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ABSTRACT 

In this paper, we prove some common fixed point theorems for two nonlinear 

mappings in complete generalized intuitionistic fuzzy metric spaces. Our main 

results improved versions of several fixed point theorems in complete 

generalized intuitionistic fuzzy metric spaces. 
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1. INTRODUCTION 

As a generalization of fuzzy sets, Atanassov [2] introduced and studied the concept of 

intuitionistic fuzzy sets. Park [8] using the idea of intuitionistic fuzzy sets defined the notion of 

intuitionistic fuzzy metric spaces with the help of continuous t-norm and continuous  

t-conorm as a generalized of fuzzy metric spaces, George and Veeramani [5] showed that every 

metric induces an intuitionistic fuzzy metric, every fuzzy metric space in an intuitionsitic fuzzy metric 

space.  

In 2006, Sedghi and Shobe [10] defined M -fuzzy metric spaces and proved a common fixed 

point theorem for four weakly compatible mappings in this spaces. In this paper, we prove some 

common fixed point theorems for two nonlinear mappings in complete generalized intuitionistic 

fuzzy metric spaces. Our main results improved versions of several fixed point theorems in complete 

generalized intuitionistic fuzzy metric spaces.  
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2. PRELIMINARIES 

Definition 2.1:   

A 5-tuple (X, M, 𝒩, *, ) is called an generalized intuitionistic fuzzy metric space if X is an 

arbitrary (non-empty) set, * is a continuous t-norm,  a continuous t-conorm and M ,𝒩 are fuzzy 

sets on X3 x (0, ∞), satisfying the following conditions:   

for each x, y, z, a ∈ X and t, s > 0. 

a) M (x, y, z, t) + 𝒩 (x, y, z, t) ≤ 1, 

b) M (x, y, z, t) > 0, 

c) M (x, y, z, t) = 1 if and only if x = y= z,  

d) M (x, y, z, t) = M (p{x, y, z}, t), where p is a permutation function,  

e) M (x, y, z, a, t) *  M (a, z, z, s) ≤ M (x, y, z, t + s), 

f) M (x, y, z, .) : (0,∞) ⟶ [0,1] is continuous, 

g) 𝒩 (x, y, z, t) > 0, 

h) 𝒩 (x, y, z, t) = 0, if and only if x = y = z, 

i) 𝒩 (x, y, z, t) = 𝒩 (p{x, y, z}, t) where p is a permutation function, 

j) 𝒩 (x, y, z, a, t)  𝒩 (a, z, z, s) ≥ 𝒩 (x, y, z, t + s), 

k) 𝒩 (x, y, z, .) : (0, ∞) ⟶ [0, 1] is continuous. 

Then (M, 𝒩) is called an generalized intuitionistic fuzzy metric on X. 

Definition 2.2: 

Let (X, ℳ,𝒩, ∗, ◊) be an generalized intuitionistic fuzzy metric space. Then for any  

t > 0 ℳ x, x, y, t = ℳ x, y, y, t  and 𝒩 x, x, y, t = 𝒩(x, y, y, t).  Let (X, ℳ,𝒩, ∗, ◊)   be 

an  generalized intuitionistic fuzzy metric space. For any t > 0, the open ball 𝐵ℳ,𝒩(𝑥, 𝑟, 𝑡) with the 

center x ∈ X and radius 0 < r < 1 is defined by Bℳ x, r, t =  y ∈ 𝑋:ℳ x, y, y, t > 1 − 𝑟  and 

B𝒩 x, r, t =  y ∈ 𝑋:𝒩 x, y, y, t < 𝑟 . A subset A of X is called an open set if, for all x ∈ A, there 

exist t > 0 and 0 < r < 1 such that Bℳ,𝒩 x, r, t  ⊆  A. 

Example  2. 3 : 

Let X is a nonempty set and D*-metric on X. Denote a∗b = a.b and a ◊b = min {1, a + b} 

for all a, b  ∈  [0,1]. For any t∈  *0, ∞), define ℳ x, y, z, t =
t

t+D∗(x,y,z)
, and 

 𝒩 x, y, z, t =
D∗ (x,y,z)

t+D∗(x,y,z)
  for all  x, y, z ∈ X. It is easy to see that (X, ℳ,𝒩, ∗, ◊) is a generalized 

intuitionistic fuzzy metric space.  

Remark 2.4 : 

Let (X, ℳ,𝒩, ∗, ◊) is a generalized intuitionistic fuzzy metric space, If we define 

 ℳ ,𝒩: X3×(0, ∞) →*0, 1+ by ℳ x, y, z, t = ℳ x, y, t ∗ℳ y, z, t ∗ℳ z, x, t  and  

𝒩 x, y, z, t = 𝒩 x, y, t 𝒩 y, z, t 𝒩 z, x, t , for all x, y, z ∈ X, then (X, ℳ,𝒩, ∗, ◊) is a 

generalized intuitionistic fuzzy metric spaces.  

