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ABSTRACT

In this paper we prove common fixed point theorems for four weakly
compatible self-mappings in fuzzy metric space using different
contractive conditions. At the end we provide an example satisfying

- the main theorem.
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1.INTRODUCTION

Introduction of fuzzy set by Zadeh[6] proved a turning point in the development of fuzzy
mathematics. Fuzzy set theory has many applications in applied sciences such as neural network,
stability theory, modeling theory, mathematical programming, engineering sciences image
processing, control theory, communication etc.) medical sciences medical genetics, nervous
systems). Using fuzzy sets, fuzzy metric space was defined by Kramosil and Michalek [5] and it was
modified by George and Veeramani [3]. Using fuzzy metric space many researchers have proved
fixed point theorems for different contractive conditions. See for example Deng [1], Erceg [2], Kaleva
and seikkala [4].

2. Preliminaries

2.1 Fuzzy Metric Space

A fuzzy metric space is a triple (X,M,T) where X is a nonempty set, T is a continuous t-norm and M is
a fuzzy set on X 2 x (0,°) and the following conditions are satisfied for all x, ye Xand t,s>0:

(FM-1) M (x,y,t)>0;

(FM-2) M(x,y,t)=1 x=vy;

(FM-3) M (x,y,t)=M(y, x, t)
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(FM-4) M (x,vy,.):(0,o0) =[O0, 1] is continuous.
(FM-5) M (x,z, t+s)2T(M(x,vy,t), M(y,z, s)).
2.2 Weakly Compatible Mappings

Two self-mappings f and g of a non — empty set X are said to be weakly compatible (o
coincidentally commuting) if they commute at their coincidence points. i.e., if fz = gz for some z € X,
then fgz = gfz.
2.3 Hudzic - Type

Let Theat—normand T [0, 1] [0, 1] be defined by T'(x) = T(x), T"* " (x) =T (T " (x), x),
forallneN, and x € (0, 1). Then we say that the t — norm T is of Hadzic — Type if the family { T" (x) ;
n € N }is equicontinuous at x = 1 if for every A € (0,1) there exists §( A ) € (0,1) such that
x>1-=8(A)=>T"(x)>1-A
2. Preliminaries
2.1 Fuzzy Metric Space

A fuzzy metric space is a triple (X,M,T) where X is a nonempty set, T is a continuous t-norm
and M is a fuzzy set on X 2 x (0,2=) and the following conditions are satisfied for all x, y e Xand t, s > 0:
(FM-1) M (x,vy,t)>0;
(FM-2) M(x,y,t)=1 x=y;
(FM-3) M (x,y,t)=M(y, x, t)
(FM-4) M (x,y,.):(0,o°) [0, 1] is continuous.
(FM-5) M (x,z, t+s)2T(M(x,v,t), M(y,z, s)).
2.2 Weakly Compatible Mappings
Two self-mappings f and g of a non —empty set X are said to be weakly compatible (o coincidentally
commuting) if they commute at their coincidence points. i.e., if fz = gz for some z € X, then fgz = gfz.
2.3 Hudzic - Type

Let Tbeat—normandT" [0, 1] =[O0, 1] be defined by T (x) = T(x), T"* ' (x) = T (T " (x), x),
forallneN, and x € (0, 1). Then we say that the t — norm T is of Hadzic — Type if the family { T" (x) ;
n € N }is equicontinuous at x = 1 if for every A € (0,1) there exists 6( A ) € (0,1) such that

x>1=86(A)=>T"(x)>1-A

2.4 E.A Property

Two self — mappings f and g of a fuzzy metric space ( X, M, T ) are said to satisfy E.A.

property, if there exists a sequence { xn }in X such that lim f*% = lim g*n = u for some u € X.
n—>eo  n—yoo
2.5 (CLRg) Property
gproperty ( common limit in the range of g property) if there exist a sequence { xn } in X such that
that lim x, = x and that lim f¥n = lim g*n = gx.
n—>co n—>oo

