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Our aim in this paper is to find the solution of Linear systems Ordinary
e = Differential Equations (LSODE) with variable coefficients subjected to some
initial conditions by using Al-Tememe Transform (J.T) through generalized
the methods that found in [2]
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1. INTRODUCTION

Integral transformations are an important role to solve the linear ordinary differential
equations (LODE) with constant coefficients and variable coefficients.

We will use Al-Tememe Transform (7°.T) to solve systems of linear differential equations of a
first-order with variable coefficients. And the method summarized by ta;ing (7.T) to both
sides of the equations then we take (7 ~1. T) to both sides of the equations and by using the
given initial conditions we find the constants.

2. Preliminaries

Definition 1: [1]

Let f is defind function at period (a, b)then the integral transformation forf whose it's
symbol F(p) is defined as :

b
F(p) = j k(p, ) (x)dx

Where k is a fixed function of two variables, called the kernel of the transformation, and
a, b are real numbers or +oo , such that the above integral converges.
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Definition 2:[3]
The Al-Tememe transformation for the function f(x);x > 1 is defined by the following
integral :

[0e]

T )] = f P F(O)dx = F(p)

1
Such that this integral is convergent , p is positive constant.

Property 1:[3]

This transformation is characterized by the linear property ,that is

T[Af(x) + Bg(x)] = AT[f ()] + BT [g(x)],

Where A, B are constants ,the functions f(x) , g(x) are defined when x > 1.
The Al-Tememe transform for some fundamental functions are given in table(1)[3] :

[oe]

, F(p) = j xPf(x)dx Region of
ID Function ,f(x) 1 convergence
= T[f(x)]
k
k: k = constant — p>
2 n ER ! >n+1
X n p—(n+1) p-n
1
3 Inx m p>1
1
4 x"Ilnx,mn€R -+ DI p>n+1l
——— a
5 sinifa In x) -2+ p>1
p—1
6 COSL’EQCL In X) m p>1
a
7 sinhi‘fa In x) -1 -& lp—1| >a
p—1
8 COShif_‘{a In X) m |p - 1| >a
Table (1).

From the Al-Tememe definition and the above table, we get:

Theorem1:

If [ f(x)] = F(p) and ais constant, then T'[x % f(x)] = F(p + a).see [3]
Definition 3: [3]

Let f(x) be a function where (x > 1) and T[f(x)] = F(p), f (x) is said to be an inverse
for the Al-Tememe transformation and written as 7 1[F(p)] = f(x) , where 77! returns
the transformation to the original function.

Property 2:[3]
Iif T7UR@)] = A0, THE®) ] = 00, T HE®) ] = fi(x) and a, a,, ..., ay are
constants then,

T~ Ha Fi(p) + a;F,(p) + -+ + a, F, ()] = a1 f1(X) + azfo(x) + - + a, f, (%)
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Theorem 2:[3]
If the function f(x) is defined for x > 1 and its derivatives £ (x), f @ (x), ..., f ™ (x) are
exist then:

T f™® 0] = —f@ D) - (p - WD (1) - -

—@-np-m-1)..((p-2f(D+@-n)!F@®)

Definition 4:[4]
A function f(x) is piecewise continuous on an interval [a,b] if the interval can be
partitioned by a finite number of pointsa = x; < x; <--< x,, = b such that:
1. f(x) is continuous on each subinterval (x;, x; 1), fori = 0,1,2,..,n—1
2. The function f has jump discontinuity at x; , thus

lim f(x)|<00,i= 0,1,2,..,n—1; | lim f(x)| <o, i=012,..,n
x_)xi+ X—X;~

Note: A function is piecewise continuous on [0, o) if it is piecewise continuous in

[0,A] forallA > 0

Al-Tememe Transform Method for Solving linear Systems of Ordinary Differential
Equations:

Let use consider we have alinear system of ordinary differential equation of first order with
variable coefficients which we can write it by :

Xyy = any; + ay; + g1 (x)

, . .. (1)
Xy; = a1y1 + Ay, + g2(%). , ’
Where a11,a4, , a1 anda,, are constants, y; the derivative of function y;(x) and, y,
the derivative of function y,(x) ,such that y;(x) and y,(x) are a continuous function and
the (7.T) of g;(x) and g,(x) are known. And for solve the system (1) we take (7.T) to both
sides of (1) , and after simplification we putY; =7 (y,),Y, =T(y2),G1 =T (g1), G, =
T(g,) so,we get:

(@ — DY —y1 (1) = a V1 + aVz + Gi1(p)

. (2
(@ — DY, —y,(1) = an¥s + apY, + G, (p). 2)
So,
@—1-a11)Y1 — apY, =y (1) + G1(p) - (3)
—ay Y+ (p — 1—az)Y; = y2(1) + G2 (p) -« (4)
By multiplying eq. (3)by a,; and eq. (4) by (p — 1 — aq4).
and collecting the result terms we have :
h,(p)
k,(p)
o : _hi(p)
By the similar method , we findY; = ...(6)
k1(p)