Definition 2.5 : 

Let (X, ℳ,𝒩, ∗, ◊) be an generalized intuitionistic fuzzy metric space. ℳ and 𝒩 are said to 

be continuous function on X3×(0,∞) if  lim
n→∞

 ℳ xn , yn , zn , tn = ℳ x, y, z, t  and 

 lim
n→∞

 𝒩 xn , yn , zn , tn = 𝒩 x, y, z, t  whenever a sequence {(xn, yn, zn, tn)} in X3×(0,∞) converges to a 

point (x, y, z, t) ∈ X3×(0,∞), that is,  lim
n→∞

xn = x,  lim
n→∞

yn = y,  lim
n→∞

zn = z,  

 lim
n→∞

 ℳ x, y, z, tn = ℳ(x, y, z, t) and  lim
n→∞

 𝒩 x, y, z, tn = 𝒩(x, y, z, t). 
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Lemma  2.6 : 

Let (X, ℳ, 𝒩, ∗, ) be a generalized intuitionistic fuzzy metric space. Then, ℳ(x, y, z, t) and  

𝒩(x, y, z, t) are non-decreasing with respect to t, for all x, y, z in X. 

Lemma  2.7 : 

Let (X, ℳ,𝒩, ∗, ◊) be an generalized intuitionistic fuzzy metric space. Then, ℳ, N 

continuous function on X3×(0,∞). 

Lemma  2.8 : 

Let (X, ℳ,𝒩 ∗,◊) be an  generalized intuitionistic fuzzy metric space. If there exists k >1 such 

that ℳ xn , xn , xn+1 , t ≥ ℳ x0 , x0 , x1 , knt  and 𝒩 xn , xn , xn+1 , t ≤ 𝒩 x0 , x0 , x1 , knt    for all  

n > 1, then {xn} is a Cauchy sequence in X.  

Definition  2.9 : 

We say that generalized intuitionistic fuzzy metric space (X, ℳ,𝒩, ∗, ◊) has the property 

(C) if it satisfies the following condition:  

For some x, y, z ∈ X, ℳ x, y, z, t = C ⇒ C=1 and 𝒩 x, y, z, t = C ⇒ C= 0, for all t > 0. 

3. The Main Results  

Theorem  3.1 :  

Let (X, ℳ,𝒩,∗,◊) be a complete  generalized intuitionistic fuzzy metric space and S, T be two 

self-mappings of  X satisfying the following conditions :  

(i) There exists a constant k ∈ (0,1) such that  

ℳ Sx, TSx, Ty, kt ≥ γ ℳ x, Sx, y, t         (3.1.1)  

        or  

ℳ Ty, STy, Sx, kt ≥ γ ℳ y, Ty, x, t  , for all  x, y ∈ X    (3.1.2) 

𝒩 Sx, TSx, Ty, kt ≤ ϕ 𝒩 x, Sx, y, t        (3.1.3) 

        or  

𝒩 Ty, STy, Sx, kt ≤ ϕ 𝒩 y, Ty, x, t  , for all x, y ∈ X.     (3.1.4) 

where   γ, ϕ : [0,1]  [0,1] is a function such that γ (a) ≥ a and ϕ a ≤ a for all a ∈ [0, 1], 

(ii) ST = TS.  

If (X, ℳ,𝒩,∗, ◊) have the property (C), then S and T have a unique common fixed point in X.   

Proof . 

Let x0 be an arbitrary point in X, define     

   
𝑥2𝑛+1 = 𝑇 𝑥2𝑛,               

𝑥2𝑛+2  = 𝑆 𝑥2𝑛+1 
   for all  𝑛 ≥ 0    (3.1.5) 

(1) Let dm(t) = ℳ(xm , xm+1, xm+1, t) and δ m(t) = 𝒩(xm , xm+1, xm+1, t)  for any t > 0.  

Then for any even m = 2n ∈ N, by (3.1.1), (3.1.3) and (3.1.5), we have  

d2n (kt) = ℳ(x2n , x2n+1, x2n+1 , kt) 

  =ℳ(Sx2n−1, Tx2n , Tx2n , kt) 

=ℳ(Sx2n−1, TSx2n−1 , Tx2n , kt) 

  ≥ γ(ℳ(x2n−1 , Sx2n−1 , x2n , t)) 

  ≥ ℳ(x2n−1 , x2n , x2n , t) 

  = d2n-1(t).  

