB(Xi)))t (ﬂB(xi)(b+ab—abﬂA(xi)_bMB(xi)))
s (auaGe+up () (b-p(x)) (apaCe)+up(x))(b—pup(x)

n( (b=pa(x) (b-pp(xD) )tl( (b=1a(xD) (b=pp(xD) ) N

=1\ (b-pp(x) (b+a-apa(x)—up(x)) (b—pp(x))(b+a—apa(x)—pup(x;))
(b+a)In(b+a), a,b > 0.

Ontakingt = 0 and b = 1 we get,

n _ #A(xi)(l—llB(xi)))
Li=1Ha(x) In <u3<xi)(1—uA(xi)) +

n . UB (xi)(1+a—aHA(xi)_HB(xi)))
Xz g (%) In ( (amaCed+up(x))(1-pp(x)) *

n (1-pa(x))(1—pup(xy)) )
Li=1In ((1—u3(xa)(1+a—auA(xi>—uB(xi)) +In(1 +a)

= S0 g () In (2290 ) 4 3 (1 - g () In (i)

apa(xp)+pp(x;) 1+a-aps(x)—pp(x;)

n ma(xi) n _ ) 1—pp(x;)
Yt Halx) In i) + Zi=1(1 /,LA(xl)) In (—1—u3(xi)) +In(1+a), a>0.

which is the same as (2.6.1)

Now, we define

=1 ((H#—A(xi))t - (.“A(xi))t+1 + (up (xi))tﬂ) 1+a/tp (i)

1+pp(x;) a—apg(x)—In pg(x;)—1

(2.7.2)
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n [ (1ra—amaCe)—ppx)—aup(ep+apaxdpus )\ N7 N
i=1((1+a—au3<xi>—uA(xi)—auA(xi>+auA(xi>uB(xi)) uaCe) (1= paGed) +

o) L+a-app(x)
e ()(1 — g (x0)) )a—a(l—u3<xi))—1n(1—u3(xa)—l

=Xis ((HMA(Xi))t - (#A(xi))t+1 + (18 (xi))tﬂ) g (i)

1+up(xy) a-aug(x)—Inpg(x;)—1

n (1+a—apa(xp))(1-up(x;)) t :
":1<<(1+a—aZB(x,->)(1—ZA(xi))> + () (1 = pa(xy)) +

_ ) 1+a-app(x;)
MB (‘xl)(l MB (‘xl)) >a_a(l_ﬂB(xi))—ln(l—ll.B(xi))—l ’ a > 0 (273)

Now, differentiating (2.7.3) with respect to t we get,

7il=1 ((1+MA(Xi))t In (HHA(xi)) - (.UA(xi))Hl Inpy(x;) +

1+up(x;) 1+up(x;)

t+1 1+aug(x;)
(MB (xi)) In 1 (xi)> a-apg (Xi)—llgn l:B(xi)_l

n ((1+a—auA<xi))(1—uB<xi)))t In ((1+a—auA(xi))(1—uB(xi))
=1\ (1+a-apup (x) (1-palx) (1+a-app(x))(1-pa(x)

)+ BaCe(1 = a(x) In(1 -

1a(x) + 1p () (1 = pp () In(1 — g (xl-))) P R e

whent = 0, then

n T+pa(x)Y ' ] ] ' 1+app(x;)
1 (In (FEEAE8) = ha G I pa () + b () It () ) o i 20—

n (1+a—aﬂA(Xi))(1—ﬂB(xi))) _
i=1(1 ((1+a—au3(xi))(1—u,4(xl-)) + pa () In(1 — py (7)) +

o 1+a-app(x)
up () In(1 — p B(x‘))) a—a(1—pp () —In(1-ig (kD)1

1+p(x;) 1+apup(x;)
= T2 (In (FEEAE2) = a o) In g Go) + b Ge) I i () ) o B 20—
1+a—apy(x;)
=1 (1n (m) + (1= pa(x)) In(1 — pa(xy)) + (1= pp(x))In(1 -
1+a—aup(x;)
Hp (xi))) a-a(1-pp(x))-In(1-pp(x))-1’ a>0

which is the same as (2.6.2).
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