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ABSTRACT 

In this paper the notion of generalized intuitionistic fuzzy metric spaces are 

introduced  and some  properties are obtained.  Two new common fixed point 

theorems are proved in generalized intuitionistic fuzzy metric spaces under 

some suitable conditions. 
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1. INTRODUCTION 

            The concept of fuzzy sets, introduced by Zadeh [13]  plays an important role in topology and 

analysis.  Since then, there are many authors to study the fuzzy sets with applications.  Especially 

Kramosil and Michlek [5] put forward a new concept of fuzzy metric space.  George and Veeramani 

[3]  revised the notion of fuzzy metric space with the help of continuous t-norm.  As a result, many 

fixed point theorems for various forms of mappings are obtained in fuzzy metric spaces.  Dhage [2]  

introduced the definition of D-metric space and proved many new fixed point theorems in D-metric 

spaces.  Recently, Mustafa and Sims [7] presented a new definition of G-metric space and made 

great contribution to the development of Dhage theory.   

 In [12] Guangpeng Sun and  Kai yang introduced the notion of Q- fuzzy metric space.  In this 

study we introduce the notion of generalized  intuitionistic fuzzy metric space, which can be 

considered as a generalization of fuzzy metric space.  We show some new fixed point theorems in 

such generalized intuitionistic fuzzy metric spaces. The results presented in this paper  improve  and 

extend some known results.   

2. GENERALIZED INTUITIONSTIC FUZZY METRIC SPACES 

Definition 2.1 : A binary operation  ∗ : [0,1] x [0,1]  →  [0,1]  is a continuous t-norm if it satisfies the 

following conditions:   
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i)       ∗  is associative and commutative 

ii)       ∗  is continuous 

iii)        𝑎 ∗ 1 = a  for all  a 𝜖 [0,1] 

iv)        a ∗  b  ≤  c ∗ d whenever  a  ≤ c  and  b ≤ d,  for each  a,b, c, d ∈  [0,1]. 

Definition 2.2: A binary operation  ◊ : [0,1] x [0,1]  →  [0,1]  is said to be a continuous t- conorm if it 

satisfies the following conditions: 

i) ◊  is associative and commutative. 

ii) ◊  is continuous. 

iii) 𝑎 ◊ 0 = a  for  all  a 𝜖 [0,1] 

iv) a  ◊   b  ≤  c  ◊  d whenever  a  ≤ c  and  b ≤ d,  for each  a,b, c, d ∈  [0,1]. 

Definition 2.3:[12] A 3-tuple (X, Q, ∗ ) is called  a Q- fuzzy metric  space  if X is an  arbitray (non-

empty) set,  ∗ is  a continuous  t-norm,  and Q  is a fuzzy  set  on X3 x (0, ∞),  satisfying  the  following  

conditions  for  each  x, y, z,  a 𝜖 X  and  t, s > 0 : 

i) Q( x, x, y, t)  > 0  and  Q ( x, x, y, t) ≤ Q( x, y, z, t)  for  all  x, y, z 𝜖 X  with z ≠ y 

ii) Q( x, y, z, t) = 1 if and only if x = y = z 

iii) Q( x, y, z, t) = Q {P(x, y, z),t}, (symmetry)  where p is  a  permutation  function, 

iv) Q( x,  a,  a, t)  ∗ Q( a, y, z, s) ≤ Q (x, y, z,  t + s) 

v) Q(x, y, z, .) : (0,∞) → [0,1]  is  continuous 

A   Q – fuzzy  metric space  is  said  to  be symmetric  if  Q( x, y, y, t) = Q( x, x, y, t)  for  all   

x, y 𝜖 X.    

Definition 2.4: A   5-tuple (X, Q, H,  ∗,  ◊ )  is  said to be an  generalized  intuitionstic  fuzzy  metric  

space (for short GIFMS)   if  X  is  an  arbitrary set,  ∗  is  a  continuous  t-norm,  ◊  is  a  continuous  t- 

conorm  and  Q, H are  fuzzy  set  on  X3 → (0, ∞)  satisfying  the  following  conditions.  For every  x, 

y, z, a 𝜖 X  and  t, s > 0 

i) Q( x, y, z, t) + H (x, y, z, t)  ≤ 1 

ii) Q( x, x, y, t)  > 0,  for all  x ≠ y 

iii) Q( x, x, y, t ) ≤ Q ( x,y, z, t)  for  y ≠ z 

iv) Q ( x, y, z t)  =1 iff  x = y = z  

v) Q ( x, y, z ,t) = Q {p (x, y, z),t}, where p is a permutation  function. 

