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ABSTRACT
In this Paper we have proved Fixed Point Theorems in dislocated quasi-metric
space for sequence of mappings using rational inequality.
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1 INTRODUCTION

In 1922, S. Banach [8] proved a fixed point theorem for contraction mapping in metric space.
Since then a number of fixed point theorems have been proved by different authors and many
generalizations of this theorem have been established. In 2000, P. Hitzler and A.K. Seda [5,7]
introduced the notion of dislocated metric space in which self distance of a point need not be equal
to zero. They also generalized the famous Banach contraction principle in this space. Dislocated
metric space plays a very important role not only in topology but also in other branches of science
involving mathematics especially in logic programming and electronic engineering [6]. D.S Jaggi [3]
proved fixed point theorem using rational type of contractive condition which generalize the Banach
contradiction principle in complete metric space. Zeyada et. Al. [4] initiated the concept of
dislocated quasi metric space and generalized the result of Hitzler and Seda [7] in dislocated quasi
metric space .C.T. Aage and J.N. Salunke [2], A Isufati [1] established some important fixed point
theorems in single and pair of mappings in dislocated metric space. In this paper we established a
fixed point theorem in the context of dislocated quasi metric space.
2 Preliminaries
We introduce below necessary notions and present a few results in dislocated quasi-metric space
that will be used throughout the paper.
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Definition 2.1 [4,5] Let X be a non-empty set d: X x X— R" be a function, called a distance function if
for all x,y,zeX, satisfies:

dy:d(x,x) =0

dy:d(x,y) =d(y,x) =0=x =y

ds:d(x,y) = d(y,x)

ds:d(x,y)<d(x,z) +d(z,y)

If d satisfies the condition d; — d4 then d is called a metric on X.

If it satisfies the condition d;, d, and dy, it is called quasi-metric space.

If d satisfies condition d,, d3; and d,, it is called dislocated metric (or simply d-metric)

If d satisfies only d, and d4, then d is called a dislocated quasi-metric (or simply dg-metric) on X.
Definition 2.2 [4,5] A sequence (x,),eny in dg-metric space (X,d) is called Cauchy if for all
€> 0,3ny € N such that V. m,n > n, d(xm,xn) <cgord(x,, x,) <¢

Definition 2.3 [4] A sequence (x,),endislocated quasi converges or dg-converges to x if
lim,, . d(x,,, x) = lim, .. d(x,x,) =0

In this case x is called a dg- limit of (x,,), ey and we write x, = x

Definition 2.4 [4,5] A dg-metric space (X, d) is complete if every Cauchy sequence in it is dg-
convergent.

Lemma 2.5 [4] Every subsequence of dg-convergent sequence to a point x; is dg-convergent to x
Definition 2.6 [4,5] Let (X,d) be a dg-metric space. A mapping f:X — X is called contraction if there
exists 0 < A < 1 such that:

d(fx, fy) < Ad(x,y) forallx,y € X.

Lemma 2.7 [4,5] dg-limits in a dg-metric space are unique.

Further some theorems [5] give common fixed points for continuous contraction mapping satisfying
contractive type condition and rational inequality in dislocated and dislocated quasi-metric space.
Our theorem prove the result for sequence of mappings.

3 Main Result

We Prove the following theorem.

Theorem- Let (X,d) be a complete dislocated quasi-metric space. Let <T,> be a sequence of self
mappings on X satisfies the condition :

d(Tix, Ty) <

d(xT;y)d(y.T;
a%{%+ Bld(x.Ty) +d(».Ty)] +

yd(x,y) e e (3.1)
Forallx,y € X, a, 8,y are non negative with0 < 2a+ 38 +y <1

Then <T,> have a unique common fixed point.

Proof- Let xp¢X. We define a sequence <x,> in X such that T;x, 1 = x, and Tjx, = x,, 41 , for
n=1,2,3........

Then d(xn,xn+1) = d(Tixn—l,’I}'xn)

d(xp—1,Tjxn)dCen Tixn)
< ad(Tixn—1,xn]—1)+d(xn—]1 ,zjn) + .B[d(xn—l,’l}'xn) + d(xn,’l}xn)] + yd(xn—l,xn)
by (3.1)
d(Xn—1,%n+1) d(n tn+1)
= d(xn,xn—l):d(xn—l,x:j—l) + ﬁ[d(xn—l,xn+1) + d(xn:xn+1) + yd(xn—l,xn)
< ad(xn—lxn+1) + ﬁ[d(xn—l,xn+1) + d(xn,xn+1) + yd(xn—l,xn)
" Byd,

d(xp, Xp41) < d(x, Xp—1) +d(xy—_1,X541)
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= d(xXnXn+1) <1
d(xpxn—1)+d(Xn—1,%n41)