δ2n (kt) = 𝒩 x2n , x2n+1 , x2n+1, kt  

= 𝒩(Sx2n−1 , Tx2n , Tx2n , kt) 

= 𝒩(Sx2n−1 , TSx2n−1, Tx2n , kt) 

≤ ϕ(𝒩(x2n−1 , Sx2n−1 , x2n , t)) 

  ≤ 𝒩(x2n−1 , x2n , x2n , t) 

  = δ 2n-1(t).  
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Thus d2n(kt) ≥ d2n-1(t)  and δ 2n(kt) ≤ δ 2n-1(t)  for all even m = 2n ∈ N and t > 0.  

Similarly, for any odd m = 2n+1 ∈ N, we have also  

d2n+1(kt)  ≥  d2n(t) and  δ2n+1(kt) ≤  δ2n(t). 

Hence we have  

dn (kt)  ≥  dn-1(t) and   δn(kt)  ≤  𝛿n-1(t). for all n ≥ 1    (3.1.6) 

Thus, we have  

ℳ(xn , xn+1 , xn+1, t) ≥ ℳ(xn−1 , xn , xn ,
1

k
t) ≥…≥ℳ(x0 , x1 , x1 ,

1

kn t) and 

𝒩(xn , xn+1 , xn+1 , t) ≤ 𝒩(xn−1 , xn , xn ,
1

k
t) ≤…≤ 𝒩(x0 , x1 , x1 ,

1

kn t). 

Therefore, by lemma   (2.8), {xn} is a Cauchy sequence in X and by the completeness of X, 

{xn} converges to a point x in X and so  

 lim
n→∞

x2n+1 =   lim
n→∞

 Tx2n =  lim
n→∞

 Sx2n+1   =  lim
n→∞

x2n+2 = x.  

Now, we prove that Tx = x.  

Put x =   x2n-1  and  y = x ,  in (i), we obtain  

ℳ(Sx2n−1 , TSx2n−1, Tx, kt) ≥ γ(ℳ(x2n−1 , Sx2n−1 , x, t)) ,  

          ℳ(x2n , x2n+1 , Tx, kt) ≥ γ(ℳ(x2n−1, x2n , x, t)) 

             ≥ ℳ(x2n−1, x2n , x, t)      (3.1.7) 

𝒩(Sx2n−1, TSx2n−1 , Tx, kt) ≤ ϕ(𝒩(x2n−1 , Sx2n−1 , x, t)) , 

           𝒩(x2n , x2n+1, Tx, kt) ≤ ϕ(𝒩(x2n−1, x2n , x, t)) 

             ≤ 𝒩(x2n−1, x2n , x, t)      (3.1.8) 

Letting  n→∞ in (3.1.7) and (3.1.8), we have  

ℳ x, x, Tx, kt ≥ ℳ x, x, x, t = 1 and 𝒩 x, x, Tx, kt ≤ 𝒩 x, x, x, t = 0 

which  implies that Tx = x, that is, x is a fixed point of T.  

Next, we prove that Sx = x. 

Put x =  x and y = x2n in (3.1.1) and (3.1.3),we obtain  

ℳ(Sx, TSx, Tx2n , kt) ≥ γ(ℳ(x, Sx, x2n , t) ≥ ℳ(x, Sx, x2n , t) and 

𝒩(Sx, TSx, Tx2n , kt) ≤ ϕ(𝒩(x, Sx, x2n , t) ≤ 𝒩(x, Sx, x2n , t).     

By (ii), since   TS = ST, we get 

ℳ(Sx, Sx, Tx2n , kt) ≥ γ(ℳ(x, Sx, x2n , t) ≥ ℳ(x, Sx,  x2n , t) and 

𝒩(Sx, Sx, Tx2n , kt) ≤ ϕ(𝒩(x, Sx, x2n , t) ≤ 𝒩(x, Sx, x2n , t).    (3.1.9) 

Letting n→∞ in (3.1.9), we have  

ℳ(Sx, Sx, x, kt) ≥ ℳ(x, Sx, x, t) , 𝒩 Sx, Sx, x, kt ≤ 𝒩 x, Sx, x, t   and  hence 

 ℳ(x, Sx, x, t) ≥ ℳ(x, Sx, x,
1

k
t)  ≥ℳ(x, Sx, x,

1

k2 t) . . .    ≥ℳ(x, Sx, x,
1

kn t) and   

𝒩 x, Sx, x, t ≤ 𝒩  x, Sx, x,
1

k
t ≤ 𝒩(x, Sx, x,

1

k2 t)  . . .   ≤ 𝒩(x, Sx, x,
1

kn t). 

On the other hand, that  

ℳ(x, Sx, x, knt) ≥ ℳ(x, Sx, x, t) and 𝒩(x, Sx, x, knt) ≤ 𝒩(x, Sx, x, t). 

Hence ℳ x, Sx, x, t = C  and for all t > 0. Since (X, ℳ,𝒩 ∗,◊) has the property (C), it  follows that 

C = 1 and so Sx = x, 𝒩 x, Sx, x, t = C  ⇒ C =  0 and so Sx = x, that is, x is a fixed point of S. Therefore, 

x is a common fixed point of the self-mappings S and T.  