2.6 Lemma
Let (X, M, T) be a fuzzy metric space. If there exists k € (0, 1) such that
M( x,y, kt) 2M(x,y, t) forallx,yeXandt>0, thenx=y.
3. Some Common Fixed Point Theorems for Four Weakly Compatible Self — Mappings in Fuzzy
Metric Spaces

Now we prove a fixed point theorem for four weakly compatible self — mappings in complete
fuzzy metric space.
3.1 Theorem
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Let (X, M, T) be a complete fuzzy metric space with continuous t — norm of Hadzic — type. Let
f, g, p and g be self — mappings on X satisfy a the following conditions:

(C1) AAX) =q(x), g(x) = p(x),
(C2) The pairs f, p) and (g, q) are weakly compatible,
(C3) There exists K € (0, 1) such that
M(px, ay, t), M(fx, px, t),
M(fx, gy, kt) 2min | M(gy, qy,t), M(fx, qy, t) }
Forallx,yeXand t>0,
(C4) One of f(X), g(X), p(X) or q(X) is a closed subset of X.

If X0, X1, X2 € X thee exists W € (k, 1) such that y; = fxo = gx1, Y2 = gx1= pxz and lim T;Z, M(ys, 2,
1/u')=1.

Then f, g, p and g have a unique common fixed point in X.
Proof: Since g(x) = p(x), thee exist xi, X, € X such that gx; = px, .
Inductively, we can construct two sequences { xn } and { yn } of X such that
Yon-1=0qxgn4:= fogn g, yon= pxgn =gxzn-y, n=1,2, ...
Putting x =x3, and y = ¥,,1in (C3), we have thatforallt>0
M (y2N41, Y2Naa, kt) = M(fxan, gxana, kt)
> min { M(pxan, gxan.s, t) , M(fxan, pxan, t), M(gxan, gxan., t), M(fxan, gxan., t)}
=min { M (yz2n, y2n.y, kt), M (y2n.q, y2nsz, t), M (yaN.2, Y2na, kt), M (y2naa, yanag, t)}
If we take M (yan.q, Yan.a, kt) = M(fxan, gxan., kt),
Which is contraction by Lemma 2.6 since k € (0,1). Therefore we hae
M (y2Nn.1, Y2Nni2, kt) 2 M(y2n, yana,, kt).
Also, taking x = Xan.q and y = xan,, in (C3), we have thatfoallt>0
M (y2N+2, Y2Ns3, kt) 2 M (yn.q,y neo, t).
In general, for any n € N, we have
M (yn.s, yn, kt) =2 M (y2n.,y 2n-y, t).
It follows that

M (ynss, yn, t) 2 M (yn.,y n-, t/k).
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2M (yn+1;y n-2, t/kz)

2 M (y, y2, t/k").
Thusforallt>0andn=1,2,3, ........
M (yna, yn, t) 2 M (yq, y2, t/k" ).
Now, we show that { yn } is a Cauchy Sequence in X.
i

Leto F Since 0 < 0 < 1, the series X2, o is convergent and there exists mo € N such that X7 —m, @

< 1. Hence foreverym=mo+ 1andseN.
t>t21 - a >Em+3 10_

Now
M (}Fm+3+1f Yo t)

+3-1
>M(}Fm+s+1r.rmltzm3 cr)

m—1 m—1+1
2M(Fm+3+1,}?m,tﬂ' tto +

m—1+1 m—1+2
2M(Vmte+1, Y, t O +tag +....