= (CZ + B)d(xn—lrxn+1) + ﬁ[d(xn;xn+1)] + yd(xn—l’xn)
< (CZ + B)[d(xn—lrxn) + d(xn;xn+1)] + ﬁ[d(xn;xn+1)] + yd(xn—l’xn)

= d(xn'xn+1) = ad(xn—len) + Zﬁd(xn'xn+1) + ﬁd(xn—l'xn) +
ad(xnlxn+1) + yd(xn—lvxn)
= ad(x—1,%,) + (@ + 2B)d(xp, Xp41) + (B +¥)d(xp—1, %)
= d(xn'xn+1) - (a + zﬁ)d(xn'xn+1) = (a + .8 + y)d(xn—lrxn)

= (1 —a— Z,B)d(xnlxn+1) < (a + .8 + y)d(xn—l'xn)
a+pB+y

d(xnlxn+1) < 1—a— Zﬁ d(xn—lvxn)
_atf+ty
Where A = r—yy 0<i<1
a+p+y
— <1
“1-a-2p

sa+f+y<l—a-—-28
=2a+3f+y<1
Hence d(x,, X, 11) S Ad(xp—1, %) s (3.2)
Similarly d(x,,_1,%,) < Ad(xy_3, Xp_1)
=>d(xp, Xp41) < A Ad(xp_3,%,_1) by using 3.2
= d(y, Xp41) < Ad(Xn_2,%-1)
and d(xy, Xn11) < Ad (X3, %0_2)
d (o, Xg1) < Ad (g, Xy —3)
Continuing in this way. We have
d(Xn, X 41) < A"d(xg, %1)
w01
andasn - e d(x,,x,41) = 0
Similarly we show that d(x,1,x,) = 0
Hence <x,, >is a Cauchy sequence in a complete dislocated quasi-metric space (X,d) So there exist
u € X such that < x,, > converges to u in dislocated quasi-metric space.
e lim, X, =uU (3.3)
Now d(u,?}-u) < d(u,x,) + d(x, Tju) by dg
= d(u, %,) + (T, 1 Tj)

d(Tiii:;?i))-ig?fi:)nu) + Bld(xp—1,Tu) + d(u, Tu)| + yd(x,-1 u) ... 3.1)

>0 as n—o oo by (3.3)

<dux,)+a

=d(u, T;u) > 0asn — o°

= u s a fixed point of T

Similarly we can prove that u is a fixed point of T},

d(T;u,u) > 0asn - oo

Hence we have proved that u is a common fixed point of T; and T}

Uniqueness — Let u and v are fixed point of T; and T} Such that T;u = u and
Tv=v

Then d(u,u) = d(T;u, T;u)

d(u,Tyu)dw,Tiu)

S AT + Bld(u, Tyu) + d(u, T;u)] + yd(u, w)
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_ d(u,u)d(u,u)
~7d (w,u)+d(u,u)

_ o ldww)?
= + 2Bd(u,u) + yd(u, u)

< ad(u,u) + 2pd(u,u) +yd(u,u)
=(a+2B+y)d(u,u)
=du,u) —(a+28+y)du,u) <0
d(u, u)[1-(@ + 28 +y)] <0
=du,u) =0 (3.4)
Thus d(u, u)=0 for a fixed point u of T;.
Similarly we get d(v,v) = 0 forafixed pointv of T;  .................(3.5)

+ Bld(u,w) + d(u,u)] + yd(u,u)

Now
d(u,v) =d(T;, T;v)

= “%W [d(w. Tv) + d(v, T;v)] + yd(w,v)

_dwv)d(v,v)
B ad(u,u) +d(u,v)

+ pld(u,v) + d(v,v)] + yd(u,v)

< ad(v,v) + Bld(u, v)] + yd(u,v) + Bd (v, v)
By using d,
d(u,v) <d(u,u)+d(u,v)
=(a+p)dw,v) + (B +y)d(wv)
=>[1-@B+rduwv) < (a+p)dw,v)

a+pf
dlu,v) £ ——d,v
(w,v) =G+ (v,v)

e _atP
dlu,v) <0 ... (3.6) By (3.5)and = pur7
Similarly
aww < — P g,

vu) < ——du,u
1-(B+7)
=>dv,u) <0 . (3.7) By(3.5)
. < a+f _ <
Hence |d(u,v) —d(v,u)| < 1—(/3+y)| l[d(v,v) —d(u,u)| <0
.e _atB
By 3.4 and wr,
=|d(uw,v) —d(v,u)| =0 = Modulus is not negative
Auyv)=dyw) (3.8)
From (3.6), (3.7) and (3.8)
Auv)=dv,u) =0
Then u= v by d,

Hence fixed point is unique
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