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ABSTRACT

In this paper, we present the least value a and the greatest value b
such that the double inequality

aH(a,b)+ (1- a)Q(a,b)< M(a,b)< bH(a,b)+ (1- b)Q(a,b)

holds for all a,b>0 with a=b . Here H(a,b),Q(a,b) and M(a,b)

denote the harmonic, quadratic and Neuman-Sandor means of two
positive numbers a and b, respectively.
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1. INTRODUCTION
For a,b> 0 with a' b, the Neuman-Séndor mean M (a,b) [1] is defined by
a-b

M (a,b) = - ,
2sinh™ [(a- b)/(a+ b)]

(1.1)

where sinh™ 1x = log(x+ 1+ X2) is the inverse hyperbolic sine function.
Recently, the Neuman-Sandor mean has been the subject of intensive research. In particular, many
remarkable inequalities for M(a,b) can be found in the literature [1, 2]. Let

H(a,b)= (2ab)/(a+ b), G(a,b)= fab,
L(a,b)= (a- b)/(loga- logb),P(a,b)= (a- b)/(4tan' L a/b- p),A(a,b)=(a+ b)/2,
T(ab)= (a- b)/[2tan *(a- b)/(a+ b)],Q(a,b)= y/(a®+ b?)/2 and C(a,b)= (a®+ b?)/(a+ b)

be the harmonic, geometric, logarithmic, first Seiffert, arithmetic, second Seiffert, quadratic and
contra-harmonic mean of a and b, respectively. Then
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min{a,b}< H(a,b)< G(a,b)< L(a,b)< P(a,b)< A(a,b)

< M(a,b) < T(a,b)< Q(a,b) < C(a,b) < max(a,b) (1.2)
hold forall a,b> 0 with a! b.
In [3], Neuman proved that the double inequalities
aQ(a,b)+ (1- a)A(a,b)< M(a,b)< bQ(a,b)+ (1- b)A(a,b) (1.3)
and
| C(a,b)+ (1- 1)A(a,b)< M(a,b)< mC(a,b)+ (1- m)A(a,b) (1.4)

hold for all a,b >0 witha #Db if and only if
a £ [1- log(l+ v2)I/[(V2- 1)log+ v2)]= 0.3249L , b
3 13,1 £ [1- log(l+ «/2)]/log(1+ +/2) and m* 1/6.
In [4], Li etc showed that the double inequality
LIDO (a,b)< M(a,b)< Ly(a,b) (1.5)
holds for all a,b >0 witha #b, where

Lp@b)=[@"*1- bP*Y/(p+ @- BFP (p' - 1,0), Lo(ah)
= 1/e[(@®)/b°1Y® P and L (a,b) = (a- b)/(loga- logb) is the p-th generalized

logarithmic mean of @ and b, and pg = 1.843L is the unique solution of the equation
(p+ DYP = log(1+ v2).
In [5], Chu etc proved that the double inequalities
a1L(a,b)+ (1- a;)Q(a,b)< M(a,b) < byL(a,b)+ (1- by)Q(a,b) (1.6)
and
arL(a,b)+ (1- a,)C(a,b)< M(a,b)< byL(a,b)+ (1- b,)C(a,b) (1.7)
hold for all a,b >0 witha #b if and only if
a;® 2/5, by £ 1- 1/[V2log(l+ +/2)]= 0.1977L ,a,° 5/8
and b, £ 1- 1/[2log(1+ v/2)]= 0.4327L .
The main purpose of this paper is to found the least value a and the greatest value b such that the
double inequality
aH(a,b)+ (1- a)Q(a,b)< M(a,b)< bH(a,b)+ (1- b)Q(a,b)
holds forall a,b >0 witha=Db
2. MAIN RESULTS
THEOREM 2.1. The double inequality
aH(a,b)+ (1- a)Q(a,b)< M(a,b)< bH(a,b)+ (1- b)Q(a,b)
holds for all a,b >0 with a=b ifandonlyif a 1/3 and
b £ 1- 1/[V2log(l+ «/2)]= 0.1977L .
Proof. Without loss of generality, we assume that a> b> 0. Let x= (a- b)/(a+ b)I (0,1) and

| = 1- 1/[V2log(1+ 2)]. Then

H(a,b) _ 2 M(a,b)= X Q(a,b)z 5
AaD) T A@D) s Ix A@D) @1

Firstly, we prove that
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éH(a,b)+ %Q(a,b)< M (a,b) (2.2)