> T(M ( ittt Vimaq, t I:I.;"n—1+1+ t I:I.;"n—1+2 o+t I:I.;"n—1+s')' M(}Fm+1r Voo, t ﬂ'm_l))
2 (T(M ( m+s+1, }Fm+2f ta—m_1+2 +... +ta_m—1+s), M(}Fm+21 }Fm+1ltgm_1);
-1
M(}Fm-l-j_l }leta-m )))
2 T(T(T(M (Vimsse1, Ymaz, 7 0 4 4t M(Vsg, Vmsas t,10™H)
-1
M(Vims2 Yme1, £ ), MVpms1, Vi, ta™ )
DS
s-times
a
> T(T (e (TIM ( Vit i1y Vomssr £ 255 4 4t d™ %) M(Vys3, Vinseey, t @7 °77)
-1
........................ , M(¥px1, Vo, t g™ IN).....)
s-times
—

2T(T (o (TIM (¥, ¥, £ @™ 4t g™ 715 SRS My, 3, t 077578 SR,

........................ A M(Vis1, Vi, te™ T ™))
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s-times
f_%

>2T(T (....... (T(M (¥4, ¥, t/#m—lzs ), M(¥y, ¥ t/ﬂm—2+s)’

S 2

........................ s M(Vims1, Vo, tE/2™ 7))
2 T2 M (Y, ¥, t/p)
2T Z, _yM( ¥y, V2, t/u")

iy

It is obvious that limy o T 5 y M (¥, %2, t/u')=1limplies limy el s M (3, %, t/u)
=1

For every t >0. Now for everyt>0and 1 € (0, 1), there exists m, (t,4) such that

M (Vp2os1, Vo, t) >1—Aforeverym>14 (t,d)andse N. Hence {¥, }is a Cauchy sequence in
X.

Since X is complete, there exists a point z in X such that lim,_.. x, = x and this gives
limy_ _pxg, = limy _gxgn g =limy _ frg, =limy _ gxgy =72

For all n e N. Without loss of generality, we assume that p ( X ) is a closed subset of X. Then z = pu
for some

u € X. Subsequently, we have
lim,_ . px, = lim,_.gx,=lim,_. fx,=lim,_._ gx, =z =pu.
Next, we claim that fu = pu . For this purpose, if we put z=u and y = x, in (C3), then this gives
M(fu, x,, kt) 2 min {M (pu, gz, t ), M(fu, qu, t), M(gx . gx . t), M( fu,qx .t}
Taking limit as n 2o, we have
M(fu, z, kt) 2 min { M(z, z, t), M( fu, z, t), M( z, z, t), M( fu, z, 1)}
= M( fu, z, t)

By Lemma 2.6, we have fu = z and hence fu = qu = z. Since f(X) = q (X), there exists a points v
€ Xsuchthatfu=z=qv

Next, we claim that qv = gv. Puttingx =u and y =vin ( C3), we have
M(fu, gv, kt) 2 min { M(pu, qv, t) M(fu, pu,t) M(gv, qv, t) , M(fu, pv, t)}
=min{ (M(z,zt), M(z zt), M(gv, qv, t), M(z, 2, t)}

=M(gv,q,t)
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Therefore we have qv = gv. Thus fu = pu = qv =gv =z. Since the pairs (f, p) (g, p) are weakly
compatible u and v are their coincidence points, respectively, we obtain fz = f(pu) = p (fu) = pz and gz
=g (qv) =qz.

Now , we poe that z is a common fixed point of f, g, p and g. Fo ths purpose, putting x =z
andy =vin (C3), we get

M( fz, gv, kt ) > min {M(pz, p, t ), M(fz,pz, t), M( g, av, t), M(fz, q, t)}
=min { M(fz, gv, t), M( fz, pz, t), M( fz, pz, t), M( fz, gv, t)}
=M (fz, g, t)

Which implies that fz = gv. Hence fz=gv=zand z =fz=pz and zis a common fixed point f
and p.

