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INTRODUCTION

The study of metric spaces expressed the most important role to many fields both in pure and applied
science. Many authors generalized and extended the notion of a metric space such as pseudo metric spaces,
fuzzy metric spaces, vector valued metric spaces, G-metric spaces, cone metric spaces, etc.

Recently A. Azam, B. Fisher and M. khan [1], introduced the concept of complex valued metric spaces
and obtained sufficient conditions for the existence of common fixed points of a pairs of mappings satisfying
contractive type condition. The idea of complex valued metric spaces can be exploited to define complex
valued normed spaces and complex valued Hilbert spaces. Several authors studied many common fixed point
results on complex valued metric spaces (see [2-7]). In this paper we prove a common fixed point theorem for

four self-maps f,g, S and T in complex valued metric spaces, where both {f, S} and {g,T} are weakly compatible
maps of a nonempty set X
Let C be the set of complex numbers and let z; , z, € C. Define a partial order = on C as follows:

2,5z, if and only if Re(z;)<Re(z,), Im(z;)<Im(z,). It follows that z,<z, if one of the following conditions is satisfied:
(i) Re(zy)=Re(zz), Im(z1)<Im(z,),
(i) Re(zi)<Re(zz), Im(z;)=Im(z,),
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(iii) Re(z1)<Re(z,), Im(z4)<Im(z,),

(iv) Re(zi)=Re(z,), Im(z1 )=Im(z,).
In particular, we will write Z; = Z1 if one of (i),(ii) and (iii) is satisfied and we will write Z; << Z2 if only (iii) is
satisfied.
Definition1.1. Let X' be a non-empty set. Suppose that the mapping t:.X * X — C satisfies:

(@) O0=d(x,v)forallx,vE Xanddlx, vl=0ifandonlyif x = v;

(b) dix,v)= div,x)forallx, v €X;

(c) dix,v)=dlx,z)+dlzv)forallx, v,z €X.

Then d is called a complex valued metric on X and (X, @ | is called a complex valued metric space.
A point X £ X is called an interior point of a set 4 Z.X whenever there exists 0 <2 1 € C such that
Bix,v)={v €X:dlx,v] < r} S A Asubset 4 in X is called open whenever each point of A is an interior
point of A. The family F = {B{x,r):x € X, 0 < r} is a sub-basis for a Hausdorff topology T on X. A point
x € Xis called a limit point of 4 whenever forevery 0 <<+ € £, Bix, v N (A\X) = ¢,
Asubset B = X is called closed whenever each limit point of 5 belongs to E.
Let {¥,.} be a sequence in X and X € X. If for every ¢ € C, with 0 < ¢ there is 11g € IV such that for all
n = mng, d{x,,x) < ¢, then X is called the limit point of {X,,} and we write lim,,_, ¥, =¥ or x,, = x
as 11 — oo,
If for every ¢ € C, with 0 << ¢ there is 11y € IV such that for all 11 = 1, d(X,, X4 | < C, then

{x,, }is called a Cauchy sequence in (X, | is called a complete complex valued metric space.
Lemmal.2. Let (X, d ) be a complex valued metric space and L%, | is a sequence in X. Then {x,,} converges to
xifand onlyif |d(x,, x)| = Oasn — e,
Lemmal.3. Let (X, d ] be a complex valued metric space and L¥,,} is a sequence in X. Then {x,.}is a Cauchy
sequence if and only if | (%, X, 4 )| = Oasn — 2,
Definition1.4. Let [ and g be self-maps on a set X, if w = fx = gxfor some X in X, then X is called
coincidence point of [ and , W is called a point of coincidence of " and g.
Definition1.5. Let f and § be two self-maps defined on a set X, then fand g are said to be weakly

compatible if they commute at coincidence points.
2. RESULT
We need the following lemma to prove theorem 2.2.

Lemma 2.1. Let f, @, 5 and T be self-maps on a complex valued metric space, satisfying f{X ) = T{X} and
g(X) S S(X). Define {x,} and ¥} by Vanes = F¥an = TXappt, Vangs = G¥apt1 = X400 = 0.
Suppose that there exist a 4 € [0,1 ] such that
Al vy, Vi) = Adlv,—1, v, ) foreachn = 1, (2.1)
Then either

(a) {f'. ."T} and {g. T} have coincidence points, and {_1'_“_} converges, or

(b) {_1'_“_}is Cauchy.
Proof. To prove part (a), suppose that there exists an 11 such that Va;,, = Va,,41. Then, from the definition of
(vl g%0u—1 = 5%5, = f¥2,, = T¥2,41 Fand S have a coincidence point. Moreover, from (2.1),
AlYant1:Vontz) = Ad(Yon, Y2n41) =0,
So that Va,q4q = Vopto; i€, fXon = Thop 4y = GXop41 = S¥2,42, G and T have a coincidence point. In

addition, repeated use of (2.1) yields Va,, = V,, for each 1t = 21, hence {_1-:-'_} converges.
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The same conclusion holds if V2,41 = V2,42 for some .

