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1. INTRODUCTION

Wang, Li, Gao and Iseki [14] proved some fixed point theorems on expansion mappings
which correspond to some contractive mappings. In a paper Rhoades [9] generalized the results for
pairs of mapping. Some theorems on unique fixed point for expansion mapping are proved by Popa
[6]. Popa [7] further extended results [6], [9] for compatible mappings

In 1999, Popa [8] proved some fixed point theorems for compatible mappings satisfying an
implicit relation.

Let Sand T be two self mappings of a metric space(X ,d ) Sessa [10] defines S &T to be
weakly commuting if d(STX,TSX)Sd(TX, SX) for allXx e X . Jungck [1] defines Sand T to be
compatible if lim,__ d(STx, TSx,)=0whenever {X }is a sequence inX such that

lim , Sx,=lim _,_ Tx =X for someX inX inclearly, commuting mappings are weakly

commuting and weakly commuting mappings are compatible, but implications are not reversible
[11,Ex1]and[1,Ex 2.2] .

Many authores have proved common fixed point theorems for compatible mappings for this
we refer to Jungck [1],[2] and [3], Sessa, Rhoades and Khan [12], Kang, Cho and Jungck [4], Kang and
Ray [5] and Sharma and Patidar [13] .
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In this paper, we prove common fixed point theorems for semi and weak compatible
mapping in Metric spaces, satisfying an implicit relation.
Lemmal.1l-Let S and T be compatible self mappings on a metric space(X , d) f
limSx,, =1limTx then limSTx, =1limTSx, .
Lemmal.2-Let S and T are the self map of metric space(X .d ) .Then pair (S,T) be semi
compatible if limSx, =limTx, =zthenlimSTx, =Tz.
Lemmal.3- Let S and T are the self map of metric space(X .d ) .Then pair (S,T ) be weak

compatible if Tz=Sz =TSz =STz.
2. Implicit Relations-

Let ® be the set of all real continuous functions ¢(t1,t2,t3...t6): R® >R satisfying the

following conditions:

@, . @is non increasing in variable t; .

¢, :there exist h >1such that for every U,V >0 with

(¢a):¢(u,v,v,u,%,0jzo

(%)3¢(U,V,U,V,U—J2rv,u+v]zo

We have v > hu
@, ¢(u,u,0,0,0,u)<0 Forallu >0.

Example 2.1- ¢(t,,t,,t,,t,,t,t ) =t, —h max(tl,t3,t4,t5,t%jwhere h>1

@, : Obviously
¢, Llet v>0

(¢a):¢(u,v,v,u,u—?/,0):v—h max[u,v,u,u—gv,ojzo

If U<V then v—hv>0
v>hv>v forh>1 = v >V, whichis contradiction, thus U >V

Therefore we will havev—hu>0=v>hu.

(¢b):¢(u,v,u,v,u—?/,u+vj=v—h max(u,u,v,u—;rv,u+vj20
If v>0 and U >V then

v—h(u+v)=0

v-hu-hv>0

v—hu>0=v>hu

¢y #(1,,0,0,0,47) =u~h max(u,0,0,0,47) <0
for u>v.. —u—-hu<0

=u(l-h)<0
Since h>1..u>0
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3. Main Results
Theorem3.1- Let (X,d)be a complete metric space and A& B be self maps of Metric space

satisfying
(a) A(X)=B(X)
d (Ax, Ay),d(Bx,By),d (Ax,Bx),d (Ay,By),
¥51d(Ax.Bx)+d (Ay, By)}.d (Ax,By)
Forall X,ye X & ¢p®

(C) Either A or B is continuous.

(b)

(d) (A, B) is semi compatible and weak compatible

Then A & B have a unique common fixed point in X .
Proof-Let X, € X and A(X)c B(X)then there exist a point X, € X such that Bx, = Ax, = Y,.
Inductively we can define a sequence BX,, = AX, =Y, .

