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ABSTRACT

In this paper the notion of generalized intuitionistic fuzzy metric spaces are
introduced and some properties are obtained. Two new common fixed point
theorems are proved in generalized intuitionistic fuzzy metric spaces under

some suitable conditions.
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1. INTRODUCTION

The concept of fuzzy sets, introduced by Zadeh [13] plays an important role in topology and
analysis. Since then, there are many authors to study the fuzzy sets with applications. Especially
Kramosil and Michlek [5] put forward a new concept of fuzzy metric space. George and Veeramani
[3] revised the notion of fuzzy metric space with the help of continuous t-norm. As a result, many
fixed point theorems for various forms of mappings are obtained in fuzzy metric spaces. Dhage [2]
introduced the definition of D-metric space and proved many new fixed point theorems in D-metric
spaces. Recently, Mustafa and Sims [7] presented a new definition of G-metric space and made
great contribution to the development of Dhage theory.

In [12] Guangpeng Sun and Kai yang introduced the notion of Q- fuzzy metric space. In this
study we introduce the notion of generalized intuitionistic fuzzy metric space, which can be
considered as a generalization of fuzzy metric space. We show some new fixed point theorems in
such generalized intuitionistic fuzzy metric spaces. The results presented in this paper improve and
extend some known results.

2. GENERALIZED INTUITIONSTIC FUZZY METRIC SPACES
Definition 2.1 : A binary operation *:[0,1] x [0,1] — [0,1] is a continuous t-norm if it satisfies the
following conditions:
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i) * is associative and commutative

i) * is continuous

iii) ax*1=a forall ae[0,1]

iv) a*x b < c+xdwhenever a <c and b <d, foreach ab,c,d€ [0,1].

Definition 2.2: A binary operation ¢ :[0,1] x [0,1] — [0,1] is said to be a continuous t- conorm if it
satisfies the following conditions:

i) 0 is associative and commutative.

i) ¢ is continuous.

iii) a®0=a for all a€e[0,1]

iv) a® b<c?® dwhenever a <c and b<d, foreach a,b,c,d€ [0,1].

Definition 2.3:[12] A 3-tuple (X, Q, * ) is called a Q- fuzzy metric space if X is an arbitray (non-
empty) set, *is a continuous t-norm, and Q is a fuzzy set on X>x (0, o), satisfying the following
conditions for each x,y,z, aeX and t,s>0:
i) Q(x,x,y,t) >0 and Q(x,x,vy,t)<Q(x,v,2z1t) for all x,y,ze X withz#y
ii) Q(x,y,z,t)=1ifandonlyifx=y=z
iii) Q(x, v,z t)=Q{P(x, vy, 2),t}, (symmetry) where pis a permutation function,
iv) Q(x a, a,t) *xQ(a,y,z,5)<Q(x,y,z, t+5)
V) Q(x, v,z .):(0,00) > [0,1] is continuous
A Q-fuzzy metric space is said to be symmetric if Q(x,y,y,t)=Q(x, x,y, t) for all
X,y €X.
Definition 2.4: A 5-tuple (X, Q, H, *, ¢ ) is said to be an generalized intuitionstic fuzzy metric
space (for short GIFMS) if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-
conorm and Q, H are fuzzy set on X> — (0, oo) satisfying the following conditions. For every X,
y,z,aeX and t,s>0
i) Q(x vy, zt)+H(xy,zt) <1
i) Q(x,x,vy,t) >0, forall x#vy
iii) Q(x,x,y,t)<Q(xy,zt) fory+z
iv) Q(x,y,zt) =1iff x=y=1z
V) Q(xvy,z,t)=Q{p(x,v, z),t}, where p is a permutation function.
Vi) Q(x,a,at) * Q(a,y,z,s) <Q(xV, z t+s)
vii) Q(x,v,2, .): (0,0°) > [0,1] is continuous
viii)  Qis non decreasing function on R* gl_)n;lo Q(x,y,z,t)=1 and
li_r)r(} Q(x,y,zt)=0, forallx,y,z eX ,t>0
iX) H(x, x,y,t)<1, forall x+vy
X) H(x,x,y,t)=H(x,vy,z,t)for y+z
Xi) H(x,y,zt) =0 iff x=y=12
xii) H(x,v,z,t)=H{p(x, v, z),t} where p is a permutation function.
Xiii)  H(x,a,at) 0 H(a,y,z,8) =ZH(xy,zt+s)
Xiv) H(x,y,2 .): (0,9¢) > [0,1] is continuous
XV) His a non- increasing function on R* ll_r)r(} H(x,y,z,t) =0 and
%i_r)r& H(x,y,z,t)=1 forall x,y,z € X,t>0
In this case, the pair (Q, H) is called an generalized intuitionistic fuzzy metric on X.
Example 2.5: Let ( X, Q) be a Q- metric space, for all x,y,z € X and every t >0, consider
Q, H to be fuzzy sets on X3 x (0, =) defined by
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_ t Q(X,y,Z,t)
Q (XI YI z, t ) - f+Q (x,y,z,t) f+Q (X,y,Z,f)

