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ABSTRACT

The objective of this paper is to obtain some common unique fixed-point
theorems for pair of non commuting expansive type mappings using rational
inequality defined on a non-empty closed subset of a Hilbert space.
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INTRODUCTION
The Study of properties and applications of fixed points of various types of contractive mapping in Hilbert and

Banach spaces were obtained among others by Browder[1]. Browder and Petryshyn [2,3], Hicks and Huffman
[4], Huffman [5], Koparde and Waghmode [6]. In this paper we present some common fixed-point theorems
for rational inequalities involving expansive type mappings. For the purpose of obtaining the fixed point of
the two expansive type mappings. We have constructed a sequence and have shown its convergence to the
fixed point. The main results of this paper extend and generalize the theorem 3 of [8 ], [9] and convert the
theorem 1 of [7] for expansive maps.
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MAIN RESULTS.
Theorem 2.1- Let S, T be non commuting, surjective self maps of a closed subset C of Hilbert Space H satisfying

allx— ST Jx— v +ly ~TSy|[ [x— y|[ T+ bx—STx[" [y ~TSy|| +cfx—y||
[x=STX|"+ |y =Tsy[" + x|

|STX —TSy||2 >

foreach X,y €C,X# Yy, Where a,b,c>0 2a+b+c>3, and c>1. Then sTand Ts have
a common unique fixed point in C.

Proof-- We define a sequence {X } as follows forn=0,1,2,3----

n

Xon = STX2n+1’ Xont1 :TSX2n+2 _______ (2-1)
If X2n = X2n+1 = X2n+2 for some n then we see that X2n is a fixed point of ST and TS, therefore we
suppose that no two consecutive terms of sequence {Xn} are equal.

Now,consider

”in - X2n+1||2 = ||STX2n+1 _TSX2n+2”2

> a'[||X2n+1 - S-I—X2n+1||2 ||X2n+1 - X2n+2||2 + ||X2n+2 _TSX2n+2 ”2 ||X2n+1 - X2n+2 ”2]

||X2n+1 - STX2n+l||2 + ||X2n+2 _TSX2n+2”2 + ||X2n+l - X2n+2||2

+ b||X2n+l B S-I-XZn-¢—1||2 ||X2n+2 _TSX2n+2 ”2 + C||X2n+1 — Xoni2 ”4

||X2n+1 - S-I—)(2n+1||2 + ||X2n+2 _TSX2n+2”2 + ||X2n+1 - X2n+2||2
2 2 2 2
— a[||X2n+1 — in” ||X2n+1 — Xoni2 ” + ||X2n+2 — X2n+1|| ||X2n+l — Xoni2 ” ]
2 2 2
||X2n+1 — X5n ” + ||X2n+2 - X2n+1|| + ||X2n+1 - X2n+2||

+ b||X2n+1 — in”2 ||X2n+2 — X2n+l||2 + C||X2n+1 — Xoni2 ”4

2 2 2
||X2n+l - X2n|| + ||X2n+2 - X2n+1|| + ||X2n+1 - X2n+2||

= ||X2n - X2n+l||2 |:||X2n+1 - X2n||2 + 2||X2n+1 - X2n+2 ||2:|

= a[||X2n+1 - X2n||2 ||X2n+1 - X2n+2||2 + ||X2n+1 - X2n+2||2 ||X2n+1 - X2n+2||2]
+ b||X2n+1 - in”2 ||X2n+l — Xone2 ”2 + C||X2n+1 — Xone2 ”4
4 2 2
= ||X2n - X2n+l|| + 2||X2n - X2n+1|| ||X2n+l - X2n+2||
= ||X2n+1 - X2r*|+2||2 (2a + b + C) min{”XZn - X2n-¢—1||2 7||X2n+1 - X2n+2||2}
= ”in - X2n+1||4 = ||X2n+1 — Xons2 ”2 (28. +b+c— 2) min{”XZn - X2n+1||2 ’||X2n+1 - X2n+2||2}
Case |
= ||X2n - X2n+l||4 = (2a +b+c— 2) ||X2n+1 - X2n+2||4

1
(2a+b+c— 2)} [z = Xans

= ||X2n+1 - X2n+2|| = |:

¥
= [Xomn = Xomoo| < Ko | Xon — Xon.a[[Where k, = [ G b1+ — 2)} < 1(as 2a+b+c>3)]
Similarly
1 Ya
[Xons2 = Xonsall < Ky | Xonsa — Xonso|[[Where k, = [(Za e 2)} < 1(as 2a+b+c>3)]
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Case Il

= ||X2n - X2n+1||4 2 (2a +b+c— 2)||X2n+1 - X2n+2||2 ||X2n - X2n+1||2

1
(2a+b+c— 2)} [Xan = Xzn

= ||X2n+l - X2n+2|| < {

%2
5 [Xomer — Xpmea | < Ko [Xn — Xgoa [[Where k, = {(ZM b1+ — ZJ < 1(as 2a+b+c>3)]
Similarly
1 bed
[Xans2 = Xonsal| < Ko [|[Xanss = Xonso|[Where k, = { Gaibics 2)} < 1l(as 2a+b+c>3)]

In general
= [|%, = Xl < K[X\u — X, [|[[where k = max{k,,k,}then k <1]{for n=1,2,3......}
= % =Xl < Ko =]

Now we shall prove that, { Xn} is a Cauchy sequence for the casel.