vi) Q (x, a, a t)  ∗  Q ( a, y,z, s)  ≤ Q ( x, y,  z, t+s) 

vii) Q ( x, y, z,  .) :  (0,∞) → [ 0,1]  is  continuous 

viii)  Q is non decreasing  function  on R+    lim
𝑡→∞

  Q( x, y, z, t ) = 1  and  

                    lim
𝑡→0

  Q( x, y, z, t ) = 0,  for all x, y, z  𝜖 X  , t > 0    

ix)   H ( x, x, y, t) < 1 ,  for all   x ≠ y 

x) H ( x, x, y, t) ≥ H ( x, y, z ,t ) for   y ≠ z 

xi) H ( x, y, z t)  = 0  iff  x = y = z  

xii) H ( x, y, z ,t) = H {p (x, y, z),t} where p is a permutation function. 

xiii) H (x, a, a t)  ◊  H ( a, y, z, s)  ≥ H ( x,y, z, t + s) 

xiv) H ( x, y, z,  .) :  (0,∞) → [ 0,1]  is  continuous  

xv) H is  a non- increasing  function on  R+   lim
𝑡→0

  H (x, y, z, t)   = 0  and 

                  lim
𝑡→0

  H( x, y, z, t ) = 1   for all  x, y, z  𝜖 X, t > 0     

 In this case, the pair (Q, H) is called an generalized intuitionistic fuzzy metric on X. 

Example 2.5: Let ( X, Q)  be  a  Q- metric  space,  for  all   x, y, z  𝜖 X  and  every  t > 0, consider  

 Q, H to be  fuzzy  sets on  X3 x  (0, ∞)   defined  by  
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 Q (x, y, z , t ) = 
𝑡

𝑡+𝑄 ( 𝑥,𝑦 ,𝑧,𝑡 )
  and  H (x,y,z,t) =  

𝑄 𝑥,𝑦,𝑧,𝑡 

𝑡+𝑄 ( 𝑥,𝑦,𝑧,𝑡)
  and  denote  a ∗ b = ab  and  

 a ◊ b = min { a+b , 1} .  Then  ( X, Q, H, ∗, ◊)   is  an  generalized  intuitionistic  fuzzy  metric  space.  

Notice   that  the  above   example  holds  even  with  the  t- norm  a ∗ b = min {a, b}  and 

  t – conorm   a ◊ b =  max {a, b}. 

Remark 2.6 : In an generalized intuitionistic fuzzy metric space Q(x, y, z, .) is  non -decreasing  and  

 H( x, y, z, .)  is   non-increasing  for  all  x, y, z ∈ X. 

Definition 2.7 : Let x ∈ X, where  ( X, Q ,H, ∗, ◊ )  is  an  generalized  intuitionistic  fuzzy  metric  space.  

Then, for r ∈ (0, 1) and t > 0, the set  BQ, H(x, r, t) = {y ∈ X : Q (x, y, y, t) > 1- r  and H( x, y, y, t) < r} is  

said  to  be  an  open  ball  with  centre  x and radius  r  with  respect  to  t.  Note  that  every  open  

ball  BQ, H (x, r, t)  is  an  open  set. 

Definition 2.8 : Let (X, Q, H, ∗,  ◊ ) be  an  generalized  intuitionstic   fuzzy  metric  space,  then 

i) a  sequence {xn}  in  X  is  said  to  be  convergent  to  x  if 

              lim
𝑛→∞

 Q( xn , xn , x, t )= 1  and   lim
𝑛→∞

 H( xn , xn , x, t ) = 0 

ii) A sequence  {xn}  in  X  is  said  to  be Cauchy sequence  if lim
𝑛,𝑚→∞

 𝑄( xn , xn , xm , t ) = 1 and  

lim
𝑛,𝑚→∞

 H( xn , xn , xm , t )  = 0   that is,   for   any  𝜀 > 0 and   for  each  t > 0,  there  exists   

n0 ∈ N  such  that  Q( xn , xn , xm , t ) > 1- 𝜀 and  H( xn , xn , xm , t ) <  𝜀  for  n, m ≥ n0. 

iii) A generalized   intuitionistic  fuzzy  metric  space  (X, Q, H, ∗,  ◊ )  is  said  to  be complete  if  

every  Cauchy  sequence  in X  is  convergent. 