adb=min{a+b,1}. Then (X, Q, H, *, 0) is an generalized intuitionistic fuzzy metric space.
Notice that the above example holds even with the t- norm a* b =min {a, b} and

and H(x,y,zt) = and denote a*b=ab and

t—conorm a ¢ b= max{a, b}.
Remark 2.6 : In an generalized intuitionistic fuzzy metric space Q(x, y, z, .) is non -decreasing and
H(x,vy,z .) is non-increasing for all x,y,z € X.
Definition 2.7 : Let x € X, where (X, Q,H, %, 0 ) is an generalized intuitionistic fuzzy metric space.
Then, forr € (0, 1) and t >0, the set Bq u(x, r,t)={y€X:Q(x,y,y,t)>1-r and H(x,y,y, t) <r}is
said to be an open ball with centre x and radius r with respect to t. Note that every open
ball Bq u(x, r, t) is an open set.

Definition 2.8 : Let (X, Q, H, *, ¢ ) be an generalized intuitionstic fuzzy metric space, then

i) a sequence {x,} in X is said to be convergent to x if
lim Q(x,,X,,%t)=1 and lim H(x,,x,,xt)=0
n-—oo n-—eo
ii) A sequence {x,} in X is said to be Cauchy sequence if lim Q(xp, Xy, Xy ,t) =1and
n,m—eo
lim H(xp,X,,X,,t) =0 thatis, for any € >0and for each t>0, there exists
n,m-—eo
no € N such that Q( Xy, Xy, Xm,t) > 1-eand H(xp,, Xy, Xm,t) < € for n,m = no.
iii) A generalized intuitionistic fuzzy metric space (X, Q, H, *, ¢ ) is said to be complete if

every Cauchy sequence in X is convergent.
Definition 2.9 : Let fand g be two self mappings of a generalized intuitionistic fuzzy metric
space (X,Q, H,*, ¢0) If fand g satisfy the following conditions:

There exists a sequence {x,} such that lim Q fxyuut) = lim Q(gx,,u,u,t) =1

and lim H(fx,uut)= lim H(gx, u,ut) =0 for some u€Xandt>0, we say that fand
n—ee

N—>oo
g have the property (E.A).

Definition 2.10 : Let (X, Q, H, *, ¢ ) be a generalized intuitionistic fuzzy metric space. The
following conditions are satisfied :

Liinm QXpn,)Vnr Zny tn) = Q(x,y,2,t) and LianH(Xn,yn,zn,tn) = H(x,y,2,t). Whenever

lim x,=x; lim y, =y; lim z, =z and lim Q(xvy,7zt,) =Q(xYy,z1t),
n—oee n—oo

n—eo n—eo
Li_rpw H(xy,zt,) = H(xy,z1t) then Q H are called convergent function on X’x(0, =°).
Lemma 2.11:

Let (X, Q, H, %, ¢ ) be a generalized intuitionistic fuzzy metric space. Then Q, H
are continuous function on X°x (0, ).
Proof:
Since lim x,=x; lim y, =y; lim z, =2z.

n—eo n-—eo n—eo

}lianQ (x,y,2z,t,) =Q(x,y,z,t) and ELHWH (x,y,z,t,) =H(x,y,2,1t)
Thereis ng € N such that |t — t,| <& and |t —t,|> & forn> noand£<t/2 and 6 > t/2
We know that Q(x, v, z, t) is non-decreasing and H(x, y, z, t) is non-increasing with respect to t,
So, we have
Q(Xn, Yy Zny t) 2 Q(Xn, Yoy Zn, t- €)

2 Q( Xn, X, X, 2) * Q( X, Yo, Zn, t- %)
5
2 Qe %% 3) * QY V,¥,5) * QUYVX 20 t-3)

2Qx %% 3) * QY Y,Y,3) * Qlzn 2,2,3) * Q(2y,2 t-2€) and
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H( Xns Ynr Zns t) S H (an Ynr Zns t- 5)

< H( X, X, X, g) ¢ H(X,yn, zn, t- ?)

< H(xy, X, X, g) O H(yn vV, g) O H(y, x, z,, t- %)
< H(xn, X, X, g) O Hiyn v, Y, g) 0 H(z,, z, 2, g) 0 H(zv,zt-26)
Q(x,y,z,t+2e) 2Q(xy, z, t,+€)
2 Q( X, Xn, xng, * Q( X, Y, 2, tn+§)
2 Q0 X X 3) % QY Yo Yo 5) * QY X 2, tt)
> Q(X, Xn, Xn, § ) * Q(Y, Yo Yoo g) * Q z, z,, z,, g) *Q(z,v,x, t,) and
H(x,y,z,t+28) < H(xy,z t,+0)

6 26
< H( X, Xn, Xn, 5) <> H( Xn Y, Z, tn+ ?)

IN

6 6 [
H(XI Xny Xn, _) 0 H( Y Yoo Yoo _) 0 H( Y Xns Z, tn+ _)
3 3 3

IN

H(X, Xn, Xn, g) O H(Y, Yn, Yo g) 0 H(z z,, z,, g) OH(zvy,x t)

Let n — oo, by continuity of the function Q, H with respect to t, we can get

Q(x,y,z,t+2¢) 2 Q(zy,x,t)2Q(z,y,x,t-2¢€)and

H(x,y,z,t+28)< H(zy,xt) <H(zvy,x,t-26)

Therefore Q, H are continuous function on X* x (0, =0)

Definition 2.12 : Let f and g be self maps on generalized intuitionstic fuzzy metric space

(X, Q, H, %, 0). Then the mappings are said to be weakly compatible if they commute at their
coincidence point, that is, fx = gx implies that fgx = gfx.

Definition 2.13: Let f and g be self maps on generalized intuitionstic fuzzy metric space

(X, Q, H, *,0). The pair (f,g)is said to be compatible if lllinw Q( fgx, , gfx,, gfx,,t) = 1 and

lim H( fgxn’gfxn,gfxn,t) = 0 Whenever {x,} isa sequence in X such that
n—oo

lim fx, = lim gx, = z for some z€X.

n-—-oo n—oeoe

3. MAIN THEOREM
We first generalize a classic theorem in generalized intuitionistic fuzzy metric space.
THEOREM 3.1: Let f, g, Sand T be self- mappings of a complete symmetric generalized
intuitionistic fuzzy metric space (X, Q, H, *, ¢) with t *t >tandt 0t < 1-t if the mappings
satisfy the following conditions:
[3.1.1] f(X) ©S(X), g(X) € T(X)
[3.1.2] (f, T) or(g, S) satisfy the property (E.A)
[3.1.3] (f, T)and (g, S) are weakly compatible
[3.1.4] Q(fx, gy, gz, kt) = {Q( Tx, Sy, Sz, t) * Q ( fx, Sy, Sz,t) = Q (Tx, gy, gz, t) }and
[3.1.5] H(fx, gy, gz, kt) < { H(Tx, Sy, Sz, t) ¢ H (fx, Sy, Sz,t) ¢ H(Tx, gy, gz, t) },
there exists k € (0,1) such that for every x,y,z€ X and t>0.

