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1. INTRODUCTION

Fixed point theory has great significance in the field of analysis. Fixed point theory is used to
find solution of different mathematical problems. Several mathematicians studied fixed point
theorems over different spaces as metric space, D- metric space, G-metric space, cone metric space
and many more. One of the most important and fruitful result in metric space for contractive type
mapping was given by Banach [14] called Banach Contraction principal. This principal was generalized
and its several variants were studied over different spaces. Dhage’s theory for D-metric space [7],
Mustafa and Sims ([8],[9]) introduced a more appropriate generalization of metric space, which are
called G- metric space or Generalized metric space. Motivated by the idea of Huang and Zhang [3]
about cone metric space in 2010, Ismat Beg et.al [13] introduce the concept of G-cone metric space
by replacing the set of real numbers by an ordered Banach space, proved convergence properties of
sequence and some fixed point theorems in this space. The concept of a G-cone metric space is more
general than that G- metric space and cone metric space.
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The study of unique common fixed point for map satisfying certain contraction has been center
of rigorous research activity. Jungck [21, 22], proved a common fixed point theorem for commuting
maps, generalized the Banach Contraction principal and also defined a pair of self mapping to be
weakly compatible if they commute at their coincidence points. Later Sing and Jain proved a common
fixed point theorem for two self mappings satisfying the concept of compatibility in G-cone metric
space which generalizes the result of Ismat Beg et.al [13].

In this paper, we have proved some common fixed point theorem on G-cone metric space over
Banach algebra. Many fixed point theorems have been proved in normal or non normal cone metric
space by some authors [1,2,13,16,17,22].

In this paper, we assume that P is a cone in A with intP#£¢(0, the additive identity element of A)
and =< is the partial ordering with respect to P where A is a real Banach algebra. That is, A is a real
Banach space in which an operation of multiplication is defined, satisfying the following properties[4]
(forallx,y,z€ A, a ER):

1. (xy)z = x(yz);

2.x(y+2z)=xy+xzand (x +y)z=xz +yz

3. afxy) = (ax)y = x(ay);

4. there exists e € E such that xe = ex = x;

5 1lell=1

6. [Ixyll < Ix[I.11yll;

An element x € A is called invertible if there exists x '€ A such that xx* =x x =e.

Proposition 2.1. [4] Let x € A be a Banach algebra with a unit e, then the spectral radius p(u) of u € A
holds

p(u) = liMnse | Jua |2 =inf| Ju" | |¥"< 1
Further, e — uis invertible and (e —u)* = Y5’ u'

Consider a Banach algebra A, 8 be the null vector, e be the identity element of A and a subset P of A
is called a cone if it satisfies the following:

1.{6, e} € P and P is closed;

2.P?=PPCP;

3.a P+ B P cP,forall non-negative real numbers a and f3;
4.Pn (-CP)={B};

With respect to cone P, a partial ordering < is definedasu < wifandonlyifw-u€Pandu<wifu
< w and u #w whereas u < w means w - u €intP. If A is a Banach space and P C A, satisfies the
conditions 1, 3 and 4 then P is called a cone of A.

Remark 2.2. [4] If p(x) <1, then |[x,l| > 0asn > oo

Definition 2.3. [4] Consider X is a non-empty set, A be a Banach algebra and P S A be a cone. Suppose
the mapping d : X x X - A satisfies the following forall x, y, z € X,

1.d(x,z)=06 ifand onlyif x=2,and 8 < d(x, z),
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2.d(x, z) = d(z, x), (symmetry).
3.d(x, z) < d(x, y) + d(y, z) for every x, y, z € X, (rectangle inequality)

Here d is called a cone metric and (X, d) is called Cone metric space over a Banach algebra A (In Short
CMSBA). Note that d(x, z) € P for all x, y € X.

Definition 2.4. [6] Let X be a non-empty set, A, a Banach algebra and G : X3 > A be a function satisfying
the following properties:

1.G(x,y,z)=06 ifandonlyif x=y=12

2.8 <G(x, y, z),for all x, y € X, with x#y

3.G(x, x,y) X G(x,y,z) forallx,y,z€X, withz #y

4.G(x, Y, z) =Gly, z, X) =G(X, z, y) = ... (symmetry).

5.G(x,y,2z) 2 G(x,a,a)+Gl(a,y,z) foralla,x, vy, z € X (rectangle inequality)

Then G is called a G-cone metric over Banach algebra A and the pair (X, G) denotes a G-cone metric
space over Banach algebra.

