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ABSTRACT 

The ternary quadratic homogeneous equation representing homogeneous 

cone given by 
222 2834 zyx   is analyzed for its non-zero distinct 

integer points on it. Six different patterns of integer points satisfying the 

cone under consideration are obtained. A few interesting relations between 

the solutions and special number patterns namely Polygonal number, 

Pyramidal number and Nasty number are presented. Also, knowing an 

integer solution satisfying the given cone, two triples of integers generated 

from the given solution are exhibited. 
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INTRODUCTION 

                 The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety 

[1, 20]. For an extensive review of various problems, one may refer [2-19]. This communication concerns with 

yet another interesting ternary quadratic equation 
222 2834 zyx   representing a cone for determining 

its infinitely many non-zero integral points. Also, a few interesting relations among the solutions are 

presented. 

NOTATIONS: 
m

nP  - Pyramidal number of rank n with size m. 

nmT , -Polygonal number of rank n with size m. 
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2. METHOD OF ANALYSIS: 

    The ternary quadratic equation to be solved for its non-zero distinct integer solutions is   

                           
222 2834 zyx                                                                                   (1)                                                                                                                                                                                               

Assume 0,;34),( 22  bababazz                                                                                     (2) 

We illustrate below six different patterns of non-zero distinct integer solutions to (1) 

2.1 PATTERN: 1 

The ternary quadratic equation (1) can be written as 

2222 33254 yzzx 
                      (3) 

Factorizing (3) we have  

     yzyzzxzx  35252
        (4) 

which is equivalent to the system of double equations 

 
  








05332

052

zabbyax

zabaybx

          (5) 

Applying the method of cross multiplication, we get 















22

22

22

62),(

2062),(

6155),(

babazz

abbabayy

abbabaxx

          (6) 

Thus (6) represents non-zero distinct integral solutions of (1) in two parameters. 
 

PROPERTIES:
 

1. )30(mod0),1(),1( ,12,16  bb TTbzby  

2. aTaayaax ,3224)1,(5)1,(2   

3. 
5224))1(,(5))1(,(2 aPaaayaaax   

4. Each of the following represents a Nasty Number 

a) 22 5,125,16

22 )5,1()5,1(


 TTzy   

b) }6)1,({3 az  

c) 2),1( bz  

2.2 PATTERN: 2 

Also (4) is equivalent to the following two equations 

 
  








052

03532

zbabyax

zabaybx

         (7) 

Repeating the process as in pattern: 1, the corresponding non-zero distinct integer solutions of (1) are given by 















22

22

22

26),(

2026),(

6515),(

babazz

abbabayy

abbabaxx

                     (8) 

Thus (8) represents non-zero distinct integer solutions of (1) 
PROPERTIES:

 
1. )4(mod0)1,()1,(  azay  
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2. )17(mod0),1(),1( ,10  bTbzby  

3. )112(mod0)1,(5)1,(2  ayax  

4. aTaayaax ,3224)1,(5)1,(2   

5. 
522 224)1,(5)1,(2 aPaayaax   

6. )21(mod530)1,( ,3  aTax  

7. Each of the following represents a Nasty Number 

a) )},(),({6 aazaay   

b) 2)1,( az  

c) }6),1({12 bz  

d)     bbybbz ,,12   

e) )},(5),(2{42 aayaax   

f) )}3,(3)3,(10{14 bbybbx   

2.3 PATTERN: 3 

Write 28 as 

         32432428 ii                   (9) 

Substituting (2) and (9) in (1) and employing the method of factorization, define 

        22

32323243243232 biabiaiiyixyix   

Equating real and imaginary parts, we have 

 









abbabayy

abbabaxx

1668),(

1268),(

22

22

                 (11) 

Thus (11) and (2) represent non-zero distinct integral solutions of (1) in two parameters. 