For part (b), assume that ¥a,, = V2,44 for all n. Then (2.1) implies that

AV Vg ) = A%d v, 17y ),

Forany 11,1 € N with 11 = 1 it follows that

dlz.l-r'.'_l-rn :I = d':_l';~_._1'_~~_+1 :I + d':_1'3~_+1._1'_u_+: :I t o + dlz.l-rn—ll_l-:n :I
= [('.l.". + ('{.".+1 + o I+('{.~.".—l] ﬂ":_l'c-_l] :,

o \
= —dlygy)
-1 e

And so
iy . ano .
ld( v, vl = ] [t ve, vy I,

#

Theorem 2.2. Let (X, & | be a Complete Complex valued metric space and let [, 7, 5 and T are four self-maps
of X such that f{X) S T{X)and glX) = S ), satisfying
dlfx,gy) = hu,  (f,6,57T), (2.2)

where 1 € [{'I,%j and

. A N AP e af \ dlfxTy)+d{gy.Sx) difxSx)+digyTy)
Uy Fo5, 5TV E(d S, Tyl difx, Sx),dlgy,Ty), ————————,— — }

for all X, v € X . Suppose that the pairs Lf, 5} and {5, T} are weakly compatible and g(.X} is closed. Then
f+ 3.5 and T have a unique common fixed point.
Proof. For any arbitrary point X g in X Construct sequences{.‘{_u.]l and {_1';1_} in X such that

Vap—1 = TXap—1 = fX2p-2,and Van = 5X2, = §X2p-1

we have from (2.2), A\ Vaptr Vano) = AU N0 0% g ) = DUy U005, T)

forn=12,........where

|') al fx Tx L digr Swa. ) dlfx Sx..) L digx Tx i
Vare. e e Y Al - B Haned Yo HGXany 3% an) G\ Xapnsd Loy HGTansrd Fanpal) |
E1aboXan, {Xane ) AN Xan0 Xan i AWG X ang o L X aney s 5 . 5 J
L 2 2
i = - W
! oy T T \ Vg Vanar! T 00 opgz  Van) OW0ane e Von ) = 8000000 Vonaey) |
= Va |1|-" » Ls ‘l-‘ |‘|-" » s 1|-" "I‘I-" » » s
j 8 Yo Vaner o B0 Vingr Vands @020 420 Vin 41 3 2 J
.
p s s s )
! oy .y In':'_'r:'."_‘i".+:' Vo Vand T8 Van 420 Vanar) |
= Va |‘|-‘ » e 1|-" |1|-" i » "
I'n Nana Vanar b0 Vo g 10 Van gz 2 3 J
.

Now there are four possibilities
() if Yogeanay 0G0 5 T = dl¥an Vapay ) then d(Vangys Vopao ) = Rod(von, Vo)

(i) if Ui oeanaey S0 805, T = d(Vang1, Vonsz ) then dlyantn, Vantz) = 0 d(yons1 Vonta)

Which implies that A Vo g1, Vapea) = 0and Vaypeg = Vaugo.

. o Avan vanez) L divan vanes A aner Venaz)
(iii) if W, r0ne, DG T = - = -

Then d(Vaug1 Vanga) = S [d (Va0 s Vg )+ d(Vangs s Vanga ]

i Ny 5 R h .
Which implies that @l Vo, 419, Vo ga ) = K QL Ve, Va1 ), where £ = — < 1.

f o ey Al yen+1den e (Venez dznes)
iv)if 1 | | =
(iv) if Yoswane, W60 5, T =

|

Then d(¥an41s Vonea) = S ld(van  Vopgr ) +d(Vopgy  2n42 ]

Which implies that @ Vap 41, Van4z ) = K dl Vo, Vapgr ) where b = — < L
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Hence condition (2.1) of lemma 2.1 is satisfied. Now we show that {f. S}and {g. T'} have coincidence points
in X. Without loss of generality we may assume that V,, & V41 for any 1, For if we have equality for some 11,
then (a) of lemma 2.1 applies. Now from lemma 2.1 {_1'_“_} is a Cauchy sequence in .

Since X is complete, there exists a point U in X such that
Ve —u (e limy 5 xa, =limy,_p X0, =lim, . Txo,oy = lm, . Fxa,—0 = 1), Since
(X )is closed, so 1 € gl{X ).

Since gl.X) = 50X ) there exist a point ©" in X such that 51" = .. We now claim that 1" = 1. For
this, consider

i V= dl - I i axa Vo= hu L (fa 5T 1 axa- |
dlfv,u) = dlfr, g3, )+ dlgxa,,_q,u) huy o WRg 5 TH+dlgyo,gul

Where

AU, Tas o v d(g¥an—y

S d (e sl vd(ges - o Tas,

ey (Fr9.5.T) € {d(S0. Tay,

Forall it € V. There are five possibilities:
i Uy, H G5 T) = dlSv, Txa,-

then d(fur,u) = hdl(5v,Txo,_ )+ digx
(i) If ooy 6,5, T) = dlfv,5v]
then d(fur,u) = hd(fu,5v)+ digx,

n—1 1) this implies f = 1.

n—1,1), a contradiction .