Step (1) - By using (b) with X=X, y=X_,;

[d(AX,, AX,,),d (BX,,BX,,,),d (AX,, Bx,),d (AX,,., BX,..),

>0
¢ 12{d (A%, BX, )+ d ( A,y BX, ) O (AX,, B, )

(Yo Yot ) 8 (Yoa Y )o@ (Vs Yora )8 (Vooas Yo ) |
W{ d (Y Vo) +0 (Yo ¥a)} 0 (Vi ¥n) |
d (Y Yot )+ (Yot ¥ )+ (Y Vs )8 (Vs Vo) |
24 (Yo Yora )+ (Vo V)0
By(¢,),v=hu
d (Y1 ¥a) 20 d (Yo Vi)
d (Yo Vo) < S (Yoas Vo) (D)
Again by using (b) with X=X, y=X_,
d(Ax,, Ax,,),d(Bx,,Bx,),d (Ax,,Bx,),d (A, Bx, ),
_%{d(Axn,an)+d(Axn,l,an,l)},d(Axn,an,l) ]ZO

_d(ymynl),d(ynl,ynz),d(yn,ynl),d(ynl,yn2),}
1504 (Yo Yo r)+ 0 (Yo s Yo )} (Yo Vi) -

Since by triangular inequality we have
d (Yo Yao) <A(Yar Yos )+ (Vs Yoo ) Therefore
A (Yor Ys )8 (Ynss Yoo )y (Yo Vs ) o0 (Vs Yoo ]>0
Pl (Yo Yos) +d (Vorss Yoo )} 40 (Vi Vo) + 0 (Yo Vo)) |
By(4,),v=hu

>0

=

¢

¢
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d (yn—l’ yn—2) 2 h d (yn’ yn—l)

d (yn’ yn—l) < %(yn—li yn—2) (2)

By equation (1) and (2)

d (yn’ yn+1) < %2 d (ynfl’ yn72)

Similarly it can be found

d (Y Vo) < Hn 0 (%1 Y0)

limn—oo0, d(Y,,Y,,)<& where £>0
Therefore {yn} is Cauchy sequence.

Since X is complete therefore{yn} — Z, and then all of its subsequence also converges toz.

Therefore
limAx, =z, limBx,, =z.
Step (2) - A is continuous
Since
limAx, =z, limBx, =z
- lim AAx, = Az & lim ABx, = Az
Also pair (A, B)is semi compatible then, limBAX, = Az.
Step (3) -By using (b) with X=AX_, y =X,
[d(AAX,, Ax,),d (BAx,, B, ),d (AAX,, BAx,),d (Ax,,BX, ),
>0
¢ 1/{d (AAX,, BAX,)+d (Ax,,Bx,)},d (AAX,, Bx,)

Taking limn — oo
d(Az,z),d(Az,2),d(Az, Az),d (z,z)}

| Y5 {d(Az, Az)+d(2,2)},d(Az,2)

¢[d(Az,z),d(Az,2),0,0,0,d(Az,2)]|>0

¢

Which is contradiction of ¢,: ¢(u,u,0,0,0,u)<0
It is only possible when u=0or d (AZ, Z) =0=>Az=z2
Step (4) -Since A(X )< B(X). Then there exist a point We X such that Az=Bw=z.
By using (b) with X=X,y =W

d(Ax,, Aw),d (Bx,, Bw),d (Ax,,Bx,),d (Aw, Bw),
¢_%{d(Axn,an)+d(Aw,BW)},d(Axn,BW) ]>O

Taking limn — o
[d(z,Aw),d(z,2),d(z,2),d (Aw,z)}>
Y {d(z.2)+d(Aw2)},d(22)

:d(z,Aw),0,0,d(Aw,z),%d(Aw,z),O]zO

=
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By (¢a)we have v > hu
0>h d(Z,AW) Since h > 1therefore d(Z,AW)zO:AW:Z,and so Aw = Bw

Since (A, B)is weak compatible, therefore .. ABW=BAW=Az=Bz=z2

Therefore z is a common fixed point of A&B.

Step (5)- B is continuous
Since imAx, =z, limBx, =z, therefore
limBAx, =Bz , limBBx, = Bz
Again pair (A, B)is semi compatible then lim ABx, = Bz
By using (b) with Xx=BX, , Y =X,

[d(ABx,, Ax,),d (BBx,, Bx,),d (ABx,, BBx, ),d (Ax,, Bx,),
/ 1/{d(ABx,,BBx,)+d (Ax,,Bx,)},d (ABx,, Bx,) }0

Taking limn — o
d(Bz,z),d(Bz,z),d(Bz,Bz),d(z,2),
%{d(Bz,Bz)+d(z,z)},d(Bz,z) }
¢[ d(Bz,z),d(Bz,2),0,0,0,d(Bz,z) |20
Which is contradiction of ¢;: ¢(u,u,0,0,0,u) <0