For this for every positive integer p we have,

Xy = Koo [ = X0 = Xnag + Xogg = veeeerens + Xy pa — Xovp
<%0 = Xoaa ||+ Xz = Xpa| [ oo Xy 5t — X
<K'+ K™ K™ 4 + KPP % — x|
=k"(@+K+K? 4+ KPP % — x|

K"
= 11—k X0 = 4|
as N —00,|IX, — Xn+p — 0,it follows that {Xn} is a Cauchy sequence in C

As Cis a closed subset of H. So there exist a point x in C such that

{X,} =X as N —>00,-+mmvemeee- (2.2)

Existence of fixed point: Since S and T are surjective maps so ST and TS are also surjective and hence there
exist two points Y and Y’ in Csuchthat X=STy and X=TSy ................ (2.3).
Consider,

%0 = | =[STXz0,s = TSY'|

a[||x2n+1 - S-I_X2n+l||2 + ||y’ _Tsy’||2]||X2n+l - y’ ||2
= 2 2 2
||X2n+1 - STX2n+1|| + ”y —TSy' “ + ||X2n+1 -y ”

+ b||X2n+1 - STin+1||2 ”y _TSY’”2 +C|[Xona — Y ”4

2
Xonaa — Y ||

||X2n+l - S-I_X2I1+1||2 + ||y _-I_Sy”2 +|

|2 + b||X2n+1 - X2n||2 ||y _-I_Sy”2 + C| Xons1 — y”4

— a[||X2n+1 - X2n||2 + ||y —TSy'||2]||x2n+1 - y

||X2n+l - X2n||2 + ||y - X”2 + ||X2n+1 - y”2
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As {in} ,{X2n+1} are subsequences of{Xn}, as N —> 0, {XZn} — X, {X2n+1} — X

Therefore

allx " +]y = x[2x =y [+ bl Xy X[ +efx-y [

”X o X”2 2 2 2 2
x=x" +y =] +[x-y]

022 @+ )y -

:>Hx—y'H2 =0 (asa+c>1)

In an exactly similar way we can prove that, X = VY..........ooveinne, (25)
The fact (2.3) along with (2.4 & 2.5) shows that X is a common fixed point of ST & TS.

Uniqueness:
Let z be another common fixed point of ST & TS, that is

STz=zand TSz=z
||x—z||2 =||STx—TSz||2
N alx— STx||2 [x — z||2 +||z —TSz||2[a||x - z||2 +blx — STx||2] +c|x— z||4
| — STx||2 +||z —TSz||2 +|x — z||2

=[x—z| zclx -
:>(1—c)||x—z||2 >0
=|x—z|" =0 (as c>1)

—> X=Z
This completes the proof of the theorem 2.1.

Theorem 2.2- Let S, T be non commuting surjective self maps of a closed subset C of Hilbert Space H satisfying
[a]x— ST [}x— y|I" +b[ly =TSy["[x — | + c[x — STX|[" |y ~TSy|]

STx—TSy|* =
" " Ix—STH + [y =TSy

2 2
for each x,y € Cand HX—STXH +Hy—T5yH =0
Where a,c=>0, b>0and a+b+C> 2 then sTand s have a common fixed point in C.

Proof: Proof of this theorem is similar to the proof of theorem 2.1.
Theorem 2.3 Let S, T be non commuting, surjective self maps of a closed subset C of Hilbert Space H satisfying
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, aljx— STx||2 1+|y —TSy||2
[STx—TSy|| =

2 +b[ [lx = ST +[|y = TSy| |+ ¢|x — y|f ....(S)
14>~y

foreachxy e C,x =Yy, Wherea,b>0, O<c<lsatisfy a+2b+c>1

Then ST and TS have a common unique fixed point in C.

Proof-- We define a sequence {Xn} as follows forn=0,1,2,3----
Xon = STy 15 Xonsa = TS0,
If Xon = X541 = X540 for some n then we see that X, is a fixed point of ST and TS, therefore we

suppose that no two consecutive terms of sequence {Xn} are equal.

