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o ABSTRACT

3 In this paper, we establish a significant result concerning solvable groups
BOMSR G and their Sylow p-subgroups. We demonstrate that if the codegree
: cod(x) is a p-power for every nonlinear, monomial, monolithic character
x in either Irr(G) or IBr(G), then the Sylow p-subgroup P is normal in G.
This provides a deeper understanding of the interplay between solvability,

e bomst.com

character theory, and Sylow subgroups.
Keywords:Solvable groups, Sylow p-subgroups, character theory,
monolithic characters, codegree, normality

1. INTRODUCTION

The study of solvable groups has been a central focus in group theory, revealing profound
connections between algebraic structures and their solvability. Sylow p-subgroups are crucial
entities in understanding the structure of finite groups. This paper aims to establish a relationship
between solvable groups, Sylow p-subgroups, and character theory by investigating the normality of
the Sylow p-subgroup sP in G. Specifically, we explore the condition that the codegree cod(y)is a p-
power for certain classes of characters, namely nonlinear, monomial, monolithic characters in
Irr(G) or IBr(G). We would love to first refer you to [10] for more insight. If G is a group, we write
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Irr(G) for the set of irreducible characters of G. Also, for a fixed prime p, the notation IBr(G) is
used todenote the set of irreducible p-Brauer characters of G.

Recently, we have had numbers of research on this, see the work of [1], [11], [14], and [15].
Some of the concepts on generators and rank finite subgroup is seen in [18], [19]
and [20].

2. PRELIMINARIES

Definition 2.1. A group G is said to be solvable if there exists a chain of subgroups {e} = G, < G; <
-+ < G, = G such that each G; is a normal subgroup of G;,1and the factor groups G;.,/G; are
abelian fori = 0,1, ...,n — 1. Also see [17]

Definition 2.2. Let G be a finite group, and let p be a prime number. A Sylow p-subgroup of G is a
subgroup P of G such that:

1. The order of P, denoted as |P|, is a power of the prime p, i.e., |P| = p* for some non-
negative integer k.

2. The number of Sylow p-subgroups in G, denoted as n,, satisfies two conditions:
a. n, = 1(mod p) (meaning n, leaves a remainder of 1 when divided by p).
b. n, divides the order of G.

See the work of [1], [2], [3], and [4].

Definition 2.3. Let G be a finite group, and let V be a complex vector space. A character of Gon Vs
a function x : G - C defined by y(g) = tr(p(g)), where p : G > GL(V) is a representation of G on V,
and tr(p(g)) is the trace of the linear transformation p(g) (i.e., the sum of the diagonal elements of
the matrix representation of p(g). See the work of [5] and [10] .

Definition 2.4. Given a finite group G and a character y of G, the codegree of y, denoted as
cod(y) is defined as follows:

1. Character Degree: The character degree of y, denoted as deg (), is the value of y at the
identity element of G. Mathematically, deg(y) = x(e), where e is the identity element of G.

2. Center of the Group: The center of a group G, denoted as Z(G), is the set of elements that
commute with every element of G. Mathematically, Z(G) = {geG|gx = xg for xeG}

3. Codegree: The codegree of y, denoted as cod(y), is defined as the index of the center of G in
the character degree of y. Mathematically,

deg(x)
1Z(G)]

cod(y) =

Where|Z(G)| is the order (number of elements) in the center of G. | invite the reader to read the
work of [5], [6], [9] and [16] extensively for in-depth knowledge and understanding of the logic of
this paper. | also recommend you to read [12], [13] for works on finite group.

Definition 2.5. A character is termed monomial if it is induced from a one-dimensional character of
a subgroup. Mathematically, if y is the character of a representation p:G—>GL(V), and H is a subgroup
of G, then y is monomial if there exists a one-dimensional representation ¢:H->C* such that y is the
character induced from ¢.
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Definition 2.6. Let y: G = C be a character of a finite group G, and let N be the unique maximal
normal subgroup of G. The character y is monolithic if the kernel of y is exactly N, meaning that
x(g)=0forall g € Gnotin N, and y(g) 20 for all gEN other than the identity element.

Proposition 2.7. Let G be a finite group of order p™ - q", where p and g are distinct prime numbers,
and m and n are positive integers. For any character y of G with degree d, if Codegree (y) = p* for
some non-negative integer k, then d is also a power of p.

Proof.Supposey is a character of G with degree d and Codegree () = p*. The codegree is defined as
|Gl-d, soCodegree (x) =p™- g"—d = p*

Rearranging, we get d = p™ - g" - p*. Now, observe that p™ is a multiple of p*, so we can express it as
P p™ - k:

d=p“p"—k-q"-p

Factor out px:

d =pk-(pm-k-qn-1)

The term p™-k-g"-1 is an integer since p and g are distinct primes. Therefore, d is a multiple of p*,
and d is indeed a power of p.