¢

It is only possible when u=0o0r d(BZ,Z)=O:> Bz=z
Step (6)- By using (b) with X=X, y=12
d(Ax,,Az),d(Bx,,Bz),d(Ax,,Bx,),d(Az,Bz),
_%{d(Axn,an)+d(Az,Bz)},d(Axn,Bz)
Taking limn — o
'd(z,Az),d(z,2),d(z,2),d (Az,2),
>
_%{d(z,z)+d(Az,z)},d(z,Bz)
By (¢a)we have,0>h d(Z,AZ)

Since h>1 therefore d (Z, AZ) =0=>Az=z2

¢

¢

Or Az =Bz =1z .Therefore Z is a common fixed pointof A & B.
Uniqueness- Let U is another fixed point of A & B, therefore Au=Bu=u.
Then by using (b) withx=U & y=12,

' d(Au,Az),d(Bu,Bz),d(Au,Bu),d(Az, Bz)}

_%{d(Au, Bu)+d (Az,Bz)},d (Au,Bz)
d (u,z),d (u,Z),d (u,u),d (z,z),:l>
Blduu+d(zz)duz) |

¢
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¢[d(u,z),d(u,2),0,0,0,d(u,z) |20
Which is contradiction of ¢,: ¢(u,u,0,0, O,U) <0
It is only possible when u=0or d (u, Z) =0=u=z.
Therefore Z is unique common fixed point of A & B.
Corollary 3.2-Let T, F and S be self mapping of metric space (X , d) with
@ T(X)I F(X),s(X)I F(X)
(b)y & (Tx, Sy)33 y & (Tx, Fx) +d (Tx, Fy)g+f ¢d (Tx, Sy)g
(c) Either T or F is continuous function.
(d) (T, F) is semi compatible and weak compatible.
(e)TS=ST ,FS=SF
Ify and f are monotonic increasing function such that
y.f :[O,¥ ) ® [O,¥ ) andy (t) =f (t) =0U t=0,then z is unique common fixed point of

FandT.
Theorem3.3- Let (X .d ) be a complete metric space and A, B,G & F be self maps of Metric space

satisfying
(a) A(X)cB(X), F(X)=G(X)
d (Ax, Fy),d(Gx,By),d (Ax,Gx),d (Fy,By),

(b) %{d(Ax,Gx)er(Fy,By)},d(Ax,By) -
Forall X,ye X & ¢ € ®
(C) Either A or Gis continuous.
(d) (A, G) is semi compatible and (F, B)weak compatible
(e)FG =GF & BG=GB

Then A, B, F &G have a unique fixed pointin X .
Proof-Let X, € X and A(X )< B(X)and F(X)cG(X)then there exist a point X;,X, € X such
that Bx, = AX, =y, & GX, = FX, =Y, . Inductively we can define a
sequenceBX, , =AX =Y, &GX ,=FX ,=VY,.;-
Step (1) - By using (b) with X=X, y=X_,;

[d (AX,, FX,,.),d (GX,,BX,,.),d (AX,,GX, ),d (FX,,., BX,..),
¢ %{d(Axn,Gxn)+d(Fxm,an+1)},d(Axn,an+l) >0
¢'d(yn,yn+1) d(yn_lyyn),d(yn,yn_l),d(ym,yn)f>O
_}/{ (yn’yn—)+d(yn+1’yn)}!d(yn’yn) __
(yn yn+1) d(yn -1 yn) (yn’ynfl)'d(ynﬂ'yn)’_
¢ >0
2o (Yo Yoa )+ (o V), 0
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By(¢,),v=hu

d(Yoas ) 2N d ¥y, Vo)

d(yn,ym)s%(ynfl,yn) (1)

Again by using (b) with X = Xor Y=X
d(AX,,Fx,,),d(Gx,,Bx,,),d(Ax,,Gx,),d(FX,,,BX,,),
_%{d(Axn,Gxn)m(Fxn,l,an,l)},d(Axn,an,l) ]ZO

(Yo Yo )sd (Yoa Yoo ) 8 (Vs Vo) d (Yo, ynz)} §
1500 (Y Vo) + 0 (Yo Yo o)} A (Vi Vo) )