Remark 2.5. 1. If Ais a Banach space in Definition 2.3, then (X, G) becomes a G-cone metric space and
if in addition z =y, then it becomes a cone metric space as in Huang and Zhang [3]

2. If A =R in Definition 2.3, we obtain a G-metric space as in Mustafa and Sims [9] and if in addition, z
=yin G(x, y, z), then it becomes a metric space.

Definition 2.6. [4] Let (X, d) be a cone metric space over Banach algebra A and {x»} a sequence in X.
We say that

1. {x»} is a convergent sequence if, for every c € A with 6 < ¢, there is an N such that d(x,, x) <« c for
all n = N. Ones write it by x, = x(n > o°);

2. {x} is a Cauchy sequence if, for every ¢ € A with 8 < ¢, there is an N such that d(x,, Xm) < ¢ for all
n,m2=N;

3. (X, d) is a complete cone metric space if every Cauchy sequence in X is convergent.

Lemma 2.7. [4] Let A be a Banach algebra and k, a vector in A. If 0 < p(k) < 1, then we have
r((e-k)™) <(1-p(k)™.

Lemma 2.8. [2] Let A be a Banach algebra and x, y be vectors in A. If x and y commute, then the
following holds:

1. r(xy) < r(x)r(y);
2.r(x+y) <r(x) + r(y);
3. [r(x) - r(y)| <r(x-y).

Lemma 2.9.[2] If A is real Banach algebra with a solid cone P and {xn} is a sequence in A. Suppose
[ [Xn]] = 0 (n > eo) for any 8 < c. Then x,< c foralln>N?!, N'EN

Lemma 2.10 [6] If E is a real Banach space with a solid cone P and if | |[x,|| = 0 as n = oo, then for any
0 « ¢, there exists N € N such that, for any n > N, we have x < c.

Lemma 2.11.[17] Let A be a Banach algebra and k € A. If p(k) < 1, then lim [|k"|| = 0.
n—-oco
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Lemma 2.12.[16] If X is a symmetric G—cone metric space, then dg (X, y) =2G (x, Y, y).

Example 2.13. [2] Let A be the Banach space of all continuous real-valued functions C(K) on a compact
Hausdorff topological space K, with multiplication defined pointwise. Then A is a Banach algebra, and
the constant function f(t) = 1 is the unit of A.

LetP={f €EA:f(t)>0forallt €K}. Then P C Ais a normal cone with a normal constant M = 1. Let X =
C(K) with the metricd : X x X - A defined by

d(f, g) = |f(t) - g(t)|
where t € K. Then (X, d) is a cone metric space over a Banach algebra A.
Definition 2.14. [6] Let (X, G) be a G-cone metric space over Banach algebra. G is said to be symmetric
if:
G(x,y,y) =G(x x,y)
forallx,y, z€X.

Definition 2.15. [6] A G-cone metric space over Banach algebra A is said to be G-bounded if for any x,
Yy, Z € X, there exists K > 8 such that

G(x,y, )| | =K.

Definition 2.16. [6] Let (X, G) be a G-cone metric space over Banach algebra and {x,} a sequence in X,
c> B withc € A. Then

1. {xn} converges to x € X if and only if G(Xm, X», X) < ¢ for all n, m > N?, N€ N.
2. {xn} is Cauchy sequence if and only if G(xn, Xm, X,) < c foralln, m>p>N?!, N'€ N.
3. (X, G) is complete G-cone metric space over Banach algebra if every Cauchy sequence converges.

Definition 2.17.[18] Let f and g be self maps of a set X. If u = fx = gx for some x in X, then x is called a
coincidence point of f and g, and u is called a point of coincidence of f and g.

Lemma 2.18.[20] Let f and g be weakly compatible self maps of a set X. If f and g have a unique point
of coincidence w = fx = gx, then w is the unique common fixed point of f and g.

2.  MAIN RESULTS

Theorem 3.1. Let (X, G) be a complete symmetric G-cone metric space over a Banach algebra A and P
be a non normal cone in A. Suppose that the mapping f, g : X = X satisfy the following contractive
condition

G(fx, fy, fz) <u G(gx, gy, g2) (3.1)

for all x,y,z € X ,where u € P is a generalized Lipschitz constant with p(u) € [0, 1). If f(X)c g(X) and g(X)
is a complete subspace of X, then f and g have a unique point of coincidence in X. Moreover, if ( f, g)
is weakly compatible, then f and g have a unique common fixed point.