(2)  By using (3.1.2), (3.1.4) and (3.1.5). Let dm(t) = ℳ(xm+1, xm , xm , t) and  

 𝛿m(t) = 𝒩(xm+1 , xm , xm , t) for any t > 0. Then, for any even m = 2n ∈ N, we have  

d2n(kt) = ℳ(x2n+1 , x2n , x2n , kt) 

 = ℳ(Tx2n , Sx2n−1 , Sx2n−1 , kt) 

 = ℳ(Tx2n , STx2n−2, Sx2n−1, kt) 

 ≥ 𝛾(ℳ(x2n , Tx2n−2 , x2n−1, t)) 
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 ≥ℳ(x2n , Tx2n−2, x2n−1 , t) 

 ≥ℳ(x2n , x2n−1 , x2n−1, t) = d2n-1(t).  

𝛿2n(kt) = 𝒩(x2n+1 , x2n , x2n , kt) 

 = 𝒩(Tx2n , Sx2n−1, Sx2n−1, kt) 

 = 𝒩(Tx2n , STx2n−2, Sx2n−1, kt) 

 ≤ 𝜙(𝒩(x2n , Tx2n−2, x2n−1, t)) 

 ≤ 𝒩(x2n , Tx2n−2 , x2n−1, t) 

 ≤ 𝒩(x2n , x2n−1, x2n−1 , t) 

 = 𝛿2n-1(t).  

Thus d2n(kt)  ≥  d2n-1(t) and  𝛿2n(kt) ≤  𝛿2n-1(t) for all even m = 2n ∈ N and t > 0.  

Similarly, for any odd m = 2n +1 ∈ N,  

we have also d2n+1(kt)  ≥ d2n(t)  and  𝛿2n+1(kt) ≤ 𝛿2n(t) for all n ≥ 1.  

The remains of the proof are almost same to the case of (3.1.1) and (3.1.3).  

Uniqueness:  Let x′ be another common fixed point of S and T. Then we have  

ℳ x, x, x′, kt = ℳ Sx, TSx, Tx′, kt  ≥ 𝛾(ℳ(x, Sx, x′, t)) ≥ℳ(x, x, x′, t) and 

𝒩 x, x, x′, kt = 𝒩(Sx, TSx, Tx′, kt) ≤ 𝜙 (𝒩(x, Sx, x′, t))≤ 𝒩(x, x, x′, t), 

which implies that 

ℳ(x, x, x′, t) ≥ ℳ(x, x, x′,
1

k
t) ≥ ℳ(x, x, x′,

1

k2 t). . .  ≥ℳ 𝑥, 𝑥, 𝑥 ′,
1

𝑘𝑛
𝑡 and 

𝒩(x, x, x′, t) ≤  𝒩(x, x, x′,
1

k
t) ≤ 𝒩(x, x, x′,

1

k2 t). . . ≤ 𝒩(𝑥, 𝑥, 𝑥 ′,
1

𝑘𝑛
𝑡) 

On the other hand, it follows from lemma   (2.6) that  

ℳ x, x, x′, t ≥ ℳ(x, x, x′,
1

kn t) and 𝒩 x, x, x′, t ≤ 𝒩(x, x, x′,
1

kn t). 

Since (X, ℳ,𝒩,∗,◊) has the property (C),  

 ℳ x, x, x′, t  = C ⇒ C = 1 and 𝒩 x, x, x′, t  = C  ⇒ C = 0, that is x = 𝑥 ′.  

Therefore, x is a unique common fixed point of S and T.  

Corollary 3.2 : 

Let (X, ℳ,𝒩,∗,◊) be a complete generalized intuitionistic fuzzy metric space. Let T be a 

mapping from X into itself such that there exists a constant k ∈ (0, 1) such that  

ℳ Tx, T2x, Ty, kt ≥ ℳ x, Tx, y, t  and  𝒩 Tx, T2x, Ty, kt ≤ 𝒩 x, Tx, y, t , for all x, y ∈ X. If 

(X, ℳ,𝒩, ∗, ◊) have the property (C), then T have a unique fixed point in X. 

Proof :  

By Theorem (3.1), if we set 𝛾 (a) = a, ϕ a = a and S = T, then the conclusion follows  

Corollary 3.3 :  

Let (X, ℳ,𝒩,∗,◊) be a complete generalized intuitionistic fuzzy metric space. Let T be a 

mapping from X into itself such that there exists a constant k ∈ (0, 1) such that 

ℳ Tnx, T2nx, Tny, kt ≥ ℳ(x, Tnx, y, t) and  𝒩 Tn x, T2nx, Tny, kt ≤ 𝒩 x, Tnx, y, t  for all  

x, y ∈ X and n ≥ 2.  If (X, ℳ,𝒩,∗,◊) has  the property (C), then T have a unique fixed point in X. 