One can prove that z is also a common fixed point of gand q . Finally , in order to prove the
uniqueness, suppose that w (# z) be another fixed point of f, g, p and q . Then, fo all t > 0, we have

M(z, w, kt ) = M (fz, gw, kt) 2 min | M(pz, qw, t), M (fz, pz, t) M( gw, gqw, t)
M (fz, qw, t)
=min{M(z,w,t), M(zzt), M(w,w,t), Mz, w, t)}
=M(z, w, t)
Thus we have z = w. Hence z is a unique common fixed point f, g, p and qg.

Next, we prove a fixed point theorem for weakly compatible self — mappings with E.A.
property.

3.2 Theorem

Let ( X, M, T) be a fuzzy metric space with continuous t — norm o Hadzic — type. Let f,
g, pand g be self —mappings on X satisfying (C1), (C2), (C4) and the following condition:

(C5) the pairs (f, g) or (g,p) satisfy E.A. property
(C6) thee exists k e Xand t > 0.
M(fx, gy, kt) 2min | M(px, qy, t), M (fz, pz, t) M( fx, px, t), M(gy, py, t)

M(fx, ay, t), M (gy, px, t)

Forallx,yeXandt>0

Then f, g, p and g have a unique common fixed point in X.
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Proof:

With out loss of generality, we assume that the pair (g, q) satisfies E.A property. Then there
exists a sequence {x,}in X such that lim,,._. gx, =lim,__ gx, =z fo some ze X. Since g( X) = p ( X),
there exists a sequence {v,} in X such that gx,, = p ¥,. Hence lim,_... px, =2z Alsosincef(X)cg(y
), there exists a sequence {¥';}in X such that f," = q x,. Hence lim,_.. f¥," = z. Suppose that p (X)
is a closed subset of X. Then z = pu fo some u € X. Subsequently, we have that lim,_.. gx, =
limy... fy," =lim,_.. p¥, =z=pu.forsomeueX.

Next, we claim that fu = pu. For this purpose , if we put x = u and y = x,, in (C6), then this
gives

M(fu, gxn, kt) 2min | M(pu, gx, t), M (fu, pu, t) M( fx,, pxy, t),
M(fu, gxy, t), M (2, 2, t)

Taking limit as n = o=, we have

M(fu,z,kt) 2min [ M(z, z, t), M (fu, z,t), M(z, z, 1),

M(ful ZI t)l M (ZI ZI t)

=M (fu,zt)

Thus by Lemma 2.6 we have fu = z and hence fu = pu = z. Since f(X) = q ( X ), there exists a
point y € X such that fu=z=qy

Next, we claim that qv = gv. Putting x =u and y = v in (C6), we hae

M(fu, gv, kt) 2min | M(pu, qv, t), M (fu, pu, t) M( fxy, px,, t),

M(ful qxﬂl t)l M (ZI Zr t)

M(fu,z,kt) 2min |M(z,zt),M(z z t), M(gv, qv, t),
M(fu, z, t), M (gv, qv, t)
=M(gv, qv, t)

Hence we have gqv = gv. Thus fu = pu = qv = gv = z. Since the pairs (f, g ) and (g, q ) are
weakly compatible and u and v are their coincidence points, respectively, we obtain

Fz=f(pu)=p(fu)=pzandgz=g(qv)=qz.
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Now, we prove that z is a common fixed pointof f,g  p and q. For purpose, if we put x =z
andy =in ( C6), then this gives

M(fu,z, kt) =min (M(pz qu,t), M (fz, pz, t), M(gv, qv, 1),

M(fz, qv, t), M (gv, pz, t)

.
M(fu,z, kt) 2min | M(fz, gv, t), M (fz, fz, t) , M(gv, gv, t),

M(fz, gv, t), M (fz, gv, t)

-
=M (fz, gv, t)

Then we have fz = gv and hence z = fz = pz and z is a common fixed point of f and p. One can
easily prove that z is also a common fixed point of g and q.