Proof. Assuming that f satisfies the inequality (3.1), then for all x, y € X
G(fx, fy, fy) = u G(gx, gy, gy) (3.2)
And

G(fy, fx, fx) < u G(gy, gx, gx) (3.3)
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Since X is a symmetric G-cone metric space, by adding (3.2) and (3.3) we have
de (fx, fy) < pde(gx gy) (3.4)
forallx,y € X

Let xo € X and choose a point x; in X such that fxo = gxi. This can be done in view of f(X)c g(X).
Continuing this process, having chosen x» in X, we obtain xn.«1 in X such that fx, = gxn+1 for all n€ N.
Then we have

do (gXns1, 8%n) = da (f Xn, f Xn-1) =< 1 dg (8Xn, 8Xn-1) (3.5)
< p?ds (gXn-1, 8%n-2)
S u"ds (gx1, gXo)
Then, for n > m, we have
ds (8Xn, 8Xm) =< dG (8Xn, 8Xn-1) + da (8Xn-1, 8Xn-2) + .... .+ da (8Xm+1, 8Xm)
S (U™t +u™) ds (gx1, gXo)
< (Zn=o#™MU™ do (gx1, 8Xo)

m
<M
e-u

dG (gxll gXO)

<(e —wW)™'u™ de (gx1, 8X0)
Then by Lemma 2.11,0ne has
ll(e — )~ u™dg(gx1, gxo)ll < Il(e — )M I ™|l - [ldg(gx1, 8%o)Il = 0(m — o)

Which implies that (e — u)"1u™dg(gx4, 8%o) = 0(m — ). So by Lemma 2.10 for each § < c there
exists Nj such that de (gxn, gxm) < c for all n > Ni. Therefore {gx»} is a Cauchy sequence. Since g(X) is a
complete subspace of X, then there exists w € g (X) such that gx,— w as n — oo. Hence we can find
v in X such that gv = w. Note that gx,,_; = w(n — ), it is easy to see for every real ¢ > 0 choose c,
with 6 < ¢, and ||ullllcoll < € Then there is N, such that dg (gxn1, W) <K ¢y for all n > N, .
Consequently,

de (gxn,fv) = dg (fxn1, fv) < pdc (gXn1, gv) = uds (8Xn-1, W)= pcy
that is to say gx,.—fv (n = ). Indeed, owing to
llcoll < llellllcoll < & = pco > 6 (n - )

Then by Lemma 2.10 for each 8 « c there exists N3 such that dg (gxn, fv) < for all n > N3 As a result,
gxn—fv (n — ). By virtue of ofgx, » w =gv (n - ), then fv=gv. In the following we shall prove f
and g have a unique point of coincidence.

We suppose for absurd that there exists v¥*# v such that f v* = g v*. Then
de (gv*, gv) = dg (fv*, fv) < uds (gv*, gv) <. < u™ds (gv*, gv)
Making use of Lemma 2.11 and the following fact that
Il u™dg (gv = gv)ll < llp™Il- lldg(gx1, 8xo)ll = 0 (n — ),

We speculate u™ds (gv*, gv)— 6 (n —» ). So by utilizing Lemma 2.10, one has gv* = gv. Finally if (f,
g) is weakly compatible, then by using Lemma 2.17, we claim that f and g have a unique common fixed
point.
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Corollary 3.2. Let X be a complete symmetric G-cone metric space over a Banach algebra A. Suppose
that the mapping T : X = X satisfies the following

G(fx, fy, fz) 2 u G(x, y, 2)
for all x, y, z € X, where p(u) € [0, 1) is a constant. Then T has unique common fixed point.
Proof. The proof can be obtained from Theorem 3.2 by taking g = | where | is identity map.

Theorem 3.3. Let (X, G) be a complete symmetric G-cone metric space over a Banach algebra A and P
be aconein A. Suppose that the mappingf, g: X = X satisfy one of the following contractive condition

G(fxfy,fz) < a G(gxgy,gz) + b G(fxfxgx) + c G(fyfygy) + d G(fzfz,gz) + e G(fyfy,gx) +
h G(fx,fx,gy)....... (1)

Or

G(fx,fy,fz) <a G(gxgy,gz) + b G(fx,gx,gx) + c G(fygy,gy) + d G(fzgzgz) + e G(fy,gx,gx) +
hG(fx,gy,gy)........ (2)

Forallx,y,z€ Xand a,b,c,d,e,h €[0,1), a+b+c+e+h<1.Suppose fand g are weakly compatible and
f(X) < g(X) such that (X)or g(X) complete subspace of X. Then the mappings f and g have a unique
common fixed point. Moreover, for any xo € X the sequence ,{x.} € X defined by gx = fxn.1 for all n,
converges to the fixed point.