 Definition 2.9 : Let  f and  g  be two  self mappings  of  a generalized  intuitionistic  fuzzy  metric  

space  ( X, Q, H, ∗,  ◊ )  If  f and   g  satisfy  the  following  conditions:  

 There exists  a  sequence  {xn}  such  that    lim
𝑛→∞

  Q  fxn,u, u, t  =  lim
n→∞

Q gxn , u, u, t = 1   

and   lim
  𝑛→∞

 H  fxn,u, u, t  = lim
  n→∞

 H gxn , u, u, t = 0    for  some  u ∈ X and t > 0,  we  say  that  f and  

g  have  the property  (E.A). 

Definition  2.10 : Let (X, Q, H, ∗,  ◊ )  be  a  generalized  intuitionistic  fuzzy  metric  space. The 

following conditions  are  satisfied : 

lim
  n→∞

 Q xn , yn , zn , tn = Q  x, y, z, t  and  lim
  n→∞

H xn , yn , zn , tn = H  x, y, z, t . Whenever 

lim
  𝑛→∞

xn = x ;  lim
  𝑛→∞

 𝑦𝑛 = 𝑦 ;   lim
  𝑛→∞

 𝑧𝑛 = 𝑧    and  lim
  𝑛→∞

 Q   x, y, z, tn = Q( x, y, z, t),  

lim
  𝑛→∞

 H   x, y, z, tn = H( x, y, z, t)  then  Q, H  are  called  convergent  function  on   X3 x(0, ∞).    

Lemma  2.11:   

           Let (X, Q, H, ∗,  ◊ )  be  a  generalized  intuitionistic  fuzzy  metric  space.  Then  Q, H   

are   continuous  function  on   X3 x (0, ∞).     

Proof: 

 Since  lim
  𝑛→∞

xn = x ;  lim
  𝑛→∞

 𝑦𝑛 = 𝑦 ;   lim
  𝑛→∞

 𝑧𝑛 = 𝑧 .       

lim
  𝑛→∞

𝑄   𝑥, 𝑦, 𝑧, 𝑡𝑛 = 𝑄( 𝑥, 𝑦, 𝑧, 𝑡)  and    lim
  𝑛→∞

 𝐻   𝑥, 𝑦, 𝑧, 𝑡𝑛 = 𝐻( 𝑥, 𝑦, 𝑧, 𝑡) 

There is n0 ∈ N such that   𝑡 − 𝑡𝑛   < 𝜀  and   𝑡 − 𝑡𝑛   > 𝛿 for n ≥ n0 and 𝜀 < 𝑡 2  and  𝛿 >  𝑡 2  

We know that Q(x, y, z, t)  is non-decreasing and H(x, y, z, t) is non-increasing with respect to t,  

So, we have 

Q(xn,  yn,  zn, t)   ≥ Q(xn, yn, zn, t- 𝜀) 

                            ≥ Q( xn, x, x,  
ε

3
)  ∗  Q( x, yn,  zn, t-  

4ε

3
) 

                            ≥ Q(xn,  x, x, 
ε

3
)   ∗  Q( yn, y, y, 

ε

3
)   ∗  Q( y,x, zn, t- 

5ε

3
) 

                           ≥ Q(xn,  x, x, 
ε

3
)  ∗   Q( yn, y, y, 

ε

3
)  ∗  Q(zn, z, z, 

ε

3
) ∗  Q( z,y,z, t- 2𝜀) and   
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H( xn, yn, zn, t)   ≤ H (xn, yn, zn, t- 𝛿) 

                           ≤ H( xn, x, x, 
𝛿

3
)  ◊  H( x, yn, zn, t-  

4𝛿

3
) 

                           ≤  H(xn, x, x, 
𝛿

3
)   ◊  H( yn, y, y, 

𝛿

3
)   ◊ H( y, x, zn, t- 

5𝛿

3
) 

                           ≤ H(xn, x, x, 
𝛿

3
)  ◊  H( yn, y, y, 

𝛿

3
)  ◊ H(zn, z, z, 

𝛿

3
) ◊  H( z, y, z, t- 2𝛿) 

Q( x, y, z, t + 2 ε)  ≥ Q( x,y, z, 𝑡𝑛+ ε) 

                              ≥ Q( x, xn, xn, 
ε

3 )  ∗  Q( xn, y, z, tn + 
2ε

3
 ) 

                              ≥ Q(x, xn, xn,  
ε 

3
)   ∗  Q( y, yn, yn, 

ε

3
 )   ∗ Q( yn, xn, z,  tn+

ε

3 ) 

                              ≥ Q(x, xn, xn, 
ε

3
 )  ∗  Q( y, yn, yn, 

ε

3
) ∗  Q( z, zn, zn, 

ε

3
)  ∗ Q( z, y, x,  tn) and     

H( x, y, z, t + 2 δ)  ≤  H( x,y, z, 𝑡𝑛+ δ) 

