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ABSTRACT

The ternary quadratic homogeneous equation representing homogeneous
cone given by 4x2+3y2 =282? is analyzed for its non-zero distinct

integer points on it. Six different patterns of integer points satisfying the
cone under consideration are obtained. A few interesting relations between
the solutions and special number patterns namely Polygonal number,

Pyramidal number and Nasty number are presented. Also, knowing an
integer solution satisfying the given cone, two triples of integers generated

L 8
‘ \ AN tP from the given solution are exhibited.
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INTRODUCTION
The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety
[1, 20]. For an extensive review of various problems, one may refer [2-19]. This communication concerns with

yet another interesting ternary quadratic equation 4X2 +3y2 = 2822 representing a cone for determining

its infinitely many non-zero integral points. Also, a few interesting relations among the solutions are
presented.
NOTATIONS:

P™ - Pyramidal number of rank n with size m.

Tm’n -Polygonal number of rank n with size m.
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2. METHOD OF ANALYSIS:
The ternary quadratic equation to be solved for its non-zero distinct integer solutions is

4x* +3y? = 2827 (1)
Assume Z =2(a,b) =4a® +3b*;a,b>0 2)
We illustrate below six different patterns of non-zero distinct integer solutions to (1)

2.1 PATTERN: 1
The ternary quadratic equation (1) can be written as

4x? —257% =37% —3y? )
Factorizing (3) we have
(2x+52)2x-52)=3(z+ y)z-y) "

which is equivalent to the system of double equations
2bx—ay+(5b—a)z=0
2ax+3by—(3b+5a)z=0

Applying the method of cross multiplication, we get
x = X(a,b) =5a° —15b* + 6ab

y = y(a,b) =—2a* + 6b® + 20ab

z =1(a,b) = 2a°+6b?

Thus (6) represents non-zero distinct integral solutions of (1) in two parameters.

PROPERTIES:
1. y(@Lb)+z(b)-Tg, —T,, =0(mod30)

2. 2x(a,a+1)+5y(a,a+1) =224T,,
3. 2x(a,a(@a+1)+5y(a,a(a+1))=224pP’

4. Each of the following represents a Nasty Number

a) y(L5a*) +z(L5a%) T, . . —T

b) 3{z(a,l) -6} -
o z(Lb)-2

6,502

2.2 PATTERN: 2
Also (4) is equivalent to the following two equations

2bx —3ay—(5b+3a)z =0
2ax+by+(5a—b)z=0

Repeating the process as in pattern: 1, the corresponding non-zero distinct integer solutions of (1) are given by
X = X(a,b) =—15a° +5b* + 6ab

y = y(a,b) =—6a* + 2b* — 20ab

z=1(a,b) =6a’+2b?

(7)

(8)
Thus (8) represents non-zero distinct integer solutions of (1)
PROPERTIES:
1. y(a))+z(al)=0(mod4)
48
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2. y@Lb)+z(,b)-T,, =0(modl?)
3. 2x(a.))-5y(a,)) =0(mod112)
4. 2x(a,a+1)-5y(a,a+1)=224T,,
5. 2x(a’,a+1)-5y(a’,a+1) =224pP’
6. x(al)+30T;, =5(mod21)
7. Each of the following represents a Nasty Number
a) 6{-y(aa)-z(aa)}
b) z(al)-2
o 12z(1,b)-6}
d) 12{z(b,b)-y(b,b)}
e) 422x(a,a)-5y(a,a)}
f)  14{10x(b,3b) +3y(b,3b)}
2.3 PATTERN: 3

Write 28 as

28=(4+i243)4-i243) o)
Substituting (2) and (9) in (1) and employing the method of factorization, define
(2x+iv3y l2x—iv3y)=(a+i2/3)4-i243)2a+iv30f (2a—iv3bf (10)

Equating real and imaginary parts, we have
x = x(a,b) =8a® —6b* —12ab
y = y(a,b) =8a* —6b* +16ab

Thus (11) and (2) represent non-zero distinct integral solutions of (1) in two parameters.