Proof :   

By corollary (3.2), Tn have a unique fixed point in X. Thus there exists x ∈ X such that Tnx = x. 

Since Tn+1x = Tn (Tx) = T(Tnx) = Tx, We have Tx = x.  

Next, by using Lemma (2.8) and the property  (C), we can prove the main results in this paper.  

Theorem 3.4 :  

Let (X, ℳ,𝒩, ∗, ◊) be a complete generalized intuitionistic fuzzy metric space with 

t ∗ t    t and (1-t)   (1-t)  1-t for all t ∈ [0,1]. Let S and T be mappings from X into itself such that 

there exists a constant k ∈ (0, 1) such that  
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ℳ Sx, Ty, Ty, kt ≥   

a t ℳ x, Sx, Sx, t + b t ℳ y, Ty, Ty, t +

c t ℳ x, Ty, Ty, αt + d t ℳ y, Sx, Sx,  2 − α t +
e(t) ℳ(𝑥, 𝑦, 𝑦, 𝑡)

  

𝒩 Sx, Ty, Ty, kt ≤   

a t 𝒩 x, Sx, Sx, t + b t 𝒩 y, Ty, Ty, t +

c t 𝒩 x, Ty, Ty, αt + d t 𝒩 y, Sx, Sx,  2 − α t +
e(t) 𝒩(𝑥, 𝑦, 𝑦, 𝑡)

            (3.4.1) 

for all x, y ∈ X and α ∈ (0, 2), where a, b, c, d, e : *0, ∞ ) → *0, 1+ are five functions such that  

a(t) + b(t) + c(t) + d(t) + e(t) = 1for all t ∈ *0, ∞) Then S and T have a unique common fixed point in X.  

Proof : 

Let x0 ∈X be an arbitrary point. Then there exist x1, x2 ∈ X, such that x1 = Sx0 and 

x2 = Tx1. Inductively, we can construct a sequence {xn} in X such that  

 
x2n+1 = Sx2n ,

x2n+2  = Tx2n+1,

 for all  n ≥ 0        (3.4.2) 

Now, we show that {xn} is a Cauchy sequence in X. If we get  

dm(t) = ℳ xm , xm+1, xm+1 , t  and  𝛿m(t) = 𝒩 xm , xm+1, xm+1 , t , for all 𝑡 > 0        (3.4.3) 

then we prove that {dm(t)} and {𝛿m(t)} are increasing with respect to m ∈ N.  

In fact, for any odd m = 2n+1 ∈ N, we have  

d2n+1(kt) = ℳ(x2n+1 , x2n+2, x2n+2 , kt)  

    = ℳ(Sx2n , Tx2n+1, Tx2n+1, kt) 

               ≥     a t ℳ x2n , Sx2n , Sx2n , t + b(t) ℳ x2n+1, Tx2n+1 , Tx2n+1, t +         

                   c(t) ℳ(x2n , Tx2n+1 , Tx2n+1 , αt) + d(t) ℳ x2n+1 , Sx2n , Sx2n ,  2 − α t +  

                    e(t) ℳ(x2n , x2n+1, x2n+1 , t)     

             =    a t ℳ x2n , x2n+1 , x2n+1, t + b(t) ℳ x2n+1,  x2n+2,  x2n+2 , t +  

                   c(t) ℳ(x2n ,  x2n+2 ,  x2n+2 , αt) + d(t) ℳ x2n+1 , x2n+1, x2n+1,  2 − α t +  

                e(t) ℳ x2n , x2n+1, x2n+1 , t      and so  

d2n+1(t)  ≥ a t d2n t + b t d2n+1 t + c t d2n t ∗ d2n+1 qt + d t + e t d2n(t)       (3.4.4) 

δ2n+1(kt) = 𝒩(x2n+1, x2n+2 , x2n+2, kt) 

= 𝒩(Sx2n , Tx2n+1 , Tx2n+1 , kt) 

≤     a(t) 𝒩 x2n , Sx2n , Sx2n , t + b(t) 𝒩 x2n+1, Tx2n+1, Tx2n+1, t + 

     c(t) 𝒩 x2n , Tx2n+1 , Tx2n+1 , αt + d(t) 𝒩 x2n+1, Sx2n , Sx2n , (2 − α)t +  

     e(t) 𝒩 x2n , x2n+1, x2n+1, t    . 