                               ≤  H( x, xn, xn,  
δ

3
)  ◊  H( xn, y, z, tn+ 

2δ

3
) 

                               ≤  H(x, xn, xn, 
δ

3
)   ◊  H( y, yn, yn, 

δ

3
)   ◊ H( yn, xn, z, tn+ 

δ

3
) 

                               ≤   H(x, xn, xn,  
δ

3
 )  ◊  H( y, yn, yn, 

δ

3
) ◊  H( z, zn, zn,  

δ

3
)  ◊ H( z, y, x,  tn) 

 Let n → ∞, by continuity of the function Q, H with respect to t, we can get 

Q(x, y ,z, t + 2 ε)  ≥  Q( z, y, x, t) ≥ Q( z, y, x, t - 2 ε) and  

H( x, y, z, t + 2 δ) ≤  H( z y, x t )  ≤ H( z, y, x, t - 2 δ) 

Therefore Q, H are continuous function on  X3 x (0, ∞)    

Definition 2.12 : Let  f  and  g  be self  maps  on  generalized  intuitionstic  fuzzy  metric  space  

 (X, Q, H, ∗,  ◊). Then  the  mappings  are  said  to be  weakly compatible  if  they  commute at  their  

coincidence  point,  that  is, fx = gx  implies  that  fgx = gfx. 

Definition 2.13: Let   f   and  g  be  self  maps  on  generalized intuitionstic  fuzzy metric space  

(X, Q, H, ∗,◊).  The pair  (f,g) is  said  to  be  compatible  if  lim
  𝑛→∞

  Q  fgxn , gfxn , gfxn , t  =  1 and  

lim
  𝑛→∞

 H  fgxn ,gfxn , gfxn , t  =  0  Whenever  {xn}  is a  sequence  in  X  such  that   

 lim
  𝑛→∞

  f xn = lim
  n→∞

 g xn =  z   for  some  z ∈ X. 

3. MAIN THEOREM 

We  first  generalize  a  classic  theorem  in  generalized  intuitionistic  fuzzy  metric  space. 

THEOREM  3.1: Let  f, g, S and  T  be  self- mappings  of  a  complete  symmetric  generalized  

intuitionistic  fuzzy  metric  space  (X, Q, H, ∗,  ◊)  with  t  ∗ t  ≥ t and t ◊ t ≤  1- t  if  the  mappings  

satisfy  the  following  conditions: 

[3.1.1]      f(X) ⊆ S(X) ,  g(X)  ⊆ T(X)                        

[3.1.2]      (f, T)  or (g, S)  satisfy  the  property (E.A)  

[3.1.3]      (f, T) and (g, S)  are  weakly  compatible      

[3.1.4]      Q ( fx, gy, gz, kt) ≥ {Q( Tx, Sy, Sz, t) ∗ Q ( fx, Sy, Sz,t)  ∗ Q  (Tx, gy, gz, t) }and  

[3.1.5]      H( fx, gy, gz, kt) ≤ { H ( Tx, Sy, Sz, t) ◊ H ( fx, Sy, Sz,t)  ◊ H (Tx, gy, gz, t) }, 

                  there  exists  k ∈ (0,1)  such  that  for  every  x,y,z ∈ X  and  t > 0.   

Then  f, g, S and T  have  a  unique  common  fixed  point  in  X. 

Proof: 

      Suppose  (f, T)  satisfy  the property  (E.A),  hence there exists  a  sequence  {xn}  such  that   

lim
  𝑛→∞

Q  fxn,u, u, t  =  lim
  n→∞

 Q Txn , u, u, t = 1  and  

  lim
  𝑛→∞

 H  fxn,u, u, t  = lim
  n→∞

  H Txn , u, u, t = 0   for   some u ∈ X  and  t > 0.  

 Since   f(x)  ⊆ S(x),  there  exists  a  sequence  {yn}  such  that   fxn = Syn    

⇒  lim
  n→∞

 Q  Syn,u, u, t  =  1 and    lim
  n→∞

 H Syn , u, u, t = 0.  
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 Therefore,  

Q(fxn, gyn, gyn+1, kt)  ≥ Q ( Txn, Syn , Syn+1, t ) ∗ Q (fxn, Syn, Syn+1, t)   ∗ Q(Txn, gyn, gyn+1, t )  