Then f,g,Sand T have a unique common fixed point in X.
Proof:

Suppose (f, T) satisfy the property (E.A), hence there exists a sequence {x,} such that
lim Q( fxn u, u,t) = ngloo Q(Tx,,u,u,t) =1 and

n-seo

lim H(fxn,u,u,t) = lim H(Tx,,u,u,t) =0 for someu€X and t>0.
n—oee

n-seo

Since f(x) € S(x), there exists a sequence {y,} such that fx, =Sy,
= lim Q( Syn,u,u,t) = land lim H(Sy,,u,u,t) =0.
n—oeoe n—oeoo
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Therefore,
Q(fXn, 8Yn, 8Yns1, kt) = Q (TXn, Syn, SYner, t) * Q (X, Syn, SYnea, 1) * Q(TXn, 8Yn, 8Ynsa, t)

> {Q(TXn, u, u, % t) *Q (U, Syn, Syn:1, 2 1) * Q(fx,, u,u, %2 t) *

Q( U, Syn, Sy, 2 1) * Q(TXn, 8Yn, BYns1, t)}

H(fXn, 8Yn, 8Yn+1, Kt) < H( TXn, Syn, Syne1, t) O H (fXo, Syn, Synss, 1) O H(TX, 8Yn, 8Yne1, )

<{H(Tx, uu,%t) O H(u, Sy, Sym1 2 t) ¢ H(fx, u,u,¥%t) 0

H( U, Syn, Syns1, %2 1) O H (TXq, 8Yn, 8Yns1, 1)}

There exists § >0 such that k+ 6 <1, for k€ (0,1). On making n - o and by the symmetry
generalized intuitionstic fuzzy metric space, we have
lim Q(fxy €Yo 8Yms, kt) Z1% 1% 1x1

lim Q(Tx,, fX,, fX,[1-(k+6)]t)* lim Q(fx,, X, 8Yns1, (k+06)Jt) =1*1x 1x1 1
n—ee n—oo

lim Q (fXy, 8Yn, 8Yns1, (k+8) t) and

n-—oo

lim H( fx,, 8Yn, 8Yn:1, kt) <00 00 00 O

n-—oo

lim H(Tx,, fx,, fx,[ 1- (k + 6)]1t) ¢ lim H(fx,, gx,, 8yn:1, (k+8)]t) <00 00 000 ¢ O

n—ee n

lim H (fxy, gyn gYnw1, (k +8) 1)
Hence lim fx, = lim gy, = lim Sy, = lim Tx, =u
n—eo n—ee n—oeo n—oo
Let (X, Q, H, *, ¢) is acomplete generalized intuitionistic fuzzy metric space, there exists
Xo € X such that
Txo=u = Q(fXo, 8Yn, 8Yn+1, kt) = Q(TXo SYn SYn+1,t) * QfXo, SYn, SYns1, ) * Q[ TXo, 8Yn,8Yn+1t)
If n—>oco wecanget Q(fxg, u,u,t) = 1 * Q(fxg, u,u,t) *1.
By the property of non- decreasing with respect to t,
Txo=u = H(fXo, 8Yn, 8Yn+1, k) < H(TXo, Syn, Syns1, t) O H(fXo, 8Yn, 8Yns1,t) O H ( TXo,SynSYnsa t)
If n—> oo wecanget H(fxy, u,u,t) < 0 0 H(fxg,u,u,t) ¢0
By the property of non- increasing with respect to t, it is easy to see that fxo=Txy = u.
As f(X) € S(X), there exists yy such that fx,=Sy,. Suppose Syg # gyo. Then
Q(fxn, 8Yo, 8Yo, kt) = Q (X, Syo, Syo, t) * Q (fxq, Syo, Syo, t) * Q (TXy, 8Yo, 8Yo, t)
> Q(Tx, u,u,t) *=Q(fx, u,u,t) *Q(Tx, Yo, EYo,t) and
H(fxn, 8o, 8Yo, kt) < H (Txn, Syo,Syot) O H (fxq, Syo, Syot) O H (Txn, 8Yo, 8Yort)
< H(Txy u, u,t) O H( Xy, u,u,t) O H(TX, 8Yo, Yo, t)