=    a(t) 𝒩 x2n , x2n+1, x2n+1 , t + b(t) 𝒩 x2n+1, x2n+2 , x2n+2, t +  

      c(t) 𝒩 x2n ,  x2n+2 ,  x2n+2, αt + d(t) 𝒩 x2n+1 , x2n+1, x2n+1 ,  2 − α t + 

      e(t) 𝒩 x2n , x2n+1, x2n+1 , t      and so   

𝛿2n+1(kt) ≤    a t d2n t + b t d2n+1 t + c t d2n t ∗ d2n+1 qt + d t + e t d2n(t)   (3.4.5)                                                                                                               

The equality in (3.4.4), (3.4.5) are true because, if get α = 1+ q for any q ∈ (k,1), then 

ℳ(x2n , x2n+2 , x2n+2, (1 + q)t) = ℳ(x2n , x2n , x2n+2, (1 + q)t) 

    ≥ℳ(x2n , x2n , x2n+1, t) ∗ℳ(x2n+1 , x2n+2, x2n+2 , qt) 

                                                    = d2n(t) ∗d2n+1(qt) and 

 𝒩(x2n , x2n+2 , x2n+2, (1 + q)t)  = 𝒩(x2n , x2n , x2n+2, (1 + q)t) 

      ≤ 𝒩(x2n , x2n , x2n+1, t) ∗ 𝒩(x2n+1, x2n+2 , x2n+2, qt) 

                                                  = 𝛿2n(t) ∗ 𝛿2n+1(qt).  Now, we claim that  

d2n+1(t) ≥ d2n(t) and 𝛿2n+1(t) ≤ 𝛿2n(t), for all n ≥1 

Infact, if d2n+1(t) < d2n(t) and  𝛿2n+1(t) > 𝛿 2n(t)  then, since  

d2n+1(qt) ∗d2n(t) ≥ d2n+1(qt) ∗d2n+1(qt)   = d2n+1(qt)  and 

𝛿2n+1(qt) ∗ 𝛿2n(t) ≤ 𝛿 2n+1(qt) ∗  𝛿2n+1(qt)    = 𝛿 2n+1(qt), in (3.4.4)and (3.4.5), we have  



Bull .Math.&Stat.Res  

Vol.3.Issue.4.2015(Oct-Dec)   52 

M.RAJESWARI et al., 

d2n+1(kt) > a(t) d2n+1(qt) + b(t) d2n+1(qt) + c(t)d2n+1(qt) + d(t)d2n+1(qt) + e(t)d2n+1(qt)  = d2n+1(qt) 

𝛿2n+1(kt) < a(t) 𝛿2n+1(qt) + b(t) 𝛿2n+1(qt)+ c(t) 𝛿2n+1(qt)+ d(t) 𝛿2n+1(qt)+ e(t) 𝛿2n+1(qt) =  𝛿 2n+1(qt) 

and so  d2n+1(kt)  > d2n+1(qt) and  𝛿2n+1(kt) <  𝛿2n+1(qt),  which is contradiction  

Hence  d2n+1(t)  ≥ d2n (t) and 𝛿 2n+1(t) ≤ 𝛿2n(t) for all n ∈ N and t > 0. 

By (3.4.4) and (3.4.5), we have  

d2n+1(kt)  ≥  a(t) d2n(qt) + b(t) d2n(qt) + c(t)d2n(qt) + d(t)d2n(qt) + e(t) d2n(qt) = d2n(qt) 

𝛿 2n+1(kt) ≤  a(t) 𝛿 2n(qt) + b(t) 𝛿2n(qt)+ c(t) 𝛿 2n(qt)+ 𝛿(t) 𝛿2n(qt)+ e(t) 𝛿 2n(qt) = 𝛿 2n(qt) 

Now, if m = 2n, then by (3.4.3) we have  

d2n(kt)  = ℳ x2n , x2n+1 , x2n+1, kt  

= ℳ(Sx2n−1 , Tx2n , Tx2n , kt) 

            ≥    a t ℳ x2n−1 , Sx2n−1 , Sx2n−1 , t + b  t ℳ x2n , Tx2n , Tx2n , t + 

               c t ℳ x2n−1 , Tx2n , Tx2n , αt +d t ℳ x2n , Sx2n−1, Sx2n−1,  2 − α t  + 

               e t ℳ x2n−1 , x2n , x2n , t }    

            = {a t ℳ x2n−1, x2n , x2n , t +b t ℳ x2n , x2n+1, x2n+1 , t + 

                  c t ℳ x2n−1 , x2n+1, x2n+1 , αt +d t ℳ x2n , x2n , x2n , (2 − α)t + 

                e t ℳ x2n−1 , x2n , x2n , t } and so,  

d2n(kt) ≥ a(t)d2n-1(t)+ b(t)d2n(t)+ c(t) d2n-1(t) ∗ d2n(qt)+ d(t) +e(t) d2n-1(t)     (3.4.6) 

δ2n(kt) = 𝒩(x2n , x2n+1 , x2n+1, kt) 