(11)

PROPERTIES:
1. X(@l)-Tg, +6=0(mod5)
2. y(a)—x(a,)) =0(mod28)
3. 2z(b%b)-y(b? b)+32P — Ty, =0(mod27)
4. y(@,b)—2z(1b)+6T;, =0(mod10)
5. x(Lb)+2z(Lb) =0(mod4)
6. Each of the following represents a Nasty Number
) 3{x(a,a)+y(@a)}k
b) 6{y(a,a)+z(a,a)}
) 14z(a-a)-y(a-a)}
d) 42{x(a,—a)-y(a,-a)}

Q

(]

2.4 PATTERN: 4
Instead of (9), write 28 as

28=(5+i3)5-i3) (12)

Following the procedure presented in pattern: 3, the corresponding values of x and y obtained from (1) are
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x=x(a,b) = %[20:;12 1507 ~12ab)

(13)
y = y(a,b) =4a® —3b* + 20ab
The choice b=2B in (2) and (13) leads to
X = X(a,B) =10a* —30B* ~12aB
y = y(a,B) =4a* -12B° + 40aB
z=1(a,B) =4a’+12B?
(14)

which represent non-zero distinct integer solutions of (1) in two parameters.
PROPERTIES:
1. 2x(—a,))-5y(—a,)) =0(mod224)

2. 2X(1,B)-5z(1,B) +60T; ; =0(mod84)
3. y(@l)+z(al)-Tg, =0(mod47)
4. 5y(a,a+1)—2x(a,a+1) =448,
5. 2X(-a,a(a+1))-5y(-a,a(a+1)) = 448P>
6. 5y(a,(@a+1)(a+2))-2x(a (a+1)(a+2))=1344pP}
7. 2X(a,))—5z(a,l) =0(mod24)
8. Each of the following represents a Nasty Number
a)  ®fz(al)-12
b Az(1,B)-4}

2.5 PATTERN: 5
Instead of (9), write 28 as

28= (1+i3V3)1-i3V3) (15)

Following the procedure presented in pattern:3, the corresponding values of x and y obtained from (1) are

x=x(a,b) = %[48.2 ~3p? 36ab)

(16)
y = y(a,b) =12a* - 9b* + 4ab
The choice b=2B in (2) and (16) leads to
x =X(a,B) = 2a* - 6B* —36aB
y =y(a B)=12a* —36B* +8aB
z=12(a,B) =4a*+12B?
(17)

which represents non-zero distinct integer solutions of (1) in two parameters.
PROPERTIES:

1. 6x(a))-y(al) =0(mod224)
2. 2x(al)+z(a1)-Tyg, =0(mod65)
3. z(L,B)-2x(l, B) —8T,, =0(mod88)

4. Each of the following represents a Nasty Number

a) 6{-2x(a,a)-z(a,a)}
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b) 6{x(a,—a)—z(a,—a)}
o 6f-y(a-a)-z(a-a)}
d) 3{y(a,a)+3z(a a)}

2.6 PATTERN: 6
Introducing the linear transformation

X=5X
y=X=+28T
Zz=X=x3T

in (1), it gives
X? =84T2 +(2X f
which is satisfied by

T =4rs
X =42r? - 2s*
X =84r? +4s?

Thus, in view of (18), the corresponding two sets of solution of (1) are given by
Set 1:

X =210r? —10s?
y =84r? +4s® +112rs
Z=84r% +4s® +12rs

Set 2:
X =210r* —10s®
y =84r? +4s* —-112rs

7 =84r% +4s®> —12rs
3. REMARKABLE OBSERVATION:

(18)

If the non-zero integer triple (XO, Yo Zo) is any solution of (1) then each of the following two triples of

integers also satisfies (1)
Triple: 1 (Xo, Yy, Z,)

Where,

_1 {[56— 54(-1)" |y, +|-168+168(-1) |z, |

{[18 181 ly, +|-54+56(-1)' |z, }

Triple: 2 (Xn, Yo Zn)

Where,

{[—7+9 V' Ik, +21-21(-1) |z, }

{[—3+3 ]x +[9 7(- "]zo}

4. GENERATION OF SOLUTION:
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Let X;, Yo, Z be any given solution of (1).Let

X, =4x,+h
Y1 :4y0 +2h (19)
z, =4z,

be the second solution of (1).

Substituting (19) in (1) and simplifying, we get
h=-2x, -3y,
Thus the second solution of (1) is given by
X, = 2%, —3Y,
Y1 =—2Y, — 4%
z, =4z,

Repeating the above process, the formula for generating infinitely many integer solutions based on the given
solution is given by

X, = 2% (2Xo _3yo)

Yo = _22n71(2xo + yo)
z,=2"2,
5. CONCLUSION
In this paper, we have presented six different patterns of non-zero distinct integer solutions of the
homogeneous cone given by 4x°? +3y2 = 2822 .To conclude, one may search for other patterns of non-

zero integer distinct solution and their corresponding properties
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