Letting n — e we have
Q(u, 8Yo, 8Yo kt) 2Q(u,u,u,t) * Q(u,u,u,t) *Q(u,gyo 8o t) and
H(u, gyo, 8Yo, kt) <H(u,u,u,t) 0 H(u,u,u,t) 0 H(u,gyo 8Yo t).
Which is a contradiction. So, gy, =Sy, = u.
Now by (f, T) and (g, S) are weakly compatible. We can get that:
ffxo = fTxg = Tfxg = TTxg and ggyo = 8Syo = SgYo = SSyo. Suppose fu # u.
Then Q ( fu, u, u, kt ) = Q ( fu, gyo, Yo, kt)

2Q (Tu, Syo, Syo, t) * Q(fu, Syo, Syo, t) * Q(Tu, gyo, 8Yo, t)

>Q(Tu,u,u,t) * Q(fu,u,u,t) * Q(Tu, u, u,t)

> lim Q(Tu, Tx,, TX,, t) * Q (fu, u, u, t) *Q ( Tu, TX,, TX,, t)

n-—oee

lim Q( Tu, Tx,, TX,, t) [3.1.6]
n—oo

v

H (fu, u, u, kt) = H( fu, gyo, 8Yo, kt)
<H ( Tul SYo, SyO: t ) 0 H ( fU, SyO/ Sy0' t ) o H( TU, gyO/ gyO/ t )
<H(Tu,u,u,t) ¢ H(fuuut) ¢ H(Tu,u,u,t)
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IN

lim H(Tu, Tx,, Tx,, t) ¢ H(fu, u, u,t) ¢ H(Tu, Tx,, Tx,, t)

n—oo

lim H(Tu, Tx,, Tx,, t) [3.1.7]

n-—oo
By fu =ffxg=fTxg=Tfxg=TTxo=Tu and t *t 2t and t 0t < 1-4,
it is easy to seethat [3.1.6] and [3.1.7] yields a contradiction and so fu=u=Tu.

IN

Now following the similar argument, we can get gu =u =Su.
So f,g,S and T havea common fixed point u.
Uniquness:
Letv#u be another common fixed point of f, g, Sand T. Then,
Q(v,u,u, kt) =Q(fv, gu, gu, kt)
2Q(Tv,Su,Su,t) *xQ(fv,Su,Su,t) *Q(Tv, gu, gu, t)
=Q(v,u,u,t)*Q(v,u,u,t)*Q(v,u,ut)
H(v, u, u, kt ) =H( fv, gu, gu, kt)
< H(Tv,Su,Su,t) ¢ H(fv,Su,Su,t) ¢ H(Tv, gu, gu, t)
= H(v,u,u,t)0H(v,u,ut)0H(v,u,ut)
By t*xt>tand t{0t<1-t, wecanget Q(v,u,u,kt) 2Q(v,u,u,t) and
H(v,u,u kt)<H(v,u,u,t) is a contradictionthus v=u.
Hence f, g, S and T have a unique common fixed pointin X.
Theorem 3.2 :Letf, g Sand T be self mappings of a complete generalized intuitionistic fuzzy
metric space (X, Q, H, *, 0)with t *t >t andt0t< 1-t if the mappings satisfy the following
conditions:
[3.2.1] f(x) € T(x), g(x) € S(x)
[3.2.2] Suppose (f, S) satisfy the property (E.A)
[3.3.3] (f,S)and (g, T) are weakly compatible