                                    ≥  {Q(Txn, u, u, ½ t)   ∗ Q ( u, Syn, Syn+1, ½ t)  ∗ Q(fxn, u,u, ½ t) ∗  

                                                       Q( u, Syn, Syn+1, ½ t)   ∗  Q(Txn, gyn, gyn+1, t)} 

H(fxn, gyn, gyn+1, kt)  ≤ H( Txn, Syn, Syn+1, t )  ◊  H (fxn, Syn, Syn+1, t)   ◊ H(Txn, gyn, gyn+1, t )  

                                   ≤ {H (Txn, u,u, ½ t)   ◊  H (u, Syn, Syn+1, ½ t)  ◊  H (fxn, u,u, ½ t) ◊  

                                                               H( u, Syn, Syn+1, ½ t)  ◊ H (Txn, gyn, gyn+1, t)} 

There  exists  𝛿 > 0  such  that   k + 𝛿 < 1, for  k ∈ (0,1).  On  making  n → ∞  and  by  the  symmetry 

generalized  intuitionstic   fuzzy  metric  space,  we have 

lim
  𝑛→∞

𝑄(fxn, gyn, gyn+1, kt)  ≥ 1 ∗ 1 ∗  1 ∗ 1   

lim
  𝑛→∞

 𝑄(Txn, fxn,  fxn,[ 1- (k + δ)+ t) ∗  lim
  𝑛→∞

𝑄(fxn, gxn, gyn+1,  (k + δ)+ t)   ≥ 1 ∗ 1 ∗  1 ∗ 1  ∗ 1 

lim
  𝑛→∞

𝑄(fxn, gyn, gyn+1, (k + δ) t)   and  

lim
  𝑛→∞

𝐻( fxn, gyn, gyn+1, kt)  ≤  0 ◊  0 ◊   0 ◊  0   

lim
  𝑛→∞

𝐻(Txn, fxn, fxn,[ 1- (k + δ)+ t) ◊ lim
  n→∞

H(fxn, gxn, gyn+1,  (k + δ)+ t)   ≤  0 ◊  0 ◊   0 ◊ 0  ◊  0 

lim
  𝑛→∞

𝐻(fxn, gyn, gyn+1, (k +δ) t) 

Hence    lim
  𝑛→∞

  f xn =  lim
  n→∞

g yn = lim
  n→∞

 S yn =  lim
  n→∞

 T xn =  u 

Let  (X, Q, H, ∗,  ◊)   is  a complete generalized intuitionistic fuzzy metric space, there exists 

 x0 ∈ X  such that  

Tx0 = u  ⇒  Q(fx0, gyn, gyn+1, kt)   ≥ Q(Tx0,Syn,Syn+1,t) ∗ Q(fx0, Syn, Syn+1, t) ∗  Q(  Tx0, gyn,gyn+1,t) 

If  n → ∞   we can get  Q( fx0, u, u, t )  ≥  1  ∗  Q( fx0, u, u, t )   ∗ 1.  

By the property of non- decreasing  with respect to  t, 

Tx0 = u  ⇒  H(fx0, gyn, gyn+1, k)   ≤  H(Tx0, Syn, Syn+1, t) ◊ H(fx0, gyn, gyn+1,t)  ◊ H ( Tx0, Syn,Syn+1,t) 

If  n → ∞   we can get  H( fx0, u, u, t )  ≤  0  ◊ H( fx0, u, u, t )   ◊ 0 

By the property of non- increasing  with respect to  t, it is easy to see that  fx0 = Tx0 = u.  

As   f(X) ⊆ S(X), there exists   y0   such that  fx0 = Sy0.  Suppose   Sy0 ≠ gy0.  Then   

Q(fxn, gy0, gy0, kt)  ≥ Q ( Txn, Sy0, Sy0, t )  ∗ Q (fxn, Sy0, Sy0, t )  ∗ Q (Txn, gy0, gy0, t ) 

                                 ≥  Q ( Txn, u, u, t)  ∗ Q( fxn, u, u, t)  ∗ Q (Txn, gy0, gy0,t )  and 

H(fxn, gy0, gy0, kt)  ≤  H (Txn, Sy0,Sy0,t )  ◊ H (fxn, Sy0, Sy0,t )  ◊ H (Txn, gy0, gy0,t ) 

                                ≤  H ( Txn, u, u, t)  ◊ H( fxn, u, u ,t)  ◊ H (Txn, gy0, gy0, t ) 

Letting   n → ∞   we have 

Q ( u, gy0, gy0, kt)  ≥ Q ( u, u, u, t)  ∗   Q ( u, u, u, t)  ∗ Q (u, gy0, gy0, t)    and 

H ( u, gy0, gy0, kt)  ≤ H ( u, u, u, t)  ◊  H ( u, u, u, t)  ◊  H (u, gy0, gy0, t). 