Equation (2.1) lead to

1 2
~H(a,b)+ =Q(a,b)- M(a,b 2 2
3 @D 5@0) WD 2f1ex® 1.2 X =d(x). (3)

A(a,b) 3 3 Iog§x+ N1+ x2§

.. ¥

X 290 o n 1X3>5L (2n- 1) on+1
B loggX + 41+ X“ 3= x+ -1 X ,we h
ecause gg \ - r?:l( ) [25a6L (Zn)]-@n+ D) we have
Iog§x+ J1+ X2 %< X . So that

21+ x2  1- X2 x*
d(x)< + -1=- < 0. (2.4)
3 3?&/“ X2+ 2+ XZ%
Therefore the inequality (2.2) follows from (2.3) and (2.4).
Secondly, we prove that
| H(a,b)+ (1- 1)Q(a,b)> M(a,b). (2.5)
Equation (2.1) lead to
| H(a,b)+ (I- 1)Q(a,b)- M(a,b) _ 241+ X2 L L X2 X
A(a,b) 3 3 Iogg’x+ Vi+ X2
4]
(2.6)
- Wi+ X2+ (- XZ)D(X)
Iog§x+ «J1+ x2%

where

D(x) = Iogg:x+ 1+ XZ% X (2.7)

- D1+ 2 +1 (- x3)

Simple computations yield

lim D(x)= 0, (2.8)
x® 0F
. 1
lim D(x)= log(l+ \2)- —— =0, 2.9
ap DT leENE R 29
and
Ddx) = ! F(x) (2.10)
J1 @[ I Wi 2+ 1@ QR
where

FOO= 12 - 3x2+1- A W1+ 2 +1254+ (@- 2 - 1Dx2+1 (2 - 7).  (211)
Making use of the transform x=1/2(t- 1/t) (t1 (1, 1+ J2)) for (2.11), we have

F(X)= —G(), 2.12)
16t
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where
G)=12%8+21 (2 - 3"+ 4@ 2 - 28+ 21 (7- 101 )t°+ 2(23 - Ht* 0.13)
+ 21 (7- 101 )3+ 4(1- 21 - 21 D)2+ 2 (2 - 3)t+12,
Simple calculations of derivative yield
Gdt)= 2[4 2"+ 71 (21 - )C+121- 21 - 21 2)t° + 51 (7- 101 )t*? 214
+4(23 2= A3+ 3 (7- 101 )%+ 4(1- 21 - 2 2)t+1(2 - 3],
G#(t) = 4[141 %%+ 21 (21 - 3)t°+ 30(1- 21 - 21 %)t + 101 (7- 101 )3 0.15)
+6(23 2- 4)t2+ 3 (7- 101 )i+ 2(1- 21 - 21 2],
Gdi(t) = 12[281 %t + 351 (21 - 3)t*+ 40(1- 21 - 2 ?)3 16

+ 101 (7- 101 )2 + 4(231 %- 4)t+1 (7- 101 )],
G (t) = 4835 %%+ 351 (21 - 3)t3+ 30(L- 21 - 21 2)t2+ 5l (7- 101 )t+ (23 2- 4)],(2.17)
GO ()= 2400281 23+ 211 (21 - )2+ 12(1- 2 - A D)t+1(7- 101)], (2.18)

GO (t) = 14400141 %%+ 71 (2 - 3)t+ 2(1- 21 - 2 2], (2.19)
and
G (t)= 100801 [4 t+ (2| - 3)] . (2.20)
Notice that 19/100< | < 1/5, from (2.13)-(2.20) one has
lim G(t) = 0, (2.21)
t®1"

lim  G(t)= 16[2(12v2 + 17)1 2- (702 + 99)I + (1242 + 17)]< - i(34J§ +45)< 0, (2.22)
t® (1 2) 25

