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ABSTRACT
In this paper, we present the least value a and the greatest value b such

that the double inequality
aHe(a,b)+ (I 2)Q(a,b)< M(ab)< bHe(ab)+ (I- b)Q(ab)
holds for all a,b >0 with a=b.Here Hgy(a,b),Q(a,b) and M(a,b)

denote the classical Heronian, quadratic and Neuman-Sandor means of two

LIU CHUNRONG Positive numbers @ and b, respectively.
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1. INTRODUCTION
For a,b> 0 with a' b, the Neuman-Sdndor mean M (a,b) [1] was defined by
a-b

M (a,b) = 1 ,
2sinh™ “[(a- b)/(a+ b)]

(1.2)

where sinh™ tx = log(x+ 1+ X2) is the inverse hyperbolic sine function.

Recently, the Neuman-Sandor mean has been the subject of intensive research. In particular, many
remarkable inequalities for M(a,b) can be found in the literature [1, 2]. Let

H(a,b) = (2ab)/(a+ b),G(a,b) = fab,
L(a,b)= (a- b)/(loga- logb),N(a,b)= gﬁ+ JB)/2§,P(a,b)= (a- b)/(atan" L fa/b- p),He(a,b)

— 1/3xa+ Jab + b), 1(a,b)= 1/e >(bb/aa)]/(b_ ¢
— (a+ b)/2, C(a,b)= 2/3x(@+ ab+ b2)/(a+ b), Q(a,b) = y/(a2+ b%)/2 and C(a,b)=

(a2+ bz)/(a+ b) be the harmonic, geometric, logarithmic, square-root, first Seiffert, classical

),T(a,b)z (a- b)/[2tan' 1(a- b)/(a+ b)],A(a,b)
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Heronian, identric, second Seiffert, arithmetic, centroidal, quadratic and contra-harmonic mean of
a and b, respectively. Then
min{a,b}< H(a,b)< G(a,b)< L(a,b)< N(a,b)< P(a,b)< H(a,b)< I(a,b)

_ 1.2
< A(a,b)< M(a,b)< T(a,b)< C(a,b)< Q(a,b) < C(a,b) < max{a,b} (-2
hold for all a,b> 0 with a! b.

In [3], Neuman proved that the double inequalities

aQ(a,b)+ (1- a)A(a,b)< M(a,b)< bQ(a,b)+ (1- b)A(a,b) (1.3)
and

| C(a,b)+ (1- 1)A(a,b)< M(a,b)< mC(a,b)+ (1- m)A(a,b) (1.4)

hold for all a,b >0 witha =b if and only if
a £ [1- log(l+ V2))/[(V2- Dlog+ «2)]= 0.3249L , b*
1/3,1 £ [1- log(1+ v/2)]/log(1+ </2) and m* 1/6.

In [4], Li etc showed that the double inequality
Lpg (a,b)< M(a,b)< Ly(a,b) (1.5)

holds for all a,b >0 witha#b, where

Ly(a.b)= [(@P"- bP*h)/(p+D(a- BIP (p* - 1,0),Ly(a,b)

= 1/e[(a®)/bP@ D and L 4(ab)= (a- b)/(loga- logh) is the pth generalized
logarithmic mean of @ and b, and py=1.843L is the unique solution of the equation

(p+ )YP = log(L+ 2).

In [5], Chu etc proved that the double inequalities

aiL(a,b)+ (1- a;1)Q(a,b)< M(a,b) < bsL(a,b)+ (1- by)Q(a,b) (1.6)

and

asL(a,b)+ (1- ap)C(a,b)< M(a,b)< byL(a,b)+ (1- b,)C(a,b) (1.7)

hold for all a,b>0 with azb if and only if

a1 2/5, by £ 1- 1/[V2log(l+ \2)]= 0.1977L ,a,> 5/8

and b, £ 1- 1/[2log(1+ «/2)]= 0.4327L .

The main purpose of this paper is to found the least value a and the greatest value b such that the
double inequality

aHq(a,b)+ (1- a)Q(a,b)< M(a,b)< bH.(a,b)+ (1- b)Q(a,b)

holds for all a,b >0 witha#Db.