Since by triangular inequality we have
d(Vn Yao) <A (Ve You )+ (Yo Voo ) Therefore
; d (Yo Yor)rd (Yosr Yoz ) (Yo Yo ) A (Yos Yoo ]>0
2540 (s Vo) + 8 Yocas Voo ) 1o {d (Vs Yo )+ 0 (Vo Yoo )} |
By(¢,),v=hu
d(Yos Yoo)Zh d (Vi Vi)
d(

Yor Yo 1) € Y (Voas Voo) (2)

By equation (1) and (2)

d (yn’ yn+1) < %2 d (yn—l’ ynfz)

Similarly it can be found

d(ynvynu)g}/n d(yl’yO)

limn—o0, d(Y,,Y,,)<& where £>0

¢

¢

Therefore {yn} is Cauchy sequence.

Since X is complete therefore {yn} — Z, and then all of its subsequence also convergesto z .

Therefore
limAx, =z ,limFx_, =z ,limBx_,, =z & limGx,,, =

Step (2) - A is continuous

Since

limAx, =z, limGx, =z

s limAAX, = Az & lim AGx, = Az

Also pair (A,G) is semi compatible then, IMGAX, = Az.

Step (3) -By using (b) with X=AX_, Yy =X,
d(AAXn,FXn),d(GAXn,BXn),d(AAXn,GAXn),d(FXn,an),

>0
¢ 17{d (AAX,,GAX,)+d (Fx,,Bx,)},d (AAX,,Bx,)

Taking limn — o
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d(Az,z),d(Az,z),d(Az,Az),d(z,2),
/ %{d(Az,Az)+d(z,z)},d(Az,z) }
¢[d(Az,z),d(Az,2),0,0,0,d(Az,2)]>0
Which is contradiction of ¢,: ¢(u,u,0,0,0,u)<0
It is only possible when u=0o0r d(Az,2)=0=Az=1z
Step (4) -Since A(X )< B(X). Then there exist a point We X such that Az=Bw=z.
By using (b) with X=X_,y =W

d(Ax,, Fw),d(Gx,,Bw),d (Ax,,Gx,),d (Fw, Bw),
¢ %{d(AXn,GXn)+d(FW,BW)},d(AXn,BW) ] °

Taking limn — o

=

_d(z,FW),d(z,z),d(z,z),d(Fw,z)}Zo

| Yid(z.2)+d(Fw,2)}d(2.2)

¢ d(z,Fw),0,0,d (Fw,z), ¥ d (Fw,2),0|>0

By (¢, )we have v hu

0O>hd (Z, FW) Since h >1therefored (Z, FW):0:> Fw=z.
Since (F, B) is weak compatible, therefore
Fw=Bw
.. FBw = BFw
or Fz=Bz
Step5-By using (b) with X=X & y =12
d(Ax,,Fz),d(Gx,,Bz),d(Ax,,Gx,),d(Fz,Bz),
0
_%{d(Axn,Gxn)+d(Fz,Bz)},d(Axn,Bz)
Taking limn — o
d(z,Fz),d(z,Fz),d(z,z),d(Fz,Fz),
_%{d(z,z)+d(Fz,Fz)},d(z,Fz)

¢[d(z,Fz),d(z,Fz),0,0,0,d(z,Fz)|>0

¢

¢

Which is contradiction of ¢,: ¢(u,u,0,0, O,u) <0
It is only possible when u=0or d (FZ, Z) =0=>Fz=z

Bz=Fz=z
Step6-By using (b) with X=X, & y =Gz
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d(Ax, FGz),d(Gx,, BGz),d(Ax, Gx,),d(FGz, BGz),
g %{d(Axn,Gxn)+d(FGz,BGz)},d(Axn,BGz) ] °

Since FG =GF & BG =GB
Taking limn — oo
d(z,GFz),d(z,GBz),d(z,z),d(GFz,GBz)}

_%{d (z,2)+d(GFz,GBz)},d (z,GBz)
'd(z,Gz),d(z,Gz),d(z,2),d (Gz,Gz),
¢_%{d(z,z)+d (Gz,Gz)},d(2,Gz) }

¢[d(z,Gz),d(2,Gz),0,0,0,d(z,Gz) |=0

¢

Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0
It is only possible when u=0or d (GZ, Z) =0=>0Gz=z2

Z is a common fixed point of A, B, F &G.

