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[ ABSTRACT

The primary objective of the present research is on the approximate

BOMSR controllability of mild solutions for fractional neutral integro-differential

e 3 inclusions with state-dependent delay in Banach spaces. Applying the
Dhage-derived fixed point theorem for multi-valued operators. With the
assistance of the highly continuous -order fractional cosine family, we put
up the existence result. The theoretical results are finally expressed through

a concrete instance.
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1 Introduction

Differential equations are used in many scientific fields to characterise physical processes
mathematically. However, it has recently been demonstrated that due to material and inherited
characteristics, the majority of these models may be better described by fractional order equations
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(orinclusions). As a result, fractional order differential systems have several applications (see [16, 17,
22, 31]).

Delay differential equations allow the incorporation of past activities into mathematical models,
in contrast to ordinary differential equations. A delay differential equation with discrete delay is often
presented in the type

x(t) = f(t, x(t), x(t - 1)) (2.2)

with f: R x R?” x R” — R". Depending on the complexity of the problem, the delay T may be a
constant value (T = 0), a function of the time (t (t) = 0), or a function of the solution x itself (T (x(t))
> 0). Accordingly, equation (1.1) is called a differential equation with constant delay, time-
dependent delay, or state-dependent delay, respectively. For more details refer [5, 16, 19]. When
the right-hand side of the problem depends not only on the history of the solution x, but also on
the history of the derivative x’, that is,

x'(t) = g(t, x(t), x(t - T), X' (t - 1)),
we have a neutral delay differential equation or neutral functional differential equation [6, 14].

Fractional differential equations with state-dependent delays are a prevalent sort of problem,
and as a result, study of this type of equation has attracted a lot of attention in recent years. We
recommend the reader consult the handbook by Canada et al. [9] and the scientific papers for further
information on differential equations with state-dependent delay and their applications, see [1, 2, 4,
6,7,14,19].

Abstract linear second order differential equations are linked to the idea of the cosine function.
We advise the reader to review Fattorini [12] and Travis and Webb [25] for the fundamental principles
and applications of this approach.

The most active field of research is on the existence, controllability, and other qualitative and
guantitative elements of fractional differential systems; in specific, see [3, 17, 23, 24, 28, 29].

Santos et al. investigated in [3] whether fractional integro-differential equations with
unbounded delay had solutions in Banach spaces. The authors of [28, 29] showed the existence and
roughly controllability of stochastic differential systems with indefinite latency and fractional order
neutral differentials. By utilising the suitable fixed point theory, Sakthivel et al. [23] recognised the
approximative controllability of the fractional dynamical system.

The authors recently used the appropriate fixed point theorem to explain the approximation
controllability results for fractional neutral integro-differential systems with state-dependent delay in
[26, 30]. The existence findings for fractional differential equations with nonlocal conditions of order
o € (1, 2) were examined by Shu and Wang et al. [24]. The controllability of nonlocal fractional
differential equations of order a € (1, 2] was later examined by Kexue et al. [17]. Recent research on
optimum controllers for fractional stochastic functional differential equations of rank a € (1, 2] in
Hilbert spaces was conducted by Yan and Jia [27].

However, existence results for fractional neutral integro-differential inclusions with state-
dependent delay in B phase space adages have not yet been fully investigated.

Motivated by the above mentioned works [17, 24, 27], in this manuscript, we are concerned
with the existence of mild solutions for fractional neutral differential inclusions with state-dependent
delay of the form
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D [y(t) + k(t, yi)] € Aly(t) + k(t, ye)1 + F(t, Yoty + Bu(t), t€Q=10,T] (1.1)
y(t) = ¢(t), t € (-==,0], y(0)=x0€H, (1.2)

where D is the Caputo’s fractional derivatives of order a € (1, 2]. A is the infinitesimal generator of
a strongly continupus a-order cosine family {Ca(t)}=0 On H, the state y(-) takes values in H, the control
function u(:) is given in L([0, T]; U ), a Banach space of admissible control functions, with U a Banach
space, Bis a bounded linear from U into H. The function k: Q x B = H is a continuous function and F
: Q x B - P(H) is a multi-valued map. For any function y described on (==, T] and any t € Q, we
represent by y; the element of B described by y:(8) = y(t + 8), & € (—o°, 0]. Here y; represents the
history of the state up to the current time tand p : Q x B = (-o°, o) is an apposite function. B is the
theoretical phase space axioms characterized in Section 2.

Further, we additionally consider the subsequent fractional neutral integro-differential
inclusions with state-dependent delay of the form

DEYE) + k (t.ye, [y Ko (t,s,¥5) ds)] € A[y(®) + k (&3¢, [y Ky (t,s,¥5) ds)] +
F(y,ty) JoK2(t5,Y, ) ds) + Bu(®),t € Q =[0,T], (1.3)
y(0) =¢(t), t€(-»,0], y' =x€H, (1.4)

where D&, A, B, p, B, u, ¢ and y, are same as defined in (1.1) - (1.2). FurtherK; :QxQxB - H,
(fori = 1,2)andk : QxBxH - H are continuous functions and F : J x B x H - P(H) is a multi-
valued map.

This is way the manuscript was put together. In the second section, we review a number of
findings, definitions, and lemmas that will be applied later to support our key findings. The primary
conclusions in the third portion are based on Dhage’s fixed point theorem. An instance of the
application is provided in the final section to illustrate how well our key findings worked.

2 Preliminaries

In this part, we remember some basic definitions, lemmas and notations which will be utilized
all through this manuscript. Let H be a Banach space. By C(Q, H) we denote the Banach space of
continuous functions from J into H with norm

Iy = sup{ly|: t € Q}.
B(H) denotes the Banach space of all bounded linear operators from H into H, with the norm
INlIsw) = sup{|N(y)| : |y| = 1}

LY(Q, H) denotes the Banach space of measurable functions y : Q > H which are Bochner integrable,
normed by

T
1y = [ @l de
0

L=(Q, H) denotes the Banach space of measurable functions y : Q = H which are bounded equipped
with the norm
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lyllioe =inf{d>0: lly(t)ll<d, a.e teQ}.