Proposition 2.8. Let G be a finite group of order p™ - q", where p and g are distinct prime numbers,
and m and n are positive integers. If there exists a character y of G with Codegree (y) = p*, then for
any other character ¢ of G, the Codegree(y) is also p*.

Proof.Supposey is a character of G with Codegree (y) = p*. Now, consider another character ¢ of G
with degree dy. The codegree of Y is | G|-dy.

Since Codegree (x) = p*, we have:
|G| =dy=p"-q"-dy=p
This implies that Codegree(y)=p*. Therefore, for any character ¢ of G, the codegree is uniquely p*.

Theorem 2.9. Let G be a solvable nontrivial group, and let p be a prime divisor of |G|. Consider A as
either the set of nonlinear, monomial, monolithic characters in Irr(G) or the set of nonlinear,
monomial, monolithic Brauer characters in IBr(G). If cod(y) is a p-power for every yin A, then G is
p-closed.

Proof.LetG be a solvable nontrivial group with p as a prime divisor of |G/. Consider A as described in
the proposition. We aim to show that if cod(y) is a p-power for every y in A, then G is p-closed.

Assume, for the sake of contradiction, that G is not p-closed. This implies that there exists a
nontrivial p-subgroup P of G such that P is not contained in any proper normal subgroup of G.

Since G is solvable, it has a subnormal series; 1 = Go<2 G12..9Gx= G

where each G; is normal in G and Gi1/G; is abelian. Let G; be the highest term in this series that
contains P. That is, G; is the smallest normal subgroup containing P.SinceP is not contained in any
proper normal subgroup of G, we have Gj=G. Now, consider the quotient groupG;/Gj-1. Since G; is
normal, this quotient group is isomorphic to a subgroup of Aut(G;), which is abelian.
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This implies that Gj/Gj-1 is an abelian p-group. However, this contradicts the fact that cod(y) is a p-
power for every y in A. IfG;/Gj-1 is an abelian p-group, then cod(y) for some y in A would not be a p-
power, as the codegree would not account for the full p-power order of G;/Gj-1.

Therefore, our assumption that G is not p-closed must be false, and we conclude that G is p-closed.
3. PROOF

Suppose G is a counterexample of minimal order, where A is either the set of characters or the
set of Brauer characters with cod(y) being all p-powers in A. Let M be a minimal normal subgroup of
G.

Proof. Assume that for all groups H of order less than |G/, if H is a counterexample with all p-powers
in A, and N is a minimal normal subgroup of H, then the statement holds true.Now, consider the
group G and its minimal normal subgroup M. Since M is minimal, it is simple or isomorphic to C, for
some prime p.

Case 1. If M is simple, then M is a minimal nontrivial normal subgroup of G. Let H=G/M. Since M is
minimal, H is a counterexample of smaller order, violating the minimality assumption of G. This
contradicts our assumption, and therefore M cannot be simple.

Case 2. If M is isomorphic to Cp,, then M is a minimal nontrivial normal subgroup of G. Let H=G/M.
Since M is minimal, H is a counterexample of smaller order. By the inductive hypothesis, if cod(y) are
all p-powers for either the characters or the Brauer characters in A, then H must be p-closed.

Now, consider M within G. If M is not contained in any proper normal subgroup of G, then G is p-
closed, contradicting our assumption. Therefore, there must exist a proper normal subgroup N of G
containing M.

Let K=G/N. Since N contains M, K is isomorphic to a subgroup of G/M, which is H. Thus, K is a proper
counterexample of smaller order than G. By the inductive hypothesis, K is p-closed.

Now, consider N within G. If N is not contained in any proper normal subgroup of G, then G is p-
closed, again contradicting our assumption. Therefore, there must exist a proper normal subgroup L
of G containing N.

Let J=G/L. Since L contains N, J is isomorphic to a subgroup of G/N, which is K. Thus, J is a proper
counterexample of smaller order than G. By the inductive hypothesis, J is p-closed.

Now, we consider the group M within G. Since M is minimal, it is either simple or isomorphic to C,.
We already ruled out the case where M is simple. Therefore, M is isomorphic to C,, and M is a
proper counterexample.

However, M is a cyclic group of prime order, and every cyclic group is p-closed. This contradicts our
assumption that M is a proper counterexample.

In either case, we arrive at a contradiction, and therefore, our assumption that G is a
counterexample of minimal order is false. This completes the proof by contradiction, showing that if
cod(y) are all p-powers for either the characters or the Brauer characters in A, then G is p-closed.

4. CONCLUSION

This paper establishes the normality of the Sylow p-subgroup in solvable groups where
codegree is a p-power for certain classes of characters. This result deepens the understanding of the

Michael N. John et al 101



Vol.11.Issue.4.2023 (Oct-Dec.) Bull.Math.&Stat.Res (ISSN:2348-0580)

intricate relationships within solvable groups, character theory, and Sylow p-subgroups, contributing

to the broader landscape of group theory.
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