Step (7)- G is continuous

Since limAx, =z, limGx, = z, therefore

IimGAx, =Gz , imGGx, =Gz

Again pair (A, G) is semi compatible then lim AGx, =Gz

Step (8)- By using (b) with x=GX_ , y =X,
d(AGx,,Fx,),d(GGx,, Bx,),d (AGx,,GGx, ),d (Fx,, Bx, ),

¢_%{d(AGXn,GGxn)+d (Fx,,Bx,)},d (AGx,,Bx, ) ]20

Taking limn — o0
'd(Gz,z),d(Gz,z),d(Gz,Gz),d(z, z)}

| 1){d(62,67)+d(2,2)},d(Gz,2)

¢[d(Gz,2),d(Gz,2),0,0,0,d(Gz,z) |20

¢

Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0
It is only possible when u=0or d (GZ, Z) =0=>0Gz=z2
Step (9)-By using (b)with X=27, y =X,

|d(Az,Fx,),d(Gz,Bx,),d(Az,Gz),d (Fx,,Bx,),

0

_%{d(Az,Gz)+d(Fxn,an)},d(Az,an)
Taking limn — o

'd(Az,2),d(z,2),d(Az,2),d(z,2),

>

_%{d(Az,z)+d(z,z)},d(Az,z)

¢:d(Az,z),o,d(Az,z),o,%d(Az,z),d(Az,z)}zo

¢
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By (¢b)we have V> hu
0>hd(Azz)
Since h >1therefore d(AZ,Z)=O:> Az=z2
Step (10) -Since A(X )< B(X). Then there exist a point We X such that Az=Bw=z.
By using (b) with X=X,y =W

[d(Ax,, Fw),d(Gx,, Bw),d (Ax,,Gx,),d (Fw, Bw),
/ 12{d (Ax,,Gx,)+d (Fw,Bw)},d (Ax,, Bw) ] °

Taking limn — oo
d(z,Fw),d(Z,Z),d(Z,Z),d(FW,z)}
15 {d(2.2)+d(Fw2)} d (2.2)

d(z,Fw),0,0,d(Fw,2), ) d(Fw,2),0]>0

¢

d

By (¢, ) we have v>hu

O0>hd (Z, FW) Since h >1therefore d (Z, FW):0:> Fw=72 and so Bw= Fw.

Since (F, B) is weak compatible, therefore FBW=BFw=Fz=Bz =2

Step(11)-By using (b) with X=X, & y=12
[d(Ax,,Fz),d(Gx,,Bz),d(Ax,,Gx,),d(Fz,Bz),

_%{d(Axn,Gxn)+d(Fz,Bz)},d(Axn,Bz) ]

Taking limn — oo
'd(z,Fz),d(z,Fz),d(z,2),d(Fz, Fz)}

_%{d(z,z)er(Fz, Fz)}.d(z,Fz)

¢[d(z,Fz),d(z,Fz),0,0,0,d(z,Fz)]|=0

¢

¢

Which is contradiction of ¢,: ¢(u,u,0,0, O,u) <0

It is only possible when u=0or d (FZ, Z) =0=>Fz=z
Bz=Fz=z
Therefore z=Bz=Fz=Gz=1z.
Or z is a unique common fixed point of A, B, F &G.
Uniqueness can be easily proved.
Theorem3.4- Let (X , d) be a complete metric space and A, B, F,G, H & E be self maps of Metric
space satisfying
(a) A(X)cBH(X), F(X)cGE(X)
d (Ax, Fy),d (GEx, BHy),d (Ax,GEx),d (Fy, BHy),
(b) ¢ 17{d (Ax,GEx)+d (Fy,BHy)},d (Ax, BHy)

Forall X,ye X & p®
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(C) One of the(A, GE) is continuous.

(d ) (A, GE) is semi compatible and weak compatible.

(e)( BH, F)is weak compatible

(f)FH =HF ,BH =HB,AE=EA &GE =EG
Then A,B,F,G, H &E have a unique common fixed point in X .