We denote the notation P(H) is the family of all subsets of H. Next, we denote the subsequent
notations:

Pu(H) = {x € P(H) : x is closed}, Ppa(H) = {x € P(H) : x is bounded}, P.(H) = {x € P(H) : x is convex},
Pe(H) = {x € P(H) : x is compact}.

The definitions of multi-valued analysis like, convexity, bounded, upper semi-continuous,
completely continuous and closed graph theorem are well-known results[10, 13, 15], for this reason,
we omit here.

Here, we will utilize a common axioms for the phase space B which is identical to those
presented by Hale and Kato. In particular, B will be a linear space of function mapping (-o<, 0] into H
endowed with a semi norm || - || g and fulfills the next conditions:

0] y € (-0, T] > His continuous on Q and yo, € B, then y; € B and y is continuousint € Q and
ly(t)ll < Llly:ll 5

where L >0, is a constant.

(ia) From the above condition is equivalent to [lp(0)Il < Llioll g, for all ¢ € B.

(ii) There exists a continuous function c;(t) =2 0 and a locally bounded function c,(t) 20int20
such that

lye g < ci(t) sup [y(s)| + c2(®) N yo ll 5,
s€e[0,t]

fort€[0, T]and yasin (i).
(iii) The space B is complete.
Designate ¢ =sup{c; (t):t€Q} and c;=supf{c, (t) : t € Q}.
Set
R(p7) ={po(s, ) : (s, ) € Qx B, p(s, ) < O}.
We generally assume that p : Q x B - (-, 0] is continuous, we make the subsequent assumption:

(HO*) The function t = ¢ is continuous from R(p~) into B and we can find a continuous and bounded
function L? : R (p7) = (0, =) in a way that

lp:lls < LP(t)lIPlls for every t € R(p").

Lemma 2.1. [4] Ify : (-, T]1 = H is a function to ensure that y, = ¢, then
Iys 15 < (c3 + (L?)lllI5 6Sl[lop]ly(9)| ,SE R(PHUQ
€(0,s

whereL® = sup L% (t)
teR(p™)

A. Stephan Antony Raj; M. Muthuchelvam; A. Anuradha



Vol.11.Issue.3.2023 (July-Sept.) Bull.Math.&Stat.Res (ISSN:2348-0580)

Let / be the identity operator on H. If A is a linear operator on H, then R(A, A) = (Al - A)"X means the
resolvent operator of A. Next, we utilize the note for n >0,

where [(n) is the Gamma function. If n = 0, we fixed ko(t) = 6(t), the delta distribution. Next, we recall
some basic definitions and concepts of fractional integral and derivative of order a € (1, 2] from [27],
Definitions 2.1-2.7, Remark 2.1].

Before we define the mild solution for the system (1.1) - (1.2), first we consider the following linear

problem,
-1
k, (t) = m t>0, (2.1)
°DE [y(t) + k(t)] = Aly(t) + k()] + F(t), t€[0,T], (2.2)
y(t) = p(t), tEB. y(0)=x0€EH. (2.3)

Assume that the Laplace transform of y(t), k(t) and F (t), with respect to t exists. Taking the Laplace
transform to (2.2) - (2.3), by (2.3) of [27], we receive

) + k(] = 27 y(0) + k(0)] —2A“72[y0 + n] = AP + kA)] + F(D),

where $(1), k(1) and F(1) denote the Laplace transform of y(t), k(t), F (t) and d k(t)|t =0 =7,
where n is independent of y. Then

y(A) + k(1) = 2% 1R(A%, A)[¢p + k(0)] + A%2R(A%,A)[x0 + 5] + R(A%, AF (1)
By (2.5)-(2.7) of [27] and the properties of Laplace transforms,

() = Ca®lp + k(O)] + So(O[X0 + 0] — k(t) + [ Pu(t — S)F (s)ds. (2.4)
Let

Sey={veLYQ H):v(t)EF(t y), ae. tEQ}
is nonempty.
Let Q={y: (oo, T] > Hsuch that y| -0 € B, y|q € C(Q, H)}.

Based on the above results, we define the mild solution for the given system (1.1)-(1.2).

Definition 2.1. We say that a continuous function y € Qis a mild solution of problem (1.1)-(1.2) if
y(t) = ¢p(t)for all t < 0, the constraint of y(-)to the interval [0, T lis continuous and there exists
v(-) € LY(Q,H),suchthatv(t) € F (t, Yotyt)) a-e-t € [0,T ] andy fulfills the consecutive integral
equation

t

y(&) = Ca(®)[p(0) + k(0,(0))] + Se(O)[x0 + 1] — k (t,y,) +f Py (t = s)v(s)ds
0

t
+ j P,(t —s) Bu(s)ds,t € Q. (2.5)
0
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In order to address the problem, it is convenient at this point to introduce two relevant
operators and basic assumptions on these operations:

t
Yy =fPa(T—s)BB*P;(T —s)ds: H - H,
0

R(a,Y]) = (al + Y)t: H > H.
It is straightforward that the operator YOTis a linear bounded operator.

To investigate the approximate controllability of system (1.1) - (1.2) and (1.3) - (1.4), we impose the
following condition:

(HO) aR(a,Y]) - 0% + asa — 0% in the strong operator topology.
3 Main Results

We show below the controllability results for the systems (1.1) - (1.2) and (1.3) - (1.4) under Dhage’s
fixed point theorem. To establish the existence result for the system (1.1) - (1.2), we list the
subsequent conditions:

(H1)A: D(A) € H - H isthe infinitesimal generator of a uniformly continuous cosine family
{Ca(D)}ezo- Let
M. = sup{llCu(t)ll; t > 0} and M = sup{lIS«(t)Il; t = O}.