 = 𝒩(Sx2n−1 , Tx2n , Tx2n , kt) 

           ≤ a(t) 𝒩(x2n−1 , Sx2n−1, Sx2n−1, t)+b(t) 𝒩(x2n , Tx2n , Tx2n , t)+ 

               c(t) 𝒩(x2n−1 , Tx2n , Tx2n , αt)+d(t) 𝒩(x2n , Sx2n−1 , Sx2n−1 , (2 − α)t)+ 

                e(t) 𝒩(x2n−1, x2n , x2n , t) 

          =   a(t) 𝒩(x2n−1, x2n , x2n , t)+ b(t) 𝒩 x2n , x2n+1, x2n+1, t  + 

               c(t) 𝒩(x2n−1 , x2n+1, x2n+1 , αt)+d(t) 𝒩(x2n , x2n , x2n , (2 − α)t) + 

               e(t) 𝒩 x2n−1 , x2n , x2n , t   and so,  

δ2n(kt) ≤ a(t) δ 2n-1(t) + b(t) δ 2n(t) + c(t) δ 2n-1(t) ∗  δ 2n(qt)  +  d (t) + e(t) δ 2n-1(t)     (3.4.7) 

The equality in (3.4.6) and (3.4.7) are true because if α =1+q for any q ∈ (k,1), then 

ℳ x2n−1, x2n+1 , x2n+1,  1 + q t = ℳ x2n−1, x2n−1 , x2n+1,  1 + q t  

       ≥ ℳ(x2n−1 , x2n−1, x2n , t) ∗  ℳ(x2n , x2n+1 , x2n+1, qt) 

      = d2n-1(t) ∗d2n(qt). 

𝒩(x2n−1 , x2n+1, x2n+1 ,  1 + q t) = 𝒩(x2n−1, x2n−1 , x2n+1,  1 + q t) 

       ≤ 𝒩(x2n−1, x2n−1 , x2n , t) ∗  𝒩(x2n , x2n+1 , x2n+1, qt) 

       = δ 2n-1(t) ∗  δ 2n(qt).  Now, we also claim that  

d2n(t) ≥ d2n-1(t) and δ 2n(t) ≤ δ 2n-1(t), for all n ≥ 1.  

In fact, if d2n(t) < d2n-1(t) and δ  2n(t) < δ 2n-1(t) then, since  

d2n(qt) ∗d2n-1(t) ≥ d2n(qt) ∗d2n(qt)  = d2n(qt) and  

δ 2n(qt) ∗ δ2n-1(t) ≤ δ 2n(qt) ∗  δ 2n(qt)  = δ 2n(qt), in (3.4.6), (3.4.7), we have  

d2n(kt)  >  a(t)d2n(qt) + b(t)d2n(qt) + c(t) d2n(qt) + d(t) d2n(qt) + e(t) d2n(qt)  = d2n(qt) 

δ 2n(kt) <  a(t) δ 2n(qt)+ b(t) δ 2n(qt)+ c(t) δ 2n(qt)+ d(t) δ 2n(qt)+ e(t) δ 2n(qt) = δ 2n(qt) 

and so d2n(kt) > d2n(qt) and δ 2n(kt) <  δ 2n(qt), which is a contradiction.  

Hence d2n(t) ≥ d2n-1(t) and  δ 2n(t) ≤ δ 2n-1(t) for all n ∈ N and t > 0. By (3.4.6), (3.4.7), we have  

d2n(kt) ≥ a(t)d2n-1(qt) + b(t)d2n-1(qt) + c(t) d2n-1(qt) ∗d2n-1(qt) + d(t) d2n-1(qt) + e(t) d2n-1(qt) 

= d2n-1(qt) 

δ 2n(kt) ≤ a(t) δ 2n-1(qt)+ b(t) δ 2n-1(qt) + c(t) δ 2n-1(qt) ∗  δ 2n-1(qt) +d(t) δ 2n-1(qt)+ e(t) δ 2n-1(qt) 

= δ 2n-1(qt) 

and so d2n(kt) ≥ d2n-1(qt)  and δ 2n(kt) ≤ δ 2n-1(qt) 
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Thus we have  dn(kt)  ≥ dn-1(qt) and δ n(kt) ≤ δ n-1(qt), for all n ≥1.  Therefore, it follows that  

ℳ xn , xn+1 , xn+1, t ≥ ℳ  xn−1 , xn , xn ,
q

k
t ≥ … ≥ ℳ(x0 , x1 , x1 ,  

q

k
 

n
t) and  

𝒩 xn , xn+1 , xn+1 , t ≤ 𝒩  xn−1 , xn , xn ,
q

k
t ≤ … ≤ 𝒩(x0 , x1 , x1 ,  

q

k
 

n
t).  