2. MAIN RESULTS
THEOREM 2.1. The double inequality

aHg(a,b)+ (1- a)Q(a,b)< M(a,b)< bHg(a,b)+ (1- b)Q(a,b)
holds for all a,b>0  with azb if and only if a3 12 and

b £ 33(3+ xﬁ)gﬁ *é J/(x/flog(1+ \/5))5

= 0.37405L .
Proof. Without loss of generality, we assume that a> b> 0. Let x= (a- b)/(a+ b)I (0,1), 1 =
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83+ ﬁ)g/7§- 1/(V2log(1+ ﬁ))‘éand pi {/2,1}. Then
He@b) _1,. 52, M@b__ x Q@b _ f7 o1

A(a,b) 3 A(a,b) sinh”1x Aa,b)
Firstly we prove that

%[He(a,b)+ Q(a,b)]< M(a,b) (2.2)
and
M(a,b)< I He(a,b)+ (1- 1)Q(a,b). (2.3)

From (2.1) we have

PHe(ab)+ (- P)Q(ab)- M(@b) _ p2+ vi- x*)+ 3(1- p)i+ x°
Aa.b) 3log(x + y1+ x2)

where

Dp(x) = log(x + x/1+ x2)- 3 ) (2.5)
p2+ V1- x2)+ 31~ pyL+ X2

Dp (x), (2.4)

Equation (2.5) leads to

lim Dy(x)= 0, (2.6)
x® 0"

. 3

lim D, (x)= log(1+ «/2)- , (2.7)
®T 2p+ 3(1- pN2
and

1
DpH(x) = - 7 Fo(X), (2.8)
ép(2+ J1- x2)+ 3(1- p)y1+ x2E

where
(8p?- 18p+ 9)x%+ p(l4p- 9, 4p%(1- x?)

F =
b V1+ X2 V1- x4

(2.9)
2
L 6p(p- Dx”+ 3p@- 2p) 6p(l- 2p).
x/l- G
Let X= \/f, ti (0,1), then
F (0= (8p°- 18p+ 9)t+ p(l4p- 9, 4p%(1- 1)
P »\/14"[ "fél- t2
, 8p(p- 1)t1+ 3tp(1- 2P) 4 6p@i- 2p) (2.10)
= Gy (®).
Computations for G (t) yield
lim G,(t)= 0, (2.11)
ot "
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0¥

and

Gpfl) = —— L, (1),
2(1- 12)32 P

where

Lp(t)= [(8p2- 18p+ 9)t+ (2p>- 27p+18)](L- 1)¥?

+[6p(L- p)t+ 3p(2p- 3]+ )¥2+ 8p2(t- 1).

Now we distinguish between two cases:
Case1l. p=1/2.(2.14) leads to

L2 = @+ 5)A- H¥2- 3(1- %)(1+ 032+ 2(t- 1).

The Taylor series of the functions «/1- t and «/1+ t are

¥ - 3\ .
Ji-t=1- 1 3 Mt”,tI - 11

2 Z, (2nt
and
1, ¢ S1(2n- )N,
J+t=1+Zt+ § ( YU T (- 1),
2 -, (2n)!!

respectively, so inequalities

JI- t<1- %t- 12

8

and

JI+t>1+ 1, 1e
2 8

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

hold for all t 1 (0,2) . Making use of the inequalities (2.18) and (2.19) for (2.15) cause the conclusion

that

1 1. t 1. 1,
Ll/z(t)< (2t+ 5)(1- t)(1- Et- gt )- 3(1- E)(1+ )1+ Et- §t )+ 2(t- 1)

= L3+ 3712~ 108)
16
<0

(2.20)

for all t1 (0,1). (2.13) and (2.20) imply that G]/2¢(t)< 0 for t1 (0,1), hence Gj/z(t) is strictly

decreasing in (0,1). It follows from (2.8), (2.10) and (2.11) together with the monotonicity of

G]/Z(t) that D]/2¢(X)< 0 for xI (0,1), thus D]/Z(X) is strictly decreasing in (0,1). Therefore

inequality (2.2) follows from (2.4) and (2.6) together with the monotonicity of Dl/z(x).