Which  is  a  contradiction. So,   gy0 = Sy0 = u.  

Now by (f, T)  and  (g, S)  are  weakly  compatible. We  can get  that : 

ffx0 = fTx0 = Tfx0 = TTx0   and   ggy0 = gSy0 = Sgy0 = SSy0.  Suppose  fu ≠ u.   

Then Q ( fu, u, u, kt ) = Q ( fu, gy0, gy0, kt) 

                                   ≥ Q ( Tu, Sy0, Sy0, t )  ∗ Q ( fu, Sy0, Sy0, t ) ∗ Q( Tu, gy0, gy0, t )      

                                   ≥ Q ( Tu, u, u, t)  ∗  Q ( fu, u, u, t)  ∗  Q (Tu, u, u, t)   

                                   ≥  lim
  𝑛→∞

 Q(Tu, Txn, Txn, t) ∗ Q ( fu, u, u, t) ∗Q ( Tu, Txn, Txn, t)   

                                   ≥ lim
  𝑛→∞

Q( Tu, Txn, Txn, t)                                                                [3.1.6] 

         H ( fu, u, u, kt ) = H( fu, gy0, gy0, kt) 

                                   ≤ H ( Tu, Sy0, Sy0, t ) ◊  H ( fu, Sy0, Sy0, t )  ◊ H( Tu, gy0, gy0, t )      

                                   ≤ H ( Tu, u, u, t)   ◊ H ( fu,u,u,t)  ◊  H (Tu, u, u, t)   
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                                  ≤  lim
  𝑛→∞

H(Tu, Txn, Txn, t)  ◊ H (fu, u, u, t)  ◊ H (Tu, Txn, Txn, t)   

                                  ≤  lim
  𝑛→∞

H(Tu, Txn, Txn, t)                                                                [3.1.7] 

By fu = ffx0 = fTx0 = Tfx0 = TTx0 = Tu   and  t  ∗ t  ≥ t    and   t  ◊ t  ≤  1 – t,   

 it   is  easy  to  see that   [3.1.6] and [3.1.7]  yields   a  contradiction  and  so  fu = u = Tu.  

Now   following  the  similar  argument,  we  can get  gu  = u = Su.   

So  f, g, S   and   T  have a  common fixed  point u. 

Uniquness: 

Let v ≠ u   be another common fixed point of f, g, S and T.  Then, 

Q( v, u, u, kt )  = Q ( fv, gu, gu, kt ) 

                         ≥ Q ( Tv, Su, Su, t )  ∗ Q ( fv, Su, Su, t )  ∗ Q (Tv, gu, gu, t) 

                        = Q ( v, u, u, t ) ∗ Q ( v, u, u, t) ∗ Q ( v, u, u,t ) 

H( v, u, u, kt ) = H( fv, gu, gu, kt ) 

                        ≤  H( Tv, Su, Su, t )  ◊ H ( fv, Su, Su, t )  ◊  H(Tv, gu, gu, t) 

                        =  H( v, u, u, t ) ◊ H ( v, u, u, t) ◊ H ( v, u, u,t ) 

By    t  ∗ t  ≥ t  and    t  ◊ t  ≤  1 – t,    we can get  Q ( v, u, u, kt )  ≥ Q ( v, u, u, t)  and  

H ( v, u, u, kt ) ≤ H( v, u, u, t)     is    a  contradiction thus  v = u. 

Hence f, g, S and T have a unique common  fixed point in X.  

Theorem  3. 2 : Let f, g, S and T be self  mappings  of a complete  generalized intuitionistic fuzzy 

metric space   (X, Q, H, ∗,  ◊) with  t  ∗ t  > t  and t ◊ t <  1 - t  if  the  mappings  satisfy  the  following  

conditions: 

[3.2.1]     f(x) ⊆ T(x) ,  g(x)  ⊆ S(x) 

[3.2.2]    Suppose (f, S)  satisfy the property (E.A) 

[3.3.3]   (f, S) and (g, T)  are weakly compatible  

*3.3.4+   Q(fx , gy,  gz,  t) ≥ φ  min 
Q Sx, Ty, Tz, t , Q fx, Ty, Tz, t ,

Q Sx, gy, gz, t , Q(fx, Sx, Sx, t)
     and  

                  H( fx, gy, gz, t) ≤  Ψ  max 
H Sx, Ty, Tz, t , H fx, Ty, Tz, t ,

H Sx, gy, gz, t , H(fx, Sx, Sx, t)
     

for all  x, y, z 𝜖  X  and  t > 0  where  φ, Ψ : [0,1] → [0,1]  is a continuous  and  increasing  function 

with  φ(s) > s  and  Ψ(s)  < s   for  0 < S < 1 and  𝜑(1) = 1,  𝛹(0) = 0. 