Finally, in order to prove the uniqueness, let w ( # z ) be another fixed point of f, g, p and qg.
Then, forall t<0, we have

M( fu, z, kt) =M (fz, gw, kt)
2min | M(pz, qw, t), M (fz, pz, t) , M(gw, qw , t),
M(fz, qw, t), M ( gw, pz, t)
=M(z,w,t)
This we have z = w. Hence z is a unique common fixed point of f, g, p and q.

Finally, we prove a fixed point theorem for weakly compatible mappings with CLRs
popety.

3.3 Theorem

Let ( X, M, T ) be a fuzzy metric space with continuous t — norm of Hadzic — type. Let f, g, p and g be
self — mappings on X satisfying

(C1),(C2),(C6)and the following conditions.

(C7) the pairs ( f,g ) or ( g, q ) satisfy CLRg property,
(C8)oneoff(X),g(X),p(X)orqg(X)isaclosed subset of X.
Then f, g p and g have a unique common fixed point in X.
Proof:

If the pair ( f, p) satisfies the CLRs property, then there exists a sequence { & }in X such that
lmy ... fx,=lm,_.. px, =12 zep(X). Therefore their exists a point u € X such that pu = z. Since q (X)

is a closed subset of X and f (X ) = g ( X ), so for each sequence {x,]} in X, there corresponds a
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sequence { ¥, }in X such that fx, = q,. Therefore lim,,_... gx, = lim,_... fx, =z, where z € p(X). Thus

we have
Hmi’!—.l:: f'ri’! = Hmi’!—.ﬂ:: EJ”H = Hmi’!—.ﬂ:ﬂ .p:":‘i’! =1Z.
Now, we show that lim,,_... g%, =z. Puttingx=x,andy =13, in (C6), we get

M( fxi’!l qj'?i"! ’ kt ) 2 min M(pxi’!r q:""i’!r t); M (fxi’!r p‘ri’!r t) ’ M(g}?ﬂl q}?i’! ’ t)l

M(fxp, Q¥n, t), M (8¥n, pxn, t)
Let lim,_. gv, =!fort>0. Then taking limit as n = oo, we have
M( z,L,kt) 2min | M(z,zt),M(z,z,t), M(l, z, 1),
M(z, z,t), M (I, z, t)

=M (z L t)

By Lemma 2.6, we hae z = [ and hence lim,,_... §¥» =z. Therefore
m, . fay =limy . px, =lim, .. gy, =lim,.. g¥y=2=pu

For some u € X. Using Theoem 3.2 and Lemma 2.6, we can easily prove that z is a unique
common fixed point of f, g, p and qg.

3. 4 Example

Let X =[ 0, 2 ] equipped with the Euclidian metric and the fuzzy metric space induced by ( X, d ), i.e,

M(x,y t)= for every x, y e X and t > 0. Clearly ( X, M, T ) is a fuzzy metric space with

t+d (x5
continuous t — norm Hadzic — type with T (a, b ) = min { a, b }. Define the self — mappings f, g, p and
g:X—=> Xby

fx = 0 ifx=0 gx = 0 ifx=0
{ 0.25if x>0 {0.45 if x >0
0 ifx=0 0 ifx=0
px = 045 if0<x<0.6 pX = 0.25 if0<x<0.6
x—0.45 if x >0.6 x—0.25if x>0.6

fX={0}u{0.25}, gXx={0}w {045}, pX={0}v (0.55,1.55)and

gX={0}u{0.25}u(0.35,1.75)
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Consider the sequence { x,; } = { 0.60+ 1."(11}. Then fx, 2 0.25, gx, > 0.45, px, = 0.15, gx,
- 0.35, fpx, 2 0.25, px, 2 0.45, ggx, 2 0.45 and ggx, = 0.25. The pairs (f, p)and g, q) are
compatible at coincidence point. If w take q=0.6 and t = 1, then f, g, p and q satisfy the conditions
of Theorems 3.1 and zero is the unique common fixed point f, g, p and g. Moreover, f, g, p and g are
discontinuous at the fixed point zero.
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