Now consider

||X2n - X2n+1||2 = ||STX2n+1 _TSX2n+2”2

S a||X2n+1 - S-I-in+1||2 [1"' ||X2n+2 _TSX2n+2”2}

2 + b|:||x2n+l - STin+1||2 + ||X2n+2 _TSX2n+2”2J
1+ ||X2n+1 - X2n+2||

2
+ C||X2n+1 - X2n+2||

_ a||X2n+1 - X2n||2 |:1+ ||X2n+2 - X2n+1||2:|

2 2
- 2 + b[”XZml — X5 ” + ||X2n+2 - X2n+1|| }
1+ ||X2n+1 - X2n+2||

+ C||X2n+1 ~ Xons2 ”2
= (@+b)|x,, - in+1||2 + (0 + €)X — X2n+2”2

= [1_ (a + b)]”XZn - X2n+1||2 2 (b + C)||X2n+1 - X2n+2||2
[1-(a+D)]

||X2n - X2n+1||2
(b+c)

= ||X2n+1 - X2n+2||2 <

[1—(a+b)]}%< .

= P =Xl < Kl =L k{ (b+0)
Similariy

[1—(a+b)]}% ‘1

||X2n+2 - X2n+3|| < k||X2n+1 - X2n+2||[Where k= |: (b + C)

In general
= ”Xn - Xn+1|| < k”Xn—l - Xn”

:>||Xn _Xn+1||g kn”XO_Xl” """"""""" (26)
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We can prove that, {Xn} is a Cauchy sequence (using(2.6)) (as proved in theorem 2.1)As Ciis a closed
subset of H. So there exist a point x in C such that

{X,} =X as N =00, (2.7)

Existence of fixed point: Since S and T are surjective maps so ST and TS are also surjective and hence

there exist two points Y and Y’ in Csuch that X = STy and X :TSy ....................... (2.8)

1o = X = [[STxy00 =TSy

- a||X2n+1 - STx2n+l||2 |:1+ Hy _TsyHZ:|

B[ = STl |y =TSy [ el - v

2
1+‘ Xona — yH
n+l~ “*2n ’ 1 =TSy 2]
B Y R Y VR e o
1+ X2n+1_y’H

As {XZn} ,{X2n+1}are subsequences of {Xn} ,as N —)OO,{XZn} —> X,{X2n+1} — X

Therefore

I = x|* = x| 2+]y - |

L+x—y

+b[||x— x||2 +||y' — x||2]+ c||x— y'||2 (as x=Ty’)

0= b+o)x—y|

:”x—y'”2 =0 [as (b+c)>0]

S X=YyY —————————————— — — (2.9

In an exactly similar way we can prove that,
X=yY———————————— (2.10)

The fact (2.8) along with (2.9 & 2.10 ) shows that x is a common fixed point of ST &TS.
Uniqueness-

Let z be another common fixed point of S & T, that is

STz=zand TSz=z
[ — z||2 =||STx —TSz||2

al|x — STx|" [1+ |z —TSZ||2:|
>

+b||Ix=STx|]® +|lz=TSz|f |+c|x—z|?
P [llx =T + )z~ Tsz[" | +-c|x 2|

:>(1—C)||x—z||2 >0
:>||x—z||2 =0 (as 0< c<1)

— X=Z

This completes the proof of the theorem 2.3

Vol.3.Issue.1.2015 6



NEERAJ MALVIYA & GEETA AGRAWAL

Bull.Math.&Stat.Res

Acknowledgement

The authors are thankful to Prof. B.E.Rhoades [Indiana University, Bloomington, USA] for providing us

necessary literature based on fixed-point theory.
REFERENCES

[1].

[2].

[3].

(4].

[5].

[6].

[7].
[8].

[9].

Browder, F.E.-Fixed point theorems for non- linear Semi-contractive mappings in Banach spaces. Arch. Rat.
Nech. Anal. 21(1965/66),259-269

Browder,F.E.and petryshyn,W.V. The solution by Iteration of non linear functional equations in Banach
spaces, Bull. Amer. Math. Soc .72 (1966),571-576

Browder,F.E.and petryshyn,W.V. Construction of fixed points of non-linear mapping in Hilbert Spaces. J.
math.Nal. Appl. 20 (1967),197-228

Hicks T.L. and Huffman Ed.W. Fixed point theorems of generalized Hilbert spaces.). Math.Nal.
Appl.64(1978),381-385

Huffman Ed. W. Striet convexity in locally convex spaces and fixed point theorems in generalised Hilbert
spaces.Ph.D. Thesis, Univ. of Missouri —Rolla, Missouri(1977)

Koparde, P.V. & Waghmode, D.B.,Kanan type mappings in Hilbert Spaces, Scientist of Physical sciences,3
(1) (1991) 45-50.

Paliwal Y.C., Fixed point theorem in metric space, Bull.Calcutta Math. Soc. 80(1988), 205-208.

Telci M. and Tas K., Some Fixed point theorems for pairs of expansive type mappings, Demonstratio Math.
27 (1994),401-405.

Popa V, Some fixed point theorems of expansion mappings, Demonstratio Math. 19 (1986),699-702.

Vol.3.Issue.1.2015 7