Proof-Let X, € X and A(X ) < BH (X ) and F (X ) c GE(X )then there exist a point

X, X, € X such that BHX, = AX, =y, & GEX, = FX, =Y, . Inductively we can define a

sequence BHX ,, = AX, =Yy, & GEX ., =FX ,=VY,.,-

Step (1) - By using (b) with X=X, Yy=X_,;

[d(Ax,,Fx,,,),d(GEx,, BHx,,,),d (Ax,,GEX, ),d (FX,,,,

12{d (A%, GEX, ) +d(FX,,.,BHX,,)},d (AX,, BHX, ;)

A (Yo Yar) A (Yot Yo ) 8 (Yar Yo ) 8 (Vs Vo ) |

¢_%{ RN IPTOR BT

(yn’ yn+1)'d

L2{d (Yo Ve

By(¢,),v=hu
(yn 1’yn)>h d(yn’ym—l)

d (Yo Yns) S S (Yoss o) (D)

Again by using (b) with X=X, Y=X_
d(Ax,,Fx,,),d(GEx,,BHx ),d(Ax,,GEXx,),d (Fx,, BHX, ),
_%{d (Ax,,GEx,)+d (Fx,,, BHx, ,)},d (Ax,,BHx,,)

(Yo Vo) 8 (Yot Voo ) 8 (Yo Yas ) d (Vo ynz)} §

¢_%{d(yn, Yos) + 0 (Vs Yoz )20 (Voo Voz)

Since by triangular inequality we have

d(Yar Vo2 ) <A (Yns Yot ) +(Yosr Yoo ) Therefore

A (Yo Yos):d (Yar Yoz )G (Yo Yod): 8 (Yoas Vica): ]>0
%{d(yn,yn_1)+d(yn_l,yn_z)},{d(yn,yn_1)+d(yn_l,yn_2)} -
By(d,),v=hu

d (Yo Yoz) 2N A (Yo Yos)

d(

Yar Yo 1) € X (Voas Yoo) (2)

By equation (1) and (2)

d (yn’ yn+1) < %2 d (yn—l’ ynfz)

BHX,.,),

¢ >0

>0

(Yorr ¥0) 0 (Ve Yos ) 8 (Yos ¥ ). | o
" §

d (Y1 Yo )} 0

=

¢ >0

¢
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Similarly it can be found

d(yn’yml)g}/”d(yl’yo)
limn—o0, d(Y,,Y,,)<& where £>0

Therefore {yn} is Cauchy sequence.

Since X is complete therefore {yn} — Z, and then all of its subsequence also convergestoz .
Therefore
limAx, =z ,limFx,, =z ,limBHx ,=z & limGEx,,, =z.

Step (2) - A is continuous
Since

limAx, =z, imGEx, =z

s limAAX, = Az & lim AGEX, = Az

Also pair (A,GE) is semi compatible then, lIMGEAx, = Az.
Step (3) -By using (b) with X=AX_, y =X,

d (AAX,, Fx,),d (GEAX,, BHx, ),d (AAX,,GEAX, ),d (Fx,, BHx, ),

_%{d(AAXn,GEAXn)M(Fxn,BHxn)},d(AAXn,BHXn) >0

¢

Taking limn — oo
[d(Az,z),d(Az,z),d(Az,Az),d (z,z)}

| Y5{d (A2, A2)+d(2,2)},d (A2,2)

¢[d(Az,z),d(Az,2),0,0,0,d(Az,2)|>0

¢

Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0
It is only possible when u=0or d (AZ, Z) =0=>Az=2
Step (4) —Since A(X ) cBH (X ) . Then there exist a point We X such that Az=BHw=1z2.
By using (b) with X=X,y =W

d(Ax,, Fw),d (GEx,, BHw),d (Ax,,GEX, ),d (Fw, BHw),
¢_%{d(AXn,GExn)+d(FW,BHW)},d(Axn,BHW) }O

Taking limn —

qj_d(z,Fw),d(z,z),d(z,z),d(FW,z)}>
_%{d(z,z)+d(Fw,z)},d(z,z) -

¢ d(z,Fw),0,0,d(Fw,2), ) d (Fw,2),0|>0

By (¢, ) we have v>hu

0O>hd (Z, FW) Since h >1therefore d (Z, FW) =0= Fw=1zand so Fw=BHw
Since (F, BH ) is weak compatible, therefore FBHW=BHFwW = Fz = BHz
Step5-By using (b) with X=X & y =12
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d(Ax,,Fz),d (GEx,,BHz),d (Ax,,GEx, ),d (Fz,BHz),
¢_%{d(Axn,GExn)+d(Fz,BHz)},d(Axn,BHz) } °