 

PROPERTIES: 

1. )5(mod06)1,( ,18  aTax  

2. )28(mod0)1,()1,(  axay  

3. )27(mod032),(),(2 ,58

522  bb TPbbybbz  

4. )10(mod06),1(2),1( ,6  bTbzby  

5. )4(mod0),1(2),1(  bzbx  

6. Each of the following represents a Nasty Number 

a) )},(),({3 aayaax   

b) )},(),({6 aazaay   

c) )},(),({14 aayaaz   

d)  ),(),(42 aayaax   

2.4 PATTERN: 4 

Instead of (9), write 28 as 

  353528 ii                    (12) 

Following the procedure presented in pattern: 3, the corresponding values of x and y obtained from (1) are 

(10) 
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 












abbabayy

abbabaxx

2034),(

121520
2

1
),(

22

22

                 (13) 

The choice b=2B in (2) and (13) leads to 

 














22

22

22

124),(

40124),(

123010),(

BaBazz

aBBaBayy

aBBaBaxx

                 (14)

 

which represent non-zero distinct integer solutions of (1) in two parameters. 

PROPERTIES: 

1. )224(mod0)1,(5)1,(2  ayax  

2. )84(mod060),1(5),1(2 ,6  BTBzBx  

3. )47(mod0)1,()1,( ,18  aTazay  

4. aTaaxaay ,3448)1,(2)1,(5   

5. 
5448))1(,(5))1(,(2 aPaaayaaax   

6. 
31344))2)(1(,(2))2)(1(,(5 aPaaaxaaay   

7. )24(mod0)1,(5)1,(2  azax  

8. Each of the following represents a Nasty Number 

a) }12)1,({6 az  

b) }4),1({2 Bz  

2.5 PATTERN: 5 

Instead of (9), write 28 as 

  33133128 ii                    (15) 

Following the procedure presented in pattern:3, the  corresponding values of x and y obtained from (1) are 

 

 












abbabayy

abbabaxx

4912),(

3634
2

1
),(

22

22

                 (16) 

The choice b=2B in (2) and (16) leads to 

  















22

22

22

124),(

83612),(

3662),(

BaBazz

aBBaBayy

aBBaBaxx

                 (17)

 

which represents non-zero distinct integer solutions of (1) in two parameters. 

PROPERTIES: 

1. )224(mod0)1,()1,(6  ayax  

2. )65(mod0)1,()1,(2 ,18  aTazax  

3.  88mod08),1(2),1( ,8  BTBxBz  

4. Each of the following represents a Nasty Number 

a) )},(),(2{6 aazaax   
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b) )},(),({6 aazaax   

c) )},(),({6 aazaay   

d)     aazaay ,3,3   

2.6 PATTERN: 6 

Introducing the linear transformation 















TXz

TXy

Xx

3

28

5

                   (18) 

in (1), it gives 

        222 284 XTX   

which is satisfied by 

         rsT 4  

        
22 242 srX   

        
22 484 srX   

Thus, in view of (18), the corresponding two sets of solution of (1) are given by 

Set 1: 
22 10210 srx   

rssry 112484 22   

rssrz 12484 22   

 

Set 2: 
22 10210 srx   

rssry 112484 22   

rssrz 12484 22   

3. REMARKABLE OBSERVATION: 

 If the non-zero integer triple ),,( 000 zyx
 
is any solution of (1) then each of the following two   triples of 

integers also satisfies (1)    
 

Triple: 1  ),,( 0 nn zyx
 

 
Where,  

      o

n

o

n

n zyy 116816815456
2

1
  

      o

n

o

n

n zyz 1565411818
2

1


 

Triple: 2  ),,( 0 nn zyx
 

Where,  

      o

n

o

n

n zxx 12121197
2

1
  

      o

n

o

n

n zxz 179133
2

1
  

4. GENERATION OF SOLUTION: 
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Let 000 ,, zyx be any given solution of (1).Let  















01

01

01

4

24

4

zz

hyy

hxx

                  (19) 

be the second solution of (1). 

 

Substituting (19) in (1) and simplifying, we get 

00 32 yxh   

Thus the second solution of (1) is given by 

          001 32 yxx   

          001 42 xyy   

                      01 4zz   

 

Repeating the above process, the formula for generating infinitely many integer solutions based on the given 

solution is given by 

           00

22 322 yxx n

n  
 

           00

12 22 yxy n

n  
 

          0

22 zz n

n   

5. CONCLUSION 

               In this paper, we have presented six different patterns of non-zero distinct integer solutions of the 

homogeneous cone given by 
222 2834 zyx   .To conclude, one may search for other patterns of non-

zero integer distinct solution and their corresponding properties 
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