Hence, by Lemma (2.8), {xn} is a Cauchy sequence in X and by the completeness of X. 

{xn} converges to a point x ∈ X and  lim
n→∞

x2n+1 =   lim
n→∞

Sx2n =  lim
n→∞

Tx2n+1 =  lim
n→∞

x2n+2 = x.  

Now, we prove that Sx = x.  

Letting α = 1, x = x and y = x2n+1 in (3.4.1),(3.4.2) respectively,  we obtain  

ℳ Sx, Tx2n+1, Tx2n+1, kt  ≥ a(t) ℳ(x, Sx, Sx, t)+ b(t) ℳ x2n+1, Tx2n+1, Tx2n+1 , t  +  

                c(t) ℳ(x, Tx2n+1, Tx2n+1 , t)+ d(t) ℳ x2n+1 , Sx, Sx, t +  

          e(t) ℳ(x, x2n+1, x2n+1, t)      (3.4.8) 

𝒩(Sx, Tx2n+1, Tx2n+1 , kt) ≤  a(t) 𝒩 x, Sx, Sx, t  + b(t) 𝒩 x2n+1, Tx2n+1, Tx2n+1 , t  +  

         c(t) 𝒩 x, Tx2n+1 , Tx2n+1, t  + d(t) 𝒩(x2n+1, Sx, Sx, t)+  

         e(t) 𝒩(x, x2n+1, x2n+1 , t)      (3.4.9) 

If Sx ≠ x, then letting n→∞ in (3.4.8),(3.4.9), we have  

ℳ Sx, x, x, kt  ≥ a(t) ℳ x, Sx, Sx, t  + b(t) ℳ x, x, x, t  + c(t) ℳ( x, x, x, t  +  

           d(t) ℳ(x, Sx, Sx, t)+ e(t) ℳ(x, x, x, t)  

 > ℳ(x, x, Sx, t) and 

𝒩(Sx, x, x, kt) ≤ a(t) 𝒩 x, Sx, Sx, t  + b(t) 𝒩(x, x, x, t) + c(t) 𝒩( x, x, x, t  +  

         d(t) 𝒩(x, Sx, Sx, t)+ e(t) 𝒩(x, x, x, t)  

                        < 𝒩(x, x, Sx, t), which is a contradiction.  

Thus it follows that Sx = x.  

Similarly, we can prove that Tx = x. In fact, again, put x = x2n  and y = x in (3.4.1) and (3.4.2) 

respectively, for 𝛼 = 1, we have  

ℳ (Sx2n , Tx, Tx, kt) ≥ a  t ℳ  x2n  , Sx2n  , Sx2n  , t +  b t  ℳ (x, Tx, Tx, t) 

 + c(t) ℳ  x2n , Tx, Tx, t +  d t  ℳ (x, Sx2n  , Sx2n  , t) 

 + e(t) ℳ ( x2n , x, x, t       (3.4.10) 

𝒩 (Sx2n , Tx, Tx, kt) ≤ a  t 𝒩  x2n  , Sx2n  , Sx2n  , t +  b t  ℳ (x, Tx, Tx, t) 

 +c(t) 𝒩  x2n , Tx, Tx, t +  d t  𝒩 (x, Sx2n  , Sx2n  , t) 

 +e(t) 𝒩 ( x2n , x, x, t       (3.4.11) 

and so, if Tx ≠ x, letting n →  ∞ in (3.4.10), (3.4.11), we have 

 

ℳ(x, Tx, Tx, kt) ≥ a(t) ℳ(x, x, x, t) + b(t) ℳ(x, Tx, Tx, t)+ c(t) ℳ(x, Tx, Tx, t)+  

             d(t) ℳ(x, x, x, t)+ e(t) ℳ(x, x, x, t)  

   > ℳ(x, Tx, Tx, t) and 

𝒩(x, Tx, Tx, kt) ≤ a(t) 𝒩(x, x, x, t)+ b(t) 𝒩(x, Tx, Tx, t)+ c(t) 𝒩(x, Tx, Tx, t)+  

            d(t) 𝒩 x, x, x, t + e(t) 𝒩 x, x, x, t    

   < 𝑁(x, Tx, Tx, t), which implies that Tx = x.  

Therefore Sx = Tx = x and x is a common fixed point of the self-mappings S and T of X.  

Uniqueness: If x′ be another fixed point of S and T.  

Then, for α = 1, by (3.4.1)and (3.4.2), we have  

ℳ x, x′, x′, kt  = ℳ(Sx, Tx′, Tx′, kt) 

 ≥ a(t) ℳ(x, Sx, Sx, t)+ b(t) ℳ(x′, Tx′, Tx′, t)+ c(t) ℳ(x, Tx′, Tx′, t)+  

    d(t) ℳ(x′, Sx, Sx, t)+ e(t) ℳ