Case2. p=1 .(2.14) resultin
L (t)=[(81 2- 181 + 9)t+ (2 2- 271 +18)](1- t)¥?
+ 61 (1- 1)t+ 3 (2 - 3]+ %2+ 8 2(t- 1),

(2.21)
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Simple calculations yield

lim L (t)(t)=18(1- 21)>0, (2.22)
t®0*
lim L (t)(t)= - 621 <0, (2.23)
t®1
L 4ty = § Sglu 2.9 +9%+§5| 2,85 1t
g 20 2 H
: - (2.24)
Bl (1- 1)t+ 3 g - 230/1+ t+8 2,
+ g_ 1- 1)t+ g 2%\/?4—
lim L t)=16l 2+ 15| - 18< 0, (2.25)
t® 0"
lim L {t)= I—[15ﬁ+ 8(2- 3J2)I1> 0, (2.26)
t®1 2
901 (1- 1)t+ 91 (5- 61)  15(8l %- 18] + 9)t- 9(101 2- 15| + 6)

t) = + , 2.27
L0 41+t 41- t 227)
lim Ly ()= - g(3- 4)1- 21)<o0, (2.28)
t® 0" 2
lim L #(t)=+¥ , (2.29)
t®r
and

2 2
L #(0) = 90l (- |)t+91 (15- 141)  3(501 *- 1351 + 72)- 1581 %~ 18l + Ot _ ;)

8+ 1)¥2 8(1- )32
forall t1 (0,1).From (2.30) we clearly see that Ly #(t) is strictly increasing in (0,1).
It follows from (2.28) and (2.29) together with the monotonicity of L ¢(t) that there exists

to1 (0,1) such that Ly #(t)< O for t1 (0,ty) and Ly #(t)> O for t1 (ty,1), so Ly «t) is strictly
decreasing in (0,ty) and strictly increasing in (fp,1). From (2.25) and (2.26) together with the

monotonicity of Ly () we know that there exists tj I (ty,1) such that Lj &t)< O for t1 (0,t)

and Ly (t)> 0 for t1 (t),1), hence Ly (t) is strictly decreasing in (0,t) and strictly increasing in
(t1,1) . From (2.22), (2.23) and (2.13) together with the monotonicity of Lj (t) we affirm that there
exists to I (0,t)) such that Gy /t)> 0 for t1 (0,tp) and G; t)< O for t1 (tp,1), thus Gy (t) is
strictly increasing in (0,ty) and strictly decreasing in (tp,1). (2.11) and (2.12) together with the
monotonicity of Gy (t) cause the conclusion that there exists t31 (t,,1) such that G| (t)> O for
t1 (0,t3) and Gj (t)< O for t1 (t3,1), this fact together with (2.8) and (2.10) imply that
Dy 4(x)> 0 for x1 (0,%) and D &x)< 0 for x1 (xg,1), where Xg = \/g, thereby Dy (X) is

strictly increasing in (0,Xg) and strictly decreasing in (Xg,1) .
Notice that (2.7) becomes
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lim Dy (x)= 0. (2.31)
X®1
Therefore inequality (2.3) follows from (2.4), (2.6) and (2.31) together with the monotonicity of

D| (X)
1
Finally we prove that E[He(a'b) + Q(a,b)] is the best possible lower convex combination bound

and | Hg(a,b)+ (1- 1)Q(a,b) is the best possible upper convex combination bound of the

classical Heronian and quadratic means for the Nueman-Sandor mean.
(2.1) leads to

1+ X2 - L
Q(a,b)- M(a,b) _ sinh” tx B(x). (2.32)
Q@b)- He@b) 1152 Los 1o 52)
3

From (2.32) one has

lim B(x)= %, (2.33)
x® 0* 2
and

lim B(x)=1 . (2.34)
X® T

If a<1/2, then (2.32) and (2.33) lead to the conclusion that there exists 0< dj < 1 such that
aHg(a,b)+ (1- a)Q(a,b)> M(a,b) forall a,b> 0 with (a- b)/(a+ b)1 (0,d).

If b>1, then (2.32) and (2.34) lead to the conclusion that there exists 0< dy < 1 such that
M(a,b)> bH.(a,b)+ (1- b)Q(a,b) forall a,b> 0 with (a- b)/(a+ b)I (1- d,1).
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