Proof : Suppose that f satisfies condition (1) and (2), then for all x,y € X

G(fx,fy,fy) < a G(gx,gy,gy) + b G(fx,fx,gx) + (c + d )G(fy,fy,gy) + e G(fy,fy,gx) + h G(fx,fx,gy)......(3)
and

G(fy,fx,fx) < a G(gy,gx,gx) + b G(fy,fy,gy) + (c + d )G(fx,fx,gx) + e G(fx,fy,gy) + h G(fy,fx,gx)......(4)

Since X is a symmetric G-cone metric space therefore by adding (3) and (4) we have,

da(fify) = ade(gx.gy) + ot de(fgx) + “or da(fy, fy) + 0 dg (fy, g0+ 2 dg (£, gy)
b+c+d b+c+d e+h e+h
let a=ay, ——=a, ——= a3, =, = &

a;ta, +az + a, + a5 <1
da(fx,fy) < @ ds(gx,gy) + a, da(fx,gx) + a3 da(fy,fy) + a,dq (fy, gx) + a5 dg (X, gY)vveevcenene. (5)

If fx,=fxn1 for all n€ N then {fx,} is a Cauchy sequence. If fxn# fxn.1 foralln € N then put X = Xn41
and y =xnin (5), we get

dG(an+1, an) < a, dG(Xn+1, an) + asz(an+11 an+1) + a3dG(fxnl an)
+ a,dg(fXn, 8Xn+1) + asdg(fn41, 8Xn)
Using the fact that gxn=fxn.1 for all n, we have
do(fXn+1, FXn) = @q do(fXn, f Xn1) + @5 da(fXns1, TXn) + a3ds(fXn, fXn1)

+ a,dg(fxy, fxy) + asdg(fxpeq, fXn_1)

do(f Xn+1, fXn) = a4 da(fXn, f Xn-1) + a2 ds(fXne, fXa) + @3de(fXn, Xn-1)

+ a,d;(fx,, fX,) + as(dg(fXpeq, fXn) + do(fXn, f Xn-1))
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{1- (ay + as)} do(f xne,fxn) 2 {a; + a3 + as Mae(fxn, f Xn-1)
It further implies that

dG(f Xn+1,an) =< ,leG(an, an—l)

a; +az +as
1- (az+as)

where u = <1

Consequently
da(f Xns1, fXn) X p"da(fXn, f Xn-1)
Now for all m, n€ N with m > n, we have
da(fXm, fXn) < da(fXm, f Xm-1) + da(f Xm-1, f Xm-2) + ... + do(f Xn+1, fXn)
=™+ ™2 4 e 1™ da(fa, o)
< (Zn=o H™")u™da (fxy, fxo)

< # 4e(fxa, o)
e—u

< (e - ‘Ll)_lllmde (le, on)
Then by Lemma 2.11, one has

(e =W~ u™dg(fxq, fxo) Il < llCe — I ™I lldg (x4, fxo) | = 0(m — o)

Which implies that (e — u)~*u™dg(fx4, fxo) = 0(m — ). So by Lemma 2.10 for each 8 < c there
exists N; such that dg (fxm, fXn) < ¢ for all n > N;. Therefore {fx»} is a Cauchy sequence. Since f(X) or
g(X) is a complete subspace of X, then there exists w € f (X) such that fx,— w and gx,» w as n — oo,
Hence we can find v in X such that gv = w. Note that fx,,_; = w (n — ©0), it is easy to see for every
real € > 0 choose ¢, with 8 < ¢y and ||ullllcoll < €. Then there is N2 such thatdg (fxn-1, W) < ¢ for
all n > N,. Consequently,

dc (fxn, 8v) = de (8Xn-1, 8V) = pdc (fxn-1, fv) = ude (fxn-1, W) < pic
that is to say fx,— gv (n = ). Indeed, owing to
llcoll < llllllcoll < €= ucy > 8(n - o)

Then by Lemma 2.10 for each 8 < c there exists N3 such that dg (fxn, gv) < for all n > N3 As a result,
fx,—gv(n — ). By virtue of of fx, » w = fv(n - ), then fv = gv. In the following we shall prove f
and g have a unique point of coincidence.

We suppose for absurd that there exists v¥*# v such that fv* = gv*. Then
dg (fv*, fv) = dg (gv*, gv)=< uds (fv*, fv)<............. < u™ dg (fv*, fv)
Making use of Lemma 2.11 and the following fact that
| u™dg (fv fo)ll < [le™ - ldg (x4, fx) | = 0(n — o),

We speculate u"dg (fv*, fv) > 8(n — ). So by utilizing Lemma 2.10, one has fv* = fv. Finally if (f, g)
is weakly compatible, then by using Lemma 2.17, we claim that f and g have a unique common fixed
point.
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3. CONCLUTION

We have proved common fixed point theorems for generalize contraction mappings in G-cone metric

spaces with Banach algebra, which generalize several existing results in literature.
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