Where hq , h, , k; andk;are polynomials of p , such that the degree of h; is less than the
degree of k; and the degree of h; is less than the degree of k, .By taking the inverse of Al-
Tememe transformation (7 ~1. T) to both sides of equations (5) and (6) we get:
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—1 [h1(@)
y, =T 1 [ 1(p ]
kl(p) (7)
y, = T-1 [hz(P)
2 k2(p)

Equations (7) represents the general solution of system (1) which we can be written it as
follows:
y1=A191(x) + A29:(x) + - + Ay gm () o)
y2 = B191(x) + B2g2(x) + -+ By g ()
Where as g1,92,-.-,9m are function of x , and4;,A,,...,A,are constants , which is
number equals to the degree of k;(p)also B;,B,, ..., Bpare constants which is ,number
equals to the degree ofk,(p) .To find the values of constants of4;,A4,,..,4,, and
B;,B,, ..., B,, we use the initial conditions y; (1)andy, (1) in system:
But the conditions y;(1) and y,(1) are not enough to find out the above constants, thus
we find y;(1), ...,yl(m_l)(l) and y,(1), ...,yz(m_l)(l) by using system (1) so we get the
number of equations equal to 2m of initial conditions. Also we use the equation (8) for
finding derivatives and by using the initial conditions , we get 2m equations.which is formed
linear system this linear system can be solved to obtain the values of
A ,A,,.., A, andB, ,B,,...,B,, .
Example 1:For solving the system:
Xy =y1 +4y; +2
Xy, =y1 — 2y, +x7* ;1 (D) =y,(1) =0
We take Al-Tememe transform to both sides of above system we get :

2
(p - 1)Y1 - 3’1(1) = Yl + 4Y2 + pTl (10)
1
By multiplying eq. (10) by 1 and eq. (11) by (p — 2),we get
2
—-2)Y; — 4Y, = —— .. (12
(» Y1 2 p—1 (12)
p—2
-2+ (@-2)(p+ DY, = ' - (13)
From equations (12) and (13) we get:
hi(p)

_ . — .2
e De-ern NP TP TP

And
Y, = h; (p)
r(p—1D-3){p+2)
Therefore,( after using 7~ 1. T )we get:
y, = Ayx™ ' + By + Cpx? + Dyx 3
Alsoso,y; = Ajx~ 1 + By + C;x% + D;x~3
The conditions y;(1) and y,(1) are not enough to get the above constants from the above

; ho(p) = 2p* + 6p — 4

two equations so we will substitute the two conditions and their derivatives in the
differential equations (linear system) to get :

y(D=2,910=1,y,(1)=4,y,(1)=-2,y; (1) = -12,y, (1) = 14
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By substituting these initial conditions in the derivatives of the general solution of
y1(x),y2(x) we get:
A1+Bl+C1+D1 =0
_Al + 2C1 - 3D1 = 2
2A1 + 2C1 + 12D1 == 4
—64; —60D; = —12
By solving these equations we get:
= y = _2/3x‘1 _ 2/3 + 16/15x2 + 4/15 X3
By the same method we find :
A2 = 1/3 ,Bz = _1/3 JCZ = 4-/15 FDZ = _4/15
= y,= 1/3x‘1 _ 1/3 + 4/15x2 _ 4/15x‘3
Example 2: for solving the system:

Xy; =2y1 =y, tx

xy, =3y =2y, +lnx Sy (D =y0)=1
By using Al-Tememe transform to both sides of above system we get :

1
P-Dh-ynQ)=2-Y, + — - (14)
- 1Y, — D=3, -2+ —— .. (15
(p— DY, —y,(1) 1 2 (- 1)2 (15)
Therefore
(-3, +Y, =2 ! 16
p 1 2= p—2 .. (16)
(pt 1y, 3y, =P +Z (17)
p 2 1 — (p _ 1)2 .
By multiply eq. (16) by 3 and eq. (17) by (p — 3)we get:
_3(p—-1)
3(p - 3)Y1 + 3Y2 = pT (18)
(p—3)(p*-2p+2)
B3@-3)1+(@-3)(p+1Y, = =12 ..(19)

From equations (18) and (19) we get:

hy(p)
Y, = shi(p) = p* —4p3 +9p? —13p +9
2T plp— D2(p -2 MW TP TP P
And
h,(p)
Y, = shy(p) =p* —3p3 +4p?> —4p +3
TR - DI TR T T
Therefore,

y; =A;x '+ B, + Cilnx + D;x + Eyx Inx
y, = Ayx™ 1+ By + Cylnx + Dyx + Erx Inx
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The conditions y;(1) and y,(1) are not enough to get out the constants from above
equations so, we will substitute the two conditions and their derivatives in the differential
equations (linear system) to get :-

) =2,7M) =151 =2,y,0) =4,y (1) =—4,y, 1) =-11,571)
=15 ,yP(1) =45
By substituting these initial conditions in the general solution of y;(x),y,(x) and its
derivatives we get:

Ay=3/,,B,=0,¢,=1,D,=1/,, E; =3/,

= y1:3/4x_1+lnx+1/4x+3/2xlnx

By the same method we find :

Ay =9y By=-1,6G,=2,0,==1/,, B, =3/,
= yz=9/4x‘1+2lnx—1/4x+3/2xlnx—1
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