This implies [ = 1.
(i) If Uy ny (05,5 T) = dlgxa,-,Txa-)

thend(fv,u) = hdlgxa,—1, Tx -y )+ dlgxa,—y,1), thisimplies 17 = 1.
dl fe T g JHdigaan—1.50)

(V) If Uy, G5 T) =

[

. y _h p o \ b \ L.
then d(fv,u) == [d(fv, Txa,o )+ d(gxa,—y,5v)] + dlgro,—y, 1) = —d{fv, u),a contradiction.

This implies [ = 1.

Al foSvl+digaan_ Taan_y)

W If Uy, (frg 5T =

» R - N ) h . .
then d(fv,u) = — [d(fv, Sv)+ d(gxo,—y, Txa- )] + dlgxa,—u) = —d(fv, 1), acontradiction.

This implies f1I7 = .
Soin all cases we have fi* = i. Hence fiIr = 51 =1

Since 1 € fIX) S T(X), there exists a W € X such that Tw = 1. Now we shall show that gw = u.

Consider

dlgw,u) =dlgw, fxa,)+d(fxon,u) =dfxo,gwl +d(fxo,ul = b, (6.5 T)+dfx;
Where

Yo \f.g.5T) e {f'" SxapeTwhdl faa, Sxay Ldlguw, Twl, B % W)+ (GWaR ) UKy Sy '+:1""':|'|'.';_L.I\:’

For all 1 € V. There are five possibilities:

(N oy, 00,5, T = dl5x,,,Tw)

1) this implies gw = u

,‘.-

then d{gw, u) = hdlSx.,,,Tw) + dlfx.
= Al Ffya. Sxval
(i) If oy 06,5, T) = dlfxa,,5%,)
then dlgw, u) = hdl fxa,,5%,, 1+ dfxa,,1] thisimplies gw = u
[ 5. T = dl gw )
(i) If vy, LG, 5,7 axgn.]'"n,
then d{gw,u) = hd(gw,Tw)+ dl(fx.,,1), acontradiction.

This implies gw = .
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(FrrpnTw i+l gw Seapn)

o Frg, 5,T) = =

(iv) If 1,

h
then dlgw, 1) = = [d(fxo,, Tw)+ digw,Sxo, 1+ difx., .hel——c“l Gw, 1), a contradiction.

This implies gw = 1.

_ difaapSusn)+digwTw)

(V) If o, . (g 5T —

R - h
then dl gw, 1) == [, Sxa, )+ dlgw, Twi] + dlfxa,u) = —d( gw, 1], a contradiction.

This implies gw = 1.

So in all cases we have gw = i Hence Tw = gw = 1. Thus {f, 5} and {5, T} have a common point of

coincidence in X. Now, if {f, 5} and {5, T} are weakly compatible, fu = f51 = 571" = 5u = wy(say) and
gu = gTw = Tgw = Tu = wa(say). Now

dlwy,wa) =d{fu,gu) = hu,, (fg.5T)

Where (. g.5.T! € {0' Su, Tae), dfue, Su0), il gue, T, LT ip @ guoul SR AGUTII £y v ),
Therefore @ wy, w1 | = hd(wy, w1 lwhich implies Wi = Waand hence fu = gu = 5u = Tu.

Now we shall Show that i1 = g,

dlu, gu) =d(fv,gu) = hu,  (f.0 5T

Where i,/ f.5.5.T) g {n" Sv.Tu), dfv, 5v).digu, Tul, g "'_i’:"'::i'gi,:.wi ! dlfe +”9'~_‘“ = {dlu gu'k
Thus dlu, gu) = hdlu, gu), which implies that it = 1, and i is a common fixed point of [, &, 5 and T
For uniqueness, suppose that " is also a common fixed point of ', 5. 5 and T.From (2.2),

dlu,u') =d(fu,gu' )= hu, (f 5. 5T),

Where

Uy g 5.T) € {n"E:z.T:z“ Ll fu, Sul, digu’, Tu' ) ST +H‘\'1h - Hh\h#‘gh i = {dlu,u' )}

Which is possible only if 1 = 1",
Corollary 2.3. Let (., & | be a Complete Complex valued metric space and let f, i and 5 are three self-maps of
X such that (X)) = 5(X ) and g X ) = 50X ] and satisfying

dlfx,gyv) = hu,,(f.g.5),

where 1 £ [('I.éj and

. - e o —_— -~ dlfae Syl gy Se) d S ) +digySy)
U, (Fg, 51 E dSx, 5v),d(fx, 5x), dlgv, 5v),— - R — e }

for all X, v € X . Suppose that the pairs Lf, 5} and L5, 5} are weakly compatible and (X ] is closed. Then
f. g and 5 have a unique common fixed point.

Proof. The result follows on putting T = 5 in theorem 2.2.
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