. (Q(Sx, Ty, Tz, t),Q(fx, Ty, Tz, t),)]
[3.3.4] Q(fx, gy, gz, t)=2¢ [mm( Q(Sx, gy, gz, ), Q(Fx, S, Sx, t) nd

H(Sx, Ty, Tz t), H(fx, Ty, Tz, t),
H(fx gy, g2, 1) < W [max( H((Sx, g};f gz, t)), H((fx, Si, Sx, tg )]
forall x,y,ze X and t>0 where ¢, W :[0,1] — [0,1] is a continuous and increasing function
with ¢(s) >s and W(s) <s for 0<S<1land ¢(1)=1, ¥(0)=0.
Thenf, g, S and T have a unique common fixed pointin X.
Proof:
Let (f, S) satisfy the property (E.A). By the definition of (E.A) we can get

lim Q( fx, u, u,t) = Liinw Q( Sx, u, U, t) =1 and

n—eo

lim H (fxn,,u, u, t) = lim H( SXn, u, u, t) = 0 for someueX andevery t>0.

n—oo n—oo

Because generalized intuitionistic fuzzy metric space is complete and f(x) € T(x), there exists a
sequence {y,} such that f(x,) = T(y.), which implies lim Q(Tyn_u, u,t) =1 and
n—oo

lim H(Tyn,u,u,t) = 0. Now

n-—oee

Q(SXn' Tan TYn+1r t), Q(an, TYn' TYn+1l t))]
Q(an' 8Yn, 8Yn+1, t)r Q( anr San San t)
H(SX ,Ty 'Ty +1lt)IH(anJTYDITYH+1't)

H (fXo, 8Yn, EYns1, t SUJ[max( nssn Ean )]
( EYnr BV ) H(SXnIgYn;gYn+1,t),H( an: SanSXn't)

By the definition of generalized intuitionistic fuzzy metric space, we can get
Qlx,y,z,t) 2 Q(xu,u,1/3t) *Q(u,vy,z2/31)

> Q(x,u,ul1/3t) *Q(y,u,u,1/3t) *Q(z,u,u,1/3t) and
<SH(xuu 1/3t)0H(u,y,z 2/31)

Q(an, gYn 8Yn+1s t) = d) [mln(

H(x,y, z t)
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< H(x,u,u,1/3t) O0H(y,u,u,1/3t) 0H(z u,u,1/31)
Thus

. s . . Q(an:Tyn:TYn+1vt)v Q(anJTanTYr)+1rt)
llmifﬁ(fxm n 8Yn+1, t) = lim [mln( )]
n—oo &Y BYnu n—“"’d) Q(SXnJgYn'gYn+1rt)'Q( an’ SXU’SXn’t)
: . (1*1x1, Q(SXp,8Yn,8Yn+1,D )]
anirﬂd’[mm( 1+1%1 , 1#1%1 and
P ; H(SXn' TYn’ TYn+1v t) H(an, Tan Tle+1; t))]
it <

}llilz;;ﬂ(fxn; 8Yn 8Ym1, t) < AI_IBGUJ [max( H(SX,, 8Yn, 8Ynes O H(FXy, Sx,, Sx,0)

. 00000 H(SX,, 8nr &n+1r )

< lim w n: &/n: &n

0 [max(ooooo 00000 )|

Ifgyn #u then  LimiQ(fx,, gyn gyn, t) = lim & [Q(SXn, gYn, 8Ynt1, O]

n-—-oo

> rll'mi.zfz,iQ(an, gYn» &Yn+1, D)

—o0

LimiH(fxo, gYn, 8Yma, t) < lim WH(SXn, 8Yn, 8Yn+1, )]

< limi©H(SX,, 8Yn, 8Yn+1,t) isa contradiction by the above lemma.
n

Therefore lim,_.. fx, =lim, gy, =lim,,.Sx, =lim, ,..Ty, = u

Let (X, Q, H, %, ¢) is a complete generalized intuitionistic fuzzy metric space.