(H2) The multi-valued map F: Q x B - P(H) is an L1-Caratheodory function and there exists a function
u € LY(Q, R*) and a continuous non-decreasing function ¢ : R* - (0, e) in a way that

F(t, u) <u(t)P(llullg), for every (t uyeQxB,

(H3) (i) The function k : @ x B - H is continuous on Q and there exist constants Ly >0 and L; >0
such that

lk(t, u)ll < Lellullg + L, for each u € B.
(i) There exist a function Lkx € L}(Q, R+) in a way that
llk(t, u) - k(t, I<LlNlu-vls, t€Q u vEB.

Theorem 3.1. Assume that the hypotheses (HO) and (H1) - (H3) holds. Then the problem (1.1) - (1.2)
has at least one mild solution such that,

oo du

* % * T
A=Ly,ciM* <1land fo p(s)ds < fw1¢(u)

(3.1)

M2*MET
a

Where M* = |1+ *—2Z| || BI| = My |B*l| = Mp, and

(M (Ly Lllpll5 + Ly ) + Mg [|x0 + nll + Ly cj; + Ly }

*
1
Wy =Cp+———
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Proof. Now, we define the the multi-valued operatorY : Q — P (Q)) describedbyY(e) = {e € Q}
with

{ @(t), t € (—x,0)

Ca(O[B(0) + £(0,0(0)] + Se(D[y0 + 1] — k(¢ y1)
et = (3.2)

t t
+f P, (t — s)v(s)ds + f P,(t — s)Bu(s)ds, t€Q,
0 0

where v € Sgpsys) and u(t) = B*Py (T,t)R(a, Yy )P(x( *)), where

Py()) = yr — C%(T)[¢(0) + k(0,¢(0))] — Sa(M[y0 + n] + k(T,yr)
—f P, (t —s)v(s)ds.
0

For ¢ € B,we express the functionx( -): (—%,T] - Hby

@), t<0

x(t) = {Ca(t) [6(0) t<0

If y( *) fulfills (2.5), we can able to decompose y(t) = x(t) + z(t),t € Q, with infer that y, =
Xy + z¢, for each t € Q and the function z( -) fulfills

2(£) = Co(Ok(0,¢(0)) + Se(D[xo + n] — k(t,zt + xt) + ftPa(t—s)v(s)ds
0

t
+ f P,(t —s)Bu(s)ds, te€QqQ, (3.3)
0

WheTe S SF,Zp(s,zs+xs)+Xp(s,zs+xs).
Let Zo={z € Q : z0=0}. For any z € z;, we receive
Izl = sup Iz I + 1l zo llzg = sup Il z(¢) II.
teJ tej

Therefore (g II.1l;,) is a Banach space. Now, we designate the operator @ : z, —
P(zy) by @(z) = {h € zy} with
t
h(t) = Ca(t)k(0,¢(0)) + Sa(t)[x0 + n] — k(t,zt + xt) +f P,(t —s)v(s)ds
0
t
+ f P,(t —s)Bu(s)ds, te€QqQ,
0

wherev € SF,Zp(s,zs+xs)+yp(s,zs+xs) .
From this, we observe that the operator Y having a fixed point is equivalent to ® having one, so it
turns to prove that ® has a fixed point.

Now, we are in a position to utilize the Dhage’s fixed point theorem [11]. To apply this, first, we split
the multi-valued operator © as

®,(z) = {h € zp: h(t)
= Co(Ok(0,0(0)) + Sa(B)[xo + 7]

t
— k(t,zt + xt)f Py(t —s) B*P; (T — $)R(a, Y{ )[yr — Co(T)k(0,¢(0))
0

= Sa(M[xo + n] + k(T, zr + XT)]:t € Q}
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®,(2) = {h € Zy: h(t)

= fPa(t—s)v(s)ds
0

+ ftpa(t —5) B*F; (T — $)R(a,Yg )(X) ftPa(T —Dv()ds v(s)
0 0

€ SF, Zp(s, zs + xs) + yp(s, zs + xs), t e Q}
Now, our aim is to show that the multi-valued operators ®1and @z satisfy all the conditions of Dhage’s
fixed point theorem[11]. For better readability, we break the proof into sequence of steps.
Step 1. @1is a contraction.
Letz, z"€ Zsand h € ®1(z2)

|®,(2) — @, ()|
< \k(t,ze + x0) — k(t,zi + x)ll5

+

t
f P,(t —s) BB*P; (T — s)R(a, Yy Yk(T,zr + x1) + k(T, z5 + x7)]

0 B
tMZMé

< Lyllze +2 lls + f Lillze + 2 llads

0
< L (t)Stu?IZ(t) =z (O)]+c(Ollzo + 2 |l
€

ZMé

t
L f r(Osupla) ~ 7 O +eaOllz +7 1 ds
0

M?M3
a

< Lj‘c_c1 [1 + ] llz +z* ||z

S LyeiM*||lz +z* ||g

Since
Iz + x0llz < 1z)llz + 1(x)ll
< eysuplz(O)|+c (Bl zo Iz + cisuplx(s)] + | (xo) I3
tej tej
< Cff'tiglz(t)l + 1M LBl + c2 119z
< ot + [ef M LDl + ¢;19llp
<cr+c, where c;, = [ci M L+c3]||19]|5
Then

IP1(2) =1zl < Allz — 2" .

From (3.1), we see that @1 is a contraction.

Step 2. @2 has compact, convex valued and it is completely continuous. This will show in several steps.
Claim (i). @ is convex for each z € Z,.

Indeed, if hy, h; € @,, then there exist Vi, Va € Sg,zp(t tsxtimo(t,t4xt) , SUCh that for t € Q, we receive
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t
h; = fo P,(t — s)v(s)ds

t t
+ f P,(t —s) BB*P; (T — s)R(a, Y{ )(X) f P, (T —t)vi(r)dtr ds fori=1,2,
0 0

teQ
Let d € [0, 1]. Then for each t € J, we get

[dhy + (1 = dhz)(6)
t
= [ Pute =) + (1 - Dy ()]s
0
t
- f P,(t —s) BB*P; (T
0
t
—s)R(a, Yy )(X)f Py (T — D)[dvy(7) + (1 — d)v,(v)]drds
0
Actually Ssz(t,zt+xt)+xp(t,zt+xt) Jis convex (because F has convex values), we have dh; + (1 — d)h, €

2.