Taking limn — o
'd(z,Fz),d(z,Fz),d(z,2),d(Fz,Fz),
%{d(z,z)+d(Fz,Fz)},d(z,Fz) }
¢[d(z,Fz),d(z,Fz),0,0,0,d(z,Fz)|>0
Which is contradiction of ¢,: ¢(u,u,0,0,0,u) <0

¢

It is only possible when U =0or d (FZ, Z)=0:> Fz=z
Step6-By using (b) with X=X & y=Hz
d (Ax,,FHz),d (GEx,, BHHz),d (Ax,,GEx, ),d (FHz, BHHz),
>0
17{d (Ax,,GEx,)+d (FHz, BHHz)},d (Ax,, BHHz)

Since FH = HF & BH =HB
Taking limn — oo
d(z,HFz),d(z,HBHz),d(z,z),d(HFz,HBHz),]

1/{d(z,2)+d (HFz,HBHz)} d (2, HBHz)
:d (z,Hz),d(z,Hz),d(z,2),d (Hz,Hz),
_%{d(z,z)+d(Hz,Hz)},d(z,Hz) ]
¢[ d(z,Hz),d(z,Hz),0,0,0,d(z,Hz) |20

Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0

¢

¢

It is only possible when u=0or d (HZ, Z) =0=>Hz=z

Since BHz=z=Bz =z
Therefore Fz=Bz =2

Step (7) Since F (X ) c GE(X ) . Then there exist a point We X suchthat Fz=GEw=12.

By using (b) with X=wW, Yy =X,
d(Aw, Fx,),d (GEw, BHx, ),d (Aw,GEw),d (Fx,, BHX, ),

>0
¢ 17{d (Aw,GEw) +d (Fx,, BHx, )}, d (Aw, BHx,)

Taking limn — o
[d(Aw,z),d(z,z),d(Aw,z),d (z,z),:|
340wz} (2 0wz

:d(AW,Z),O,d(AW,Z),O,%d (Aw,z),d (AW,Z)]ZO

¢

¢

By (¢, ) we have v>hu

0>hd (AW, Z) Since h > 1therefored (AW, Z) =0= Aw=27and so Aw=GEw

Vol.3.Issue.3.2015 (July-Sept) 29



RITU SAHU et al Bull.Math.&Stat.Res

Since (A,GE) is weak compatible therefore AGEwW=GEAW= Az=GEz =72
Step (8)-By using (b) with Xx=Ez &y =X
d (AEz, Fx,),d (GEEz,BHx, ),d (AEz,GEEz),d (Fx,, BHX,),
¢ >0
1/{d(AEz,GEEz) +d (Fx,,BHx,)},d (AEZ, BHX, )
Since AE = EA&GE =EG
'd(EAz,z),d (EGEz,z),d (EAz, EGEz),d (z,2),
¢ >0
_%{d(EAz,EGEz)+d(z,z)},d(EAz,z)

Takinglimn — oo
'd(Ez,z),d(Ezz),d (Ez,Ez),d(z,z)}

| Y5 {d(Ez,E2)+d(2,2)},d (Ez,2)

¢[ d(Ez,z),d(Ez2),0,0,0,d (Ez,z) |20

¢

Which is contradiction of ¢,: ¢(u,u,0,0, O,u) <0
It is only possible when u=0or d (EZ, Z) =0=>Ez=z

Since GEz=z2=G0Gz=z2

Therefore Az=Bz=Fz=Gz=Hz=Ez=z2

Therefore z is a common fixed point of all six maps.

Step (9)- GE is continuous

Since

limAx, =z, imGEx, =z

- iImMGEAX, = GEz & limGEGEX, = GEz

Also pair (A, GE) is semi compatible then, lim AGEx, =GEz.

Step (10) -By using (b) with Xx=GEX, , y =X,

|d (AGEX,, Fx, ),d (GEGEX,, BHx, ),d (AGEX,,GEGEX, ),d (Fx,, BHx, ),

>0
1/{d (AGEX,,GEGEX, )+d (Fx,, BHx, )},d (AGEX,, BHx,)

¢

Taking limn — o
| d(GEz,z),d (GEz,z),d (GEz,GEz),d (z, z)]
0

_%{d (GEz,GEz)+d(z,2)},d (GEz,z)
¢ d(GEz,z),d (GEz,2),0,0,0,d (GEz,2) |20

¢

Which is contradiction of ¢,: ¢(u,u,0,0,0,u)<0
It is only possible when u=0or d (GEZ, Z) =0=>GEz=z2
Step (11) -By using (b) with X=12, y =X,
d(Az,Fx,),d (GEz,BHx, ),d (Az,GEz),d (Fx,, BHx, ),
/ 1/{d(Az,GEz)+d (Fx,, BHx, )},d (Az, BHx, ) }O