There exists xq € X such that Sx, = u,

Q( SXO' Tan TYn+1r t)r Q( fXO' TYD’ TYn+1' t))]
Q( SXO' 8Yn, 8Yn+1, t), Q( fXOr SXO' SXOI t)

H( SXO' TYn' TYn+1' t)' H( fXO' TYn' TYH+1’ t))]
H( Sx, 8yn, 8Yn+1, 1), H(fXq, SXg, SXo, 1)

Hence Q(fXOl 8Yn, 8Yn+1, t) = d) [mln(
H(fXOI gyn; gyn+1; t) S w [maX(

uu,ut),Q(uuut
On makingn — oo, Q(fxo, u,u,t) = ¢ [min( Q ), Q( ) >] and

Q( fxo u,u, t) ,Q(fxg,u,u,t)

H (u,u,u,t) , H(u,u,u,t)
H( fxo u,u, t), H( fxg, u, u, t)>]
which can imply fxq=u, with ¢(s) >s and ¥(s) <s for 0<s<1
As f(x) € T(x), there exists yy such that fx, = Ty,.

Suppose Ty # g Yo. Now

H(fxo, u, u,t) < W [max(

Q(SXn' Ty0; Ty()' t)' Q(an! TYO. Ty0! t))]
Q(SXn, gyn; gin t)l Q(an; SXn' SXn' t)
H(SXn'Tyo'TYO't)' H(an!Tyo'TYO!t))]
<
B 8o, 8Y0 1) =¥ [maX(H(SXH,gyn.gyo.t), H(fx, Sy, %, 1)
. (Q(u,u,u,t),Q(u,gyo,8yo, )
0, 0 0.850,0) 2 & min 850.0)] o
N, Qlu gy 8. 1) 2 & min Quuut),Quuu /"
H(u, u,u,t),H( U, 8Y0,8Y0 t
H( u, , , 1) £ W T
(u gyo, &¥0, 1) [max( H(uwu,ut),H(u, u,u,t)
Hence Q(u, gYo, 8Yo, t) = (Q(u, 8yo, 8o, t) ) > Q (U, 8yo, 8Yo, t) and
H(u, gyo, 8Yo, t) <¥ (H(u, 8o, 8Yo, t)) < H(u,8yo 8Yo t) is a contradiction.
So Tyo = 8Yo
Now by (f, T) and (g, S) are weakly compatible, we can get,

Q(fxnf gYo, 8Yo, t) = d) [mm(
)] by the continuity of Q ,H and ¢,V

ffxo = fSXo = Sfxo = SSxo and ggyo = gTyo = TgYo = TTyo

min (Q(Su: TYn,TYn +1» t): Q(fu: TYn,TYn +1» t))]
Q(Su, gyn,8¥n +1,t) Q(fu,Su,Su,t)

max (H(Su, TYn,TYn +1» t)r H(fu' TYn,TYn +1» t))]
H(Su, gYn 8Yn +1/ t), H(fu, Su, Su, t)

limiM(fx,, 8Yn 8Yni1, t) < ¥
n—oo

= fu=u=Su.
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Similarly we canget Tu=gu=u
Uniqueness:
Letv be another common fixed point of f, g, Sand T. Then
Q(v, u,u,t) =Q(fv, gu, gu, t)

> 6 [min (Q(Sv, Tu, Tu, t), Q( fv, Tu, Ty, t) )]

Q(Sv,gu,gu,t), Q(fv,Sv,Sv,t)
H(v, u, u,t) =H(fv, gu, gu, t)
H(Sv, Tu, Ty, t), H( fv, Tu, Ty, t))]

H( Sv, gu, gu, t), H( fv, Sv, Sv, t)
It implies v=u. Hencef, g, S and T have a unique common fixed point in X.
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