Claim (ii). ®2 maps bounded sets into bounded sets in Zo.
In fact, it is sufficient to demonstrate that for any r > 0, there exists a positive constant | in ways that

for every z € Br={z € Zo: llzllzo< r}, we sustain [|®2(z)llzo< I. Then for every h € ©2(z), there exists v €
Ssz(t,zt+xt)+xp(t,zt+xt) such that,

L L
Ih(t)]] < f] Pt — .i]!'(.v]rf.v—fn Pao(t — s)BB*P3(T — 5)R{(a, T})

-
'Ix]f Po(T — mvir)drds

i
t ¢
< Pt — s)v(s)||ds + || P,(t — s)BB*P*(T — 3)R{a, T
[} 0
0 /0
- I
'Zx]f Pol(T — mwir)drds||
0 i

M2M3,

i
- 2 _ Je 1
= '”-/I; pis | |-,r~|_s.z,1—:,;: Jp:s.z,ﬁr;;”.ﬁ] (2 .

t T
|:}( J.:'I.f-/l; —,[] _Hl:'.":l i [.-”:F':T-z" +Tr) + J'.ﬂ|:1-:5,,+:1.: |_ﬂ;: ﬂl'."l.‘!l."*.-'

: MAME ¢
,’I.f-,_-.:r-‘l'_r' —,:'_':I_l]f _“':-"':lﬂlu\'_ j_f HI 'L":I“'T-r' _{_'ﬁ]f _ﬂfi."]ff-"
0 ” 0

MAME
.’lf[l + —”J]L'-ﬁﬂr + e ) |le]| g2
2

c

1M

A

[P

MM*p(etr + en)|le|
L.

[

1M

Since,
|zp(s,2,+2,) + Tp(s.z,+2,) | #
= | Zo(a zat+Ts j-l.J" + |-r'p{s.z9+:r,]”.x'

< (3 + L®)||z0| + c} rs‘.1_p|:-:.@] +c} :~:L1:i:: z(s)| + (5 + L?)||z0]l =
et s
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< ¢f sup |z(s)| + €}|Ca(s)$(0)] + (c3 + L®)[|Ca(0)8||
acl

< cf sup |2(2)] + et McL||9lls + (5 + L) ||¢]l
&

< cir + [ ML + o5 + L?)||¢|| 2

< e}r + cn, where en = [} ML + ¢ + L%)||¢] 2.

Thus ®,(Br) is bounded.
Claim (iii). @2 maps bounded sets into equi-continuous sets of Zo.
Leth € ®,(z)forz € Z,and let 11, 12 € [0, T], with 11 <12, we have

Leth € @4(z) for z € Zpand let 7y, 7 £ [0,T], with 7y < 72, we have

T2 1
[[hira) — R{m )| = f Fy(m — s)v(s)ds —f Pylm — s)v(s)ds "
i} i}

T T
+ f!f:’ufrg _ BB P:(T - .a}f?f_a,’rg'}f Po(T — 7)o(r)drds
i o

Ty - T
—f Py(ri — s)BB*P2(T —s]f?[a:Té]f Pu(T — 7)u(r)drds
] [i]

< I+ Is,
Where
T1—E
I = f [Pﬂl:'rg —s)— Fylm — s}]i'(s}ds
UT]
- f [H_-, (ta — &) — Palmy — s]] v(s)ds
T1—£
Ta
+f Pyl — s)v(s)ds
T:!I'l—ﬁ
< f [P'n['rg —5)— FPalm — "-i_I:I v s)ds
1] .
+ ‘ f [H_-,[T:_: — 8) — Pafr1 — .ﬂ] L‘{_s]ds'
Ty —£
Ta
- ‘ f Paima — s)u(s)ds
" T —€
< Plefr + r_‘n]{f |Pa(ma — s) — Palry — s)||u(s)ds
T1 v
+f | Palrs — 5) — Pa(ry — 8)[|u(s)ds
'|']—ET2
- fl-ff ;1[3}&’3}.
T1
And
Ty —& T
Ia < f [F‘ufm —5) — Palm — s]] BB*FP(T — s)R(a, Té]f FPa(T — 7 u(7)drds
0 o

T T
f’ [H_—,[T—g—sj—ﬁ'ul:n —s]]HH‘F;{I'—.s}ff'{a.’]"ajf Py(T — t)u(r)drds
T 0

1—€

l

T2 . T
+ Hf Palrs — s)BB*PY(T — S]H(a.ﬂ,}f Pa(T — 7)u(r)drds
T1 [i]
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T1—E 5
< f [-’ulrz —8) — Falr — *J]%Tﬂft‘[-‘s]ffﬁs
‘ f [I'Tnlﬁ—&',l—-iuk'-"] —"]] ””'r_if Muv(s)ds
T'l—-!'
2
+ F’ (0 —s fl-.i’fl-.i'j” Mu(s)ds
T
.’I-fz.’l-sz;

T1—E
Tleir + fnJ{f | Palra — 5) — Pa(m1 — =)||p(s)ds
0
T1
—f | Pa(m2 — 8) — Pa(m — s)||p(s)ds
fl-ff ;1[;‘-&}
From Iyand I,, we get

[|hira) — kiTy)|

_

< M*d(ejr+ f.-ﬂ}{f l |Palmz — 5) — Palry — 5)|jp(s)ds

i
T1 T2
+ f | Paima — 5) — Falm — s)||p(s)ds + M f ;1[3‘.-({3}.
T1—£ T1

Clearly the right-hand side of the above inequality tends to zero as 1, > 11
Then, ®2(Br) is equi-continuous.
Claim (iv). @(Br) is relatively compact for every t € J, we sustain

O,(Br)(t) = {h(t) : h € D,(Br)}.