Taking limn — o
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d(Az,z),d(z,z),d(Az,z),d(z,2),
/ %{d(Az,z)+d(z,z)},d(Az,z)
¢ d(Az,2),0,d(Az,2),0, 1) d(Az,2),d (Az,2) |20
By((/ﬁa),vzhu we have
0>hd(Az,z)
Since h >1therefore d(AZ,Z):O:> Az=1z
Step (12) -By using (b) with X=Ez, y =X,
' d(AEz,Fx,),d (GEEz,BHx, ),d (AEz,GEEz),d ( Fx,, BHx,),
>0
| %, {d (AEz,GEEz)+d (Fx,, BHx, )} ,d (AEZ, BHx,)
Since AE = EA&GE = EG also taking limn — oo
'd(EAz,2),d (EGEz,z),d (EAz, EGEz),d (z,2),
>0
| %5 {d(EAz,EGEZ)+d (2,2)},d (EAz,2)

¢

¢_d (Ez,z),d(Ez,z),d(Ez, Ez),O,%d (Ez,Ez),d(Ez, z)] >0
¢[ d(Ez,z),d(Ez2),0,0,0,d (Ez,z)|>0
Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0

It is only possible when u=0or d (EZ, Z) =0=>Ez=z2

Since GEz=72=Gz =7

Step (13) —Since A(X ) cBH (X ) . Then there exist a point We X such that Az=BHw=12.
By using (b) with X=X,y =W

d(Ax,, Fw),d (GEx,, BHw),d (Ax,,GEX, ),d (Fw, BHw),
/ 17{d (Ax,,GEx, ) +d (Fw, BHw)},d (Ax,, BHwW) }20

Taking limn — o
¢_d(Z,FW),d(Z,Z),d(Z,Z),d(FW,Z),:l>
Bld(z2)+d(Fu2)d(z2) |

¢ d(z,Fw),0,0,d (Fw,2) ) d (Fw,z),0|>0
By (¢, ) we have v>hu

0>hd(Fw,z) Since h>1 .. d(Fw,z)=0= Fw=zand so Fw=BHw.
Since (BH, F )is weak compatible, therefore BHFW = FBHW = BHz = Fz =z.

Step(14)-By using (b) with X=X, & y=12
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 d(Ax,,Fz),d(GEx,,BHz),d (Ax,,GEX, ),d (Fz, BHZ)}
¢ 0

_%{d(AXn,GExn)m (Fz, BHz)},d (Ax,,BHz)

Taking limn — o
'd(z,Fz),d(z,Fz),d(z,2),d(Fz Fz),]

Y4{d(z.2)+a(Fe o)) d (2 )

¢[d(z,Fz),d(z,Fz),0,0,0,d(z,Fz)|>0

¢

Which is contradiction of ¢, : ¢(u,u,0,0, O,U) <0
It is only possible when u=0or d (FZ, Z) =0=>Fz=z
Step(16)-By using (b) with X=X, & y=Hz
d (Ax,,FHz),d (GEx,, BHHz),d (Ax,,GEx, ),d (FHz, BHHz),
>0
17{d (Ax,,GEx,)+d (FHz, BHHz)},d (Ax,, BHHz)

Since FH = HF & BH =HB
Taking limn — oo
d(z,HFz),d(z,HBHz),d(z,z),d(HFz,HBHz),]

| 1{d(2,2)+d (HFz, HBHz)} ,d (7, HBH2)
d (z,Hz),d(z,Hz),d(z,2),d (Hz,Hz),
_%{d(z,z)+d(Hz,Hz)},d(z,Hz) ]

¢[ d(z,Hz),d(z,Hz),0,0,0,d(z,Hz) |20

¢

¢

Which is contradiction of ¢;: ¢(u,u,0,0, O,U) <0

It is only possible when u=0or d (HZ, Z) =0=>Hz=z
Since BHz=z=Bz=z2

Therefore Fz=Bz=z

Or Az=Bz=Fz=Gz=Hz=Ez=z2

Therefore z is a common fixed point of all six maps.
Uniqueness can be easily proved.
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