 Then f, g, S and T have  a unique common fixed point in X. 

Proof: 

               Let (f, S)  satisfy  the property (E.A).  By the definition of (E.A)  we can get  

lim
  𝑛→∞

Q  fxn, u, u, t  =  lim
  n→∞

Q  Sxn, u, u, t  = 1        and  

lim
  𝑛→∞

H   fxn,, u, u, t  =  lim
  n→∞

  H  Sxn,, u, u, t  = 0  for  some u 𝜖 X   and every  t > 0. 

Because  generalized intuitionistic fuzzy metric space is complete and f(x) ⊆ T(x),  there exists  a 

sequence  {yn}  such that  f(xn) = T(yn),  which implies lim
  𝑛→∞

𝑄  𝑇𝑦𝑛,𝑢, 𝑢, 𝑡  = 1  and  

lim
  𝑛→∞

𝐻  𝑇𝑦𝑛,𝑢, 𝑢, 𝑡  = 0.  Now  

               Q(fxn,  gyn,  gyn+1,  t)     ≥ φ  min 
Q Sxn , Tyn , Tyn+1 , t , Q fxn , Tyn , Tyn+1, t 

Q Sxn , gyn , gyn+1 , t , Q( fxn , Sxn , Sxn , t)
   

                H (fxn, gyn,  gyn+1,  t)   ≤ Ψ  max  
H Sxn , Tyn , Tyn+1, t , H fxn , Tyn , Tyn+1, t 

H Sxn , gyn , gyn+1 , t , H( fxn , Sxn , Sxn , t)
   

By the definition of generalized intuitionistic   fuzzy metric space, we can get  

Q(x, y, z, t)  ≥  Q ( x u, u, 1/3 t)  ∗ Q ( u, y, z, 2/3 t)  

                    ≥  Q ( x, u, u,1/3 t)   ∗ Q( y, u, u, 1/3 t)  ∗ Q ( z, u, u, 1/3 t)  and  

H(x, y, z, t)  ≤  H ( x u, u, 1/3 t) ◊ H ( u, y, z, 2/3 t)  
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                    ≤  H( x, u, u,1/3 t)   ◊ H( y, u, u, 1/3 t)  ◊ H( z, u, u, 1/3 t) 

Thus  

lim⁡
𝑛→∞

Q(fxn,  gyn, gyn+1,  t)  ≥ lim
𝑛→∞

 φ  min 
Q Sxn , Tyn , Tyn+1 , t , Q fxn , Tyn , Tyn+1 , t 

Q Sxn , gyn , gyn+1 , t  , Q( fxn , Sxn , Sxn , t)
   

                                              ≥   lim
𝑛→∞

  φ  min 
1 ∗ 1 ∗ 1 , Q Sxn , gyn , gyn+1 , t  

1 ∗ 1 ∗ 1   ,              1 ∗ 1 ∗ 1    
    and  

lim⁡
𝑛→∞

H(fxn,  gyn,  gyn+1,  t)  ≤ lim
𝑛→∞

 Ψ  max 
H Sxn , Tyn , Tyn+1 , t  H fxn , Tyn , Tyn+1 , t 

H Sxn , gyn , gyn+1 , t   H( fxn , Sxn , Sxn , t)
   

                                           ≤   lim
𝑛→∞

   Ψ  max 
0 ◊  0 ◊  0   H Sxn , gyn , gyn+1 , t  

0 ◊  0 ◊  0                 0 ◊  0 ◊  0    
   

If gyn  ≠ u  then     lim⁡
𝑛→∞

Q(fxn, gyn, gyn+1, t)    ≥ lim
𝑛→∞

 φ [ Q Sxn , gyn , gyn+1 , t ] 

                                                                           > lim⁡
𝑛→∞

  Q Sxn , gyn , gyn+1 , t  

  lim⁡
𝑛→∞

H(fxn,  gyn,  gyn+1,  t)   ≤ lim
𝑛→∞

 Ψ [ H Sxn , gyn , gyn+1 , t ] 

                                                <   lim⁡
n→∞

  H Sxn , gyn , gyn+1 , t   is a   contradiction  by the  above lemma. 

Therefore   limn→∞  f xn = limn→∞g yn = limn→∞S xn = limn→∞T yn =  u 

Let (X, Q, H, ∗,  ◊)  is  a  complete generalized intuitionistic fuzzy metric space.   