Allow 0 <t < T be fixed and let € be a real number fulfilling 0 < € <t. For 6 > 0, we specify

t—e t—e _
he g(t) = f Pyt — s)v(s)d= —f Py(t — s)BB*P:(T — 5)R(a, TT)
] 1]

T
-.'b-i]f BT — 7)v(7)drds,
0
where V(S) € SFzpszsts)typiszsxs) . Since Ca(t) is @ compact operator

he,& = {he,8(t) : h € ©2(Br)}
is relatively compact. Furthermore,

L E—&
[h(t) — b s(t)]] = ‘ f Pt — s)v(=)ds —f Pyt — s)v(=)ds
o
HJ{ Po(t — s)BB*PT — s)R(a. TT) f Po(T — m)v(r)drds

—f Pyt — s)BB*Py(T — s)R(a, T,:,jf Pol(T — 7)v(7)drds
o

4

Pt — s)v(s)ds
t—¢

+ Hf Py(t — s)BB*PAT — s)R(a, TT)
L—¢

T
[x‘.-f Fo T — 7)vir)drds
0
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A

‘ CMEME
= J'f | Palt — s)||||u(s)||ds + ——ET
(3 i) .
MEME_] r |
M |:] + — i Jl':| f s (] Zplaz, e, T _i"l,-.:g_59+i.z:|||r1‘_| ds
t—e

| Falt — s)||||vis)|lds
;

|

t
M M*y(eir + o ]'[ il s)ds.

t—&

[

Therefore, (®2(Br))(t) is relatively compact.

As a consequence of claim (i) - (iv) together with the Arzela-Ascoli’s theorem we can
conclude

that ®2is completely continuous.

Claim (v). ®2 has a closed graph.

Let zn — z«, hn € ©2(zn) and hn — h«.We will prove that h« € ®2(z+). Indeed, hn € ®2(zn)

means that there exists vn € SFzptzn+xn+xptnznexm SUCh that
hy(t) = _/: Pyt — s)vg(s)ds — fut Pt — s)BB*P(T — 5)R{a, TY)
(x) ﬂ Py(T — T)un(r)drds, €.
We must prove that there exists v« € SFzptzeix+xptz+x) SUCH that
ha(t) = f Pa(t — s)u. (s)ds — f Pa(t — s)BB*PA(T — s)R(a, Y})
(=) f]I Fo(T — 7w, (7)drds, t € Q.
Consider the linear and continuous operator Y : LY(Q,H) — C(Q,H), defined by
Viv)(t) = ft Py(t — s)u(s)ds — ft Po(t — s)BE*FP(T — 5)R(a, T3 )
i . ]
[x:-fu Fo (T — 7yw(7)drds,

From[18], it follows that Y o Sris a closed graph operator and from the definition of hn(t)
S YSF,Zp(n,zn+xn)+Xp(n,zn+><n) .

As zn — z+and hn — h«, there is a v« € SFzptzex)+xptzx) SUCH that
t t —
ha(t) = f Pa(t — s)v(s)ds —f Py(t — s)BB*F3(T — s)R(a, T{)
0 0
.
l'xllf Pol(T — m)v(v)drds.
o

Therefore, the multi-valued operator ®2is a completely continuous multivalued map,
upper semi-continuous with convex, closed and compact values.

Claim (vi). A priori bounds.

r={z € Zo:z € MD1(z) + MD2(z), for some 0 <A <1} is bounded

Letz € T'be any element, then there exists V. € SFzp(szs+xotypszsixs) , SUCh that
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=) < ‘

Calt)g(0, &(0)) + Salt)[zo + 0] — k(L 2 + 3)

14
+f Fult — s)F (s, Zp(szatzs) T Tp(a,z,—:r,})‘is
o

t
+f Fo(t — =) Bu(s)ds
o

< Mo(Li|$(0)l + L) + Msllzo + il + Lyllz + =/l @ + Ly
t
+ J”f.;] pis) “l-"p-je:z;+r.=] + Yoiazatzs) |>b‘]' ds
ﬂfﬂf% . 3 M ’ » r
- TL Fa(t — s)||lzr + or| + Me(Ly||¢(0)]| 2 + L) + Ma|jzo + ]|
- T
+ Liellze + el o + Lie + ‘”fﬂ plr )b {l ZpT 4] T llrp[r,zf—:rf]”.ﬁj ‘iT:| ds
MM . . . .
Tﬁ Pt — 8)||2p + zp|lds + M (,m{:.kL |6l + L) + Ma||zo + 1]

. t
+ Ll EIIQP |z(t)| + en) + Lg + f'lff pl=id(e] sup |z(=)| + f.'ﬂ}ds)
te o

sE[0,t]

Qa2
) 1 M2M2T
=T M Lee,

B ¢
+Lpey, + L+ M f pls)(et|lz()]| + f.'ﬂjd.'s) }:
]

—E—||zr + 2|+ M* (,w.,u_,,u dllz + Lx) + Myl|lzo + 7]l

Then

en +eiflz(t)| < en +

o M2MAT
T— M*Lye;

. t
+ Mel|lzo + 7|l + Lgcp, + L + M f pla)dc|lz(s)] + f.'ﬂ}ds)}
]

2 2or -+ 2l + M* (MeTaLléln + L)

t
= uwy +ws [ pls)blen + cf||z(s) | )ds,

Where
o e MIMET
wi=enty -M*L,,f.-;{ s lrarl
M (,’lfc{f.klucp @+ L) + My iz + 1l + Luct, + L,j}
and
o Mc} .
T M Ly .
Denote

mit) = sup{ep +eiflzis)] 0 <= <t}, te.]
From the above mentioned inequality, we receive
11
mit) = oy +;a.!gf pl&)th(ml =) )ds.
0

Let us take the right hand side of the above inequality as v(t). Thus, we get
m(t) < v(t), for every t € Q,

with

A. Stephan Antony Raj; M. Muthuchelvam; A. Anuradha
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v(0) = o1
and

V(1) = @ u(thy(m(t)), a.e. t € Q.
Utilizing the non-decreasing character of y, we obtain

v (t) < o.u(t)y(v(t), a.e. t € Q.
Integrating from 0 to t we get

Vs o
————ds < wa [ pls)ds.
0 wlrls]) 0

By change the variable, we get

—/‘IJ:-!: du f{ o
— < wy | pls)ds.
wily i) 0

In view of (3.1), this ensures that for every t € Q, we have

1r(E) du . i o ) T o =y
— = W [l 5)ds < wa el s )ds < -
w0y Wi 0 ] wp WiE)

Therefore, for every t € Q, there exists a constant A1such that v(t) < Atand hence m(t) <
AL
Since || z Il zo< m(t), we have || z || zo< A1

This shows that the set I is bounded. As a consequence of Dhage’s fixed point
theorem[11], we realize that ®1+ ®2 has a fixed point z defined on the interval (— «©, T]
which is the mild solution of the system (1.1)-(1.2). The proof is now completed. Our next
existence results for the problem (1.3)-(1.4) is based on Dhage’s fixed point theorem.
Before we present and prove the existence result for the problem, first we define the mild
solution of (1.3)-(1.4).