lim G¢t)= 0, (2.23)
t®1"
lim  Gdt)= 32[(472 + 66)1 2- (10742+ 151 + (A7J2+ 24)]< - — (5842 + 81)< O/ (2.24)
t® (1++2) 25
lim Gg{t) = 144(3- 1)> 0, (2.25)
w1t 9
lim  Ggt)= 32[17(92 + 13)l 2- (27242 + 387)l + (3942 + 55)]
® (1 2y (2.26)
<- 3(656\/5 + 969) < 0,
25
lim Ggt) = 1296(3- 1)> 0, (2.27)
@1 9
lim  Gd(t)= 96[13(L12 + 15)l 2~ 38(5:/2 + 7)I + (2342 + 33)]
t® (1+2)
48 (2.28)
<- 2—5(369\/5 + 487)< 0,
lim 6@ (t) = 96(91 2- 65l +13)> S04 5 ¢, (2.29)
t®1" 10000
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lim  G®(t) = 96[(300v2 + 439) 2- 5(614/2 + 88) + (3042 + 43)]
t® (1+2)

(2.30)
<- —(1595J§ + 2304)< 0,
lim 6O (t)= 960(al 2- 201 + 3)< - 220 ¢, (2.31)
@1 25
lim G® (1) = 1440(241 2- 251 + 2)< - 2288 ¢, (2.32)
@1 5

and

cD)< 10080%[4%(“ J2)+ (2%- 3)]= - 752(231 1122)< 0.  (2.33)

From (2.33) we clearly see c® (t) is strictly decreasing in (1,1+ «/5) c® (t) is strictly
decreasing in (1, 1+ \/E) resulting from (2.31) and (2.32) together with the monotonicity of

c® (t) too. It follows from (2.29) and (2.30) together with the monotonicity of c@¥ (t) that there
exists toi L1+ \/E) such that G4 (t)> 0 for ti (1 tp) and c® (t)< O for ti (to, 1+ \/E),
hence Gt) is strictly increasing in (1, tp) and strictly decreasingin (ty, 1+ \/E) From (2.27) and
(2.28) together with the monotonicity of Ggf{(t) we know that there exists tli L1+ \/5) such
that Gg(t)> 0 for t1 (1,t;) and Gg(t)< O for t1 (ty,1+ \/E) . By (2.21)-(2.26) the same
reasoning applied to G#(t), G«t) and G(t) we can derive that there exists t, I (1, 1+ \/E) such
that G(t)> 0 for t1 (1, t,) and G(t)< O for t (t,, 1+ +/2).

We write that Xg = 1/2(t, - 1/ty). From

x1 (0,x) U t1 @Lty), xI (xg, DU tI (tp,,1+ \/E) and (2.12) together with the signs of
G(t) we affirm that F(x)> 0 for xI (0,Xg) and F(x)< 0 for xI (Xg,1). This fact and (2.10)
imply that DX)> 0 for x1 (0,Xp) and D)< 0 for x1 (Xp,1), thus D(X) is strictly
increasing in (0, Xg) and strictly decreasing in (Xg,1) . From (2.8) and (2.9) together with the

monotonicity of D(X) we elicit that

D(x)> 0. (2.34)
Therefore the inequality (2.5) follows from (2.6) and (2.34).
Finally we prove that 1/3H(a,b)+ 2/3Q(a,b) is the best possible lower convex combination
bound and | H(a,b)+ (1- 1)Q(a,b) is the best possible upper convex combination bound of the

harmonic and the quadratic means for the Nueman-Sandor mean.

Equation (2.1) lead to
X
f\/1+ X2 -

Q(a,b)- M(a,b)= sinh” 1x _ = B(x). (2.35)
Qb)- H@b) i+ x2. a- x2)

From (2.35) one has
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and

. 1

lim B(x)= =, (2.36)
x® 0F 3

lim B(x)=1. (2.37)
X®1

If a < 1/3, then (2.35) and (2.36) lead to the conclusion that there exists 0< ¢} < 1 such that
aH(a,b)+ (1- a)Q(a,b)> M(a,b) forall a,b> 0 with (a- b)/(a+ b)I (0,d).

If b>1, then (2.35) and (2.37) lead to the conclusion that there exists 0< dy < 1 such that
M (a,b)> bH(a,b)+ (1- b)Q(a,b) forall a,b> 0 with (a- b)/(a+ b)I (- d,1).
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