There exists x0 ∈ X such that Sx0 = u,   

Hence   Q(fx0,  gyn,  gyn+1,  t)  ≥ φ  min  
Q  Sx0 , Tyn , Tyn+1 , t , Q( fx0 , Tyn , Tyn+1, t)

Q  Sx0 , gyn , gyn+1 , t , Q( fx0 , Sx0 , Sx0 , t)
   

                H(fx0,  gyn,  gyn+1,  t)  ≤  Ψ  max  
H  Sx0 , Tyn , Tyn+1 , t , H( fx0 , Tyn , Tyn+1, t)

H  Sx0, gyn , gyn+1 , t  , H( fx0 , Sx0, Sx0 , t)
   

On making n → ∞,   Q (fx0, u, u, t)  ≥   φ  min 
Q u, u, u, t  , Q  u, u, u, t 

Q  fx0,u, u, t  , Q( fx0 , u, u, t)
    and  

                                       H(fx0, u, u, t)  ≤  Ψ  max  
H  u, u, u, t   , H  u, u, u, t 

H  fx0,u, u, t , H( fx0 , u, u, t)
   

which can imply  fx0 = u,  with  𝜑(s) > s  and  𝛹(s)  < s  for  0 < s < 1 

As f(x)  ⊆ T(x),  there exists y0  such that  fx0 = Ty0.   

Suppose Ty0 ≠ g y0. Now 

Q(f𝑥𝑛 ,  gy0,  gy0,  t)  ≥ φ  min 
Q Sxn , Ty0 , Ty0 , t ,   Q fxn , Ty0 , Ty0 , t 

Q Sxn , gyn , gy0 , t ,   Q fxn , Sxn , Sxn , t  
   

H(f𝑥𝑛 ,  gy0,  gy0,  t)  ≤ Ψ   max  
H Sxn , Ty0 , Ty0 , t ,   H fxn , Ty0 , Ty0 , t 

H Sxn , gyn , gy0 , t ,   H fxn , Sxn , Sxn , t  
   

If  n → ∞ , Q ( u, g𝑦0, g𝑦0, t)  ≥  φ  min 
Q  u, u, u, t  , Q( u, gy0,gy0, t)

Q  u, u, u, t  , Q  u, u, u, t 
    and  

H( u, g𝑦0, g𝑦0, t)  ≤  Ψ   max  
H  u, u, u, t  , H( u, gy0,gy0, t

H  u, u, u, t  , H  u, u, u, t 
   by the continuity of Q ,H  and φ, Ψ 

Hence  Q(u, gy0, gy0, t)  ≥ φ ( Q (u, gy0,  gy0, t) ) > Q ( u, gy0, gy0, t)    and  

 H(u, gy0, gy0, t)  ≤ 𝛹  ( H (u, gy0,  gy0, t))  <  H ( u, gy0, gy0, t)    is  a  contradiction.   

So Ty0 = gy0 

Now by (f, T) and (g, S)  are weakly compatible,  we  can  get,  

ffx0 = fSx0 = Sfx0 = SSx0   and   ggy0 = gTy0 = Tgy0 = TTy0 

Then, lim⁡
𝑛→∞

Q(fu, gyn, gyn+1, t)     ≥  φ  min 
Q Su, Tyn,Tyn +1 , t , Q fu, Tyn,Tyn +1, t 

Q Su, gyn,gyn +1, t     Q fu, Su, Su, t 
   

lim⁡
𝑛→∞

H(fxn, gyn, gyn+1, t)     ≤  𝛹    max  
H Su, Tyn,Tyn +1, t , H fu, Tyn,Tyn +1 , t 

H Su, gyn,gyn +1, t ,    H fu, Su, Su, t 
   

⇒  fu = u = Su.   
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Similarly we can get Tu = gu = u 

Uniqueness: 

Let v   be another common fixed point of f, g, S and T.  Then 

Q(v, u, u, t)  = Q( fv, gu, gu,  t) 

                      ≥  φ   min 
Q Sv, Tu, Tu, t , Q  fv, Tu, Tu, t    
Q  Sv, gu, gu, t , Q  fv, Sv, Sv, t 

   

H(v, u,  u, t)  = H( fv, gu, gu,  t) 

                          ≤  Ψ   max  
H Sv, Tu, Tu, t , H  fv, Tu, Tu, t 

 H  Sv, gu, gu, t , H  fv, Sv, Sv, t 
   

It  implies  v= u.  Hence f, g, S  and T have a  unique common  fixed point in X.  
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