Definition 3.1. We say that a continuous function x € Qis a mild solution of problem
(1.3)-(1.4) ify(0)=¢ € B,y (0)=x0 € H, we have

’ £
y(t) = Ca(t)[8(0) + k(0,5(0),0)] + Sa(t)[zo + 1] — k(r.y‘..f ky(t, s, us) :’f.‘s)
i}

t a
_/I; Pt —,-.-]j.'(...._Iung_:“:,_j; ka(s,T, Yol ) :'ffT}a':»

i
—f!ﬂu—ﬂﬂnﬁm.reﬂ. (3.4)
]

Where
u(t) = B*PYT, t)R(a, THP(z(-)), where

']
P(y(-)) = yr — Ca(T)[H(0) + k(0, ${0), 0)] — Sa(T)[xo + 1] + k(]"_ _w-_f ko (T, 5,98 rf.‘s)
0

T 8
_f Fa(T - 3:'}.‘(;,-. - f ka(s, 7, ¥, T.yr:]rfr)d:s.
0 L ;

Next, to prove the existence result for the problem (1.3)-(1.4), we list the following
additional hypotheses:
(H,*) The multivalued map F: Q XB X H — Pdlcvbd(H) is an Li1-Caratheodory function.
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(Hy*) t € J, the function F(t, +, *):B X H — Pclevbd(H) is upper semicontinuous and for
each (u,v) € B X%, the function F( -, u,v):Q — H is strongly measurable. Also, for each
fixed u € B and the set
Spy = {v* € LNQ.H) : v*(t) € f"(f..ypl[_y::,_ [J ka5, y_ﬂ,:i:y;:]rf.v) forae. ¢ € Q}
is nonempty.
(H4*) (i) There exist a continuous function pu1 € L1(Q,R+) and a continuous non
decreasing
function y,: R+ — (0,%) in a way that
Il F(t,u,v) IH < wa(t)yi(ll u s+l v Il), for a.e.t € Q,u € B,v € H,
(i) We can find Lf € L1(Q,R+) to ensure that
| F(t,ut,v1) — F(t,uz,v2) ls < Lf[ll ur — vills+ |l uz — v2 |I4], for a.e. t € Q,
U, Vi € B, U, v, € H.
(iii) There is a function m € L{(Q,R+) and a non decreasing function Q1: R* — (0, )
to ensure that
Il k2(t, s, u) I« < m(s)Qa(ll u lis), for every (t,s,u) € Q X Q XB.

(iv) There is a constant C1> 0, in a way that

L
--f.E'L-=_sl:l'..‘.-'.ru:l—ﬁ-gl:l'..v. ua)|ds
Nt J

= O ||lug—us|| g, for (t,s) € @=Q, uy,us € 2
H

(Hg*) (i) The function k: Q xXB X H — H is continuous on Q and there exist a positive
constant Mk > 0 such that for each u1, vi € B, u, v, € H.
lIk(t, u1, v1) — K(t, uz, v2)ll < Mk(llur — wills+ [luz — V.lIH).
(i) There exist positive constants Lki> 0 and ~“Lk: > 0, such that
@iDIK(t, u, V)I < Lka(llulls+ lIvVIH) + "Lk, t € J,u € B,v € H.
(Hg*) The function K1: Q xQ X H — H are continuous maps and there exists a positive

constant Lki> 0 such that

:f';.;H',a_s_ﬂ_._]—Ku'f.-‘v-?i"ff-"
Il Jo |
:Zf'Kuir.s_t-_]—ﬁ'uif--*-fﬂi"”""
Il o |
d

< Lr,(||zll@ + 1), for z € 8.

‘ f Kyt s, z\ds
0 H

Theorem 3.2. Assume that the hypotheses (H,), (H,) and (H,*) - (H¢*) holds. Then the
problem (1.3) - (1.4) has at least one mild solution such that

< Lk, |21 — z2||@, foreach zy,20 € &
H

< Lk, ||z1 — z2||@, foreach zy,20 € &
H

an

‘T
i

- ds

T
A* = Mypct M=[1 + (Lg, + 1)] = 1 _._m{ff v(s)ds < f L (3.5)
' ' 0 oy Yi(s) + h(s)
j
1 — L, ei(1 + Lk,

where w} = cp+

{.”r_-[f.kl L o] @+ f.g_-l )+ M|z 47|+ I‘-i-'l{l;il: | + f.;.;l ] }
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Proof. Consider the multivalued operator ¥ : Q — P(Q) defined by Y(h) = {h € Q} with
B(1), t € (—oo, 0]
h(t) = { Calt)[d(0) + k(0,4(0),0)] + Sa(t)[zo + ]
14 t L
—k (L.yr,.f Kyt s.ya]ds) +f Falt — s)u*(s)ds +f Fo(t — s)Bu(s)ds, teJ
0 0 0
where v«(s) € SFy-.

Next, we split the multi-valued operator ®« as
&
$i(z) = {h € Zg : hit) = Calt)k(D, ¢(0),0) + Salt)[zo + 7] — k (L. y;,,f Kiq(t, s, ya]ds)
0

t
+ f Pa(t — s)BB*PA(T — s)R(a, T}) (yf;- — Ca(T)k(0, $(0),0) — Sa(T)[zo + 1]
1]
.
+k('!',3,r;-,f Ky(T,r, yradr))ds, ‘e fg}.
0

L L
B3(z) = {hEEg - h(t) =fﬂ Pyt —sjl"[.ﬂds—fﬂ Pyt — s)BB*P4(T — 5)R(a,T})
.
{(x ]f FPo(T — 7)v*(r)drds, v*(s) € Spa-, t € l'.'.j'}
1]

The proof of this theorem is very similar to Theorem 3.1. With necessary modifications,

we can prove the steps 1 and 2 (Claims (i)-(v)) clearly, so we omit these steps. Now, we
prove a priori bounds only.

Claim (vi). A priori bounds.
r={z € Zo:z € MD«1(z) + M\P+2(z), for some 0<A <1} is bounded.

Let z € T be any element, then there exists v« € Skx., such that

|z(t)]| <

¢
Ca(t)k(0, ${(0),0) + Sa(t)|zo + n] — I:(L. i+ J‘t_f Kyt sz + J~a]ds)
0

¢ 8
+f-:| Pt — s)F (S"—:’P[S.ZJ—ZJ} - rﬁ[s‘“”’]'fu. Kals, 7, 2pir zp 420y Ip,:nzﬂ_'_h]_]dT)i{S

&
+f Pa(t — sH.?u{sts'
[i]

&
< | Calt) (D, $(0), )| + [|Salt)zo + 7]l + Hk(f..‘,z,+rt.f Kj{t..a..:,g+r3}ds) ”
o

L a
- H /I; Pt — .9}}.‘(.?. Zplezetza) T Ip[a'h_z‘},j:l\ Ka(s. 7. Ipirzr+er) T Tpfrzrtrr) }dT) ds "

L
+ ‘ f Pa(t — 5) Bu(s)ds
0

- t o . —
< ML, Lil¢||l@ + Ly ) + Mallzo + 1] + Ly [|.:;, + xe||@ + H _/; Kyt s,z + J‘ajds“ ] + Ly,
H
t s
+ M -/I; i)y [”':P'Z-?:Z;+Tp] + Tpiaz,+2,) | + jl; |Kals,T, Zp(Tz, 42 ) T Tpirz 4o :,fl”jde] ds
f'lff'lf‘?; t , ) -
+ T_/; |Fal(t — £)||§ llzr + zr|| + Me(Li, Ll|¢]| 2 + L, ) + Me||zo + 7]

.
+ L, [”-3'!' +rr||# + H f KT, 7,z + =7 )dr
0

] + ikl
H
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&
R B A o L
MME gt M2IME,
< —”f | Palt — s)||l|zr + zr||ds + [1 +—”;]
a i} a
(=) [ﬂ-fc[f.hu dll@ + L, ) + Mg||zp + 7|] + Lyl 511£| ()| + Lyyep + L, L, e} :25 [|=(t)]]
i<

t !
+ Ly Lge e + f'I-ff s}y (c] |z(=)|| +cn + f m (7)1 (ct|[z(7)]| + cn]])dﬁ].
o ]

Then

et {MEME

. s B
m 41 ||z(t)]] < en + Tz + z=r
en +cill2(t)]] < en | — M*Lg,c3(1 + Lg,) oz + 2r

Y (Mn[Lk,L (8l + ) + Mallzo + 1 + Lines(1 + L N)}

+ M 1+ ME‘”F"T fi 3 etllz(s)|| + e
e k Z| = &
|~ MLy (1 + L) a G“U'J{J e

.
- f miT )i (e} |lz(T)] + f.'ﬂjrh'}ds.
0

Where
+ o
Tl = MeLgei(l + Li,)

Wi =c

{Mcf_lanLl @ + L) + Ma||zo + 7| + Ly ci(1 + L, ]}

and

1M
1 - M=Lye;(1+Lk,)

'
g

Denote
Bit) =supleq + Dillz(s) : 0 < s < ¢}, t Q.
From the above inequality, we receive
T 2
Alt) = wi + Ldif L)y {;’:n’{s] + f Jﬂ[rjﬂj{.-':i'[r‘.-‘.-dr}ds.
1] o
Let us take the right hand side of the above inequality as W(t). Thus, we get
B(t) < W(t), for every t € Q,
with
W (0) = wi
and
14
W'(t) = ;A.EE_J.E][II:I'II_-':]{.H-“] +f m[.fs‘.-ﬂl[l‘l'{.fs]]d.fs}. ae. te Q).
1]
Utilizing the non-decreasing character of y1, we obtain
Wi(t) < wipy(t)dy (W(t)) + m(t)2 (W(t)), ae teQ.
We characterize the function y(t) = max{w3pa(t),m(t)}, t € Q, we suggests that

(1) o
P (W () + (Wit =

Integrating from 0 to t we get
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f[ W' s)ds f:“"'rf'
o U1(W(s))+(Wi(s)) — Jo s

In view of (3.5), this implies that for each t € Q, we sustain

Wity ds t T ) ds
f —' < f “-I;.'-':Il'f.*' < f ¥(s Jils < f —'___
wioy wa(s)+(s) — Sy “Jo wr Wi(8) +y(s)

Therefore, for each t € Q, there exists a constant A1in a way thatW(t) < A2and hence Bit)

< A2. Since || z llzo < B(t), we have || z |20 < A2.
From this, we observe that the set Iis bounded. As a consequence of Dhage's fixed point
theorem[11], we realize that ®«1 + ®«2 has a fixed point z defined on the interval (— «, T]
which is the mild solution of the problem (1.3)-(1.4).
Definition 3.2. The control system (1.1) — (1.4) are said to be approximately controllable
on Qif R(T) =H, where R(T) = {X(T; u) : u2L(J,U)} is a mild solution of the system (1.1) — (1.4).
Theorem 3.3. Suppose that the assumptions (Ho) — (Hs) holds. Assume additionally that
there exists Ni € L{Q, [0,)), i = 1, 2, such that sup yen I F(t,y) I| = Ni(t) and YSZ’: I
F(t,y,x) | < Nz2(t) for a.e. t € Q, then the nonlinear fractional differential inclusion (1.1) —
(1.4) are approximate controllable on Q.
Proof. Let :( - ) and y=( - ) be fixed point of ® in B. By Theorem 3.1 and Theorem 3.2, any
fixed point of ® are mild solution of (1.1) — (1.4) under the control
ii%(t) = B* Po(T, t)R(a, T§)P(§*)

and

i%(t) = B* Po(T,t)R(a, T3 ) P(7®)
and satisfies the following inequalities

(i) §°(t) = yr +aR(a, TT)P(§%);

lil]‘ ydlllll =yr + QIR[Q.TE. ]_Pl:yd ).
Define
.
w = z1 — Ca(T)[@(0) + k{0, ¢(0))] — Sa(T)[yo + 1] + KT, yr) _f Fo (T — s)u(s)ds
0
and
) .
T = yr — Ca(T)[$(0) + k(0,(0),0)] — Sa(T)[zo + 1] + ﬁ‘(?'. ,r;.;..f K1 (T,s,ys) a's)
0

T ]
- f FolT — s Z-E-'(.'s. y”,:.ﬁ_s.?:,.f Ka(s. 7, Ypir ) ]ffr)a'.v.
g i, 0 ]

By using infinite-dimensional version of the Ascoli-Arzela theorem, one can show that an
operator F( * ) =R - [:s( +, s)F(s)ds : L1(Q,H) — Cis compact. Therefore, we obtain that

Il P(§a) — wil — 0and |l P(ya) — w || — 0as a — 0+, respectively. Moreover, from (1.1) —
(1.4)
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we get
1#*(T) — yr|| < |laR(a, Y§ ) (w)|| + [|[aR(a, Y| PEE) — w||
< laR{a, T3) ()] + IP(5") — wl.

It follows from (Ho), we have that
15*(T) —wrll =0 as a—0" and ||g*T)—yr| =0 as a—0%.
This proves the approximate controllability of differential inclusion (1.1) — (1.4).
4 Application
In this section an illustration is provided for the existence results to the following neutral

fractional integro-differential inclusion with state-dependent delay of the structure

¢ t
Dy [u'-:i‘. )+ f elft, e, s — r]g;(r._m_f k1 (t, s, ys]ff.‘s) (w(s, x))ds
] 0
ff f|[*—fg(! y;fh[r 5, s r.)l,ul,"ljff"‘ff‘*]

g L
£ ;E[HUJ —f (¢, r, ~—qu(! u;fhu’*;rgjd)-'uujjjd*
f f Eys—7 .;( Ut f SRR rf.w)(u'(r.:.']:--.ffrff.fs

—f en(t,r, 5 — )R (wis — pr(E)pa(||lw(t)]]), z))ds
—i

L 2
N f f Jils — 7)Ka(w(s — po(t)p2(||w(t) ), z))drds + u(t,z), 0<t<T,
0 -

[N

w(t,0) =0=w(t,P), t=0, (4.2)
w(0, ) = ¢(t,z), re(—oo,0], z[0,P], 4.3)
%u'[{].r} =wlz), ze[0,P], (4.4)

where D* denotes the Caputo’s fractional derivatives of order o € (1,2],B=1. We
consider H = L2[0,P] having the norm | . ||2L.

Define the operators A:D(A) € H— H by Aw = ®”” with the norm

D(A)={®w € H: o, » are absolutely continuous, ®* € H, ®(0) = o(P) = 0}.

Then

(= &
Aw = Z n® (w,wn}wn, we D(A),

where on(x) :\E sin(nx),n=1, 2, ...is the orthogonal set of eigenvectors of A. it is well
known that A is the infinitesimal generator of a strongly continuous cosine family C(t),

and

o
Ctw = mer {w,wp)wn, weH, tek

n=1

For a =2, the associated sine family is given by
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e
- L. , .
S(thw = E —sinnt {w,wp)wy, wel, teR
n
n=1

Itis clear that || C(¢) Il < 1for allt € R. Thus, C(t) is uniformly bounded on R. It follows that
Ais the infinitesimal generator of a strongly continuous exponentially bounded fractional

cosine family Cq(t) such that Cu(t) = 1, and
Crlt) = f wyaClis)ds, =0,
l:l =

1 3 =
where 3y = = 77 ga(st™ ), and

T k)

(—z)"

dsl2) = __ % -, D<ol
’8 Z n!l'[—dn +1 — )

n=>0

Then, there is a constant Mc = 1 such that 7Cq(t)7 < Mcfor all t = 0.

For (t,y) € J = B, where w(t){z) = w(t, =), (t,z) € (—o0,0] x [0,P]. Set
plt,w) = prit)pa(||w(t)]]) and wu(t)=ult,z),u:Jx[0,P]—=[0,F].

Define the function g : Jx Bx H - H F:Jx Bx H — P(H) by

: i t re
g;(r._r;.'/l; fl|[I..-.yl-ff.'s)[.'a'] =/[j ey(t, r, 5 —f:-I.;|L':!.!'L'.'s.r]]a'.v—-/;f Ei(z — m)ga(w(r, x))drds

t !
E-‘(r. _r;.f aalt, .--.y:-d.'s)[.?'] = J,f ea(t, r,5 — t)K1(wis — pr(t)pa(|lw(t)]]), z))ds
D

- —/: fg fils — T)Ka(w(s — pr(t)pa(lw(t)|), z))drds
Bu(t)(z) = ult, ).

Furthermore, by applying the given conditions we can modify the system (4.1)-(4.4) into
the abstract form of equation (1.3)-(1.4) and all the conditions of Theorem 3.2 are fulfilled.
5 Conclusion

We conclude that the overall focus of this work is on the approximate controllability of
mild solutions for fractional neutral integro-differential inclusions with state-dependent
delay in Banach spaces. Applying the Dhage-derived fixed point theorem for multi-valued
operators. With the concourse of the highly continuous -order fractional cosine family, we
put up the existence result. Ultimately, a scenario has been offered that illustrates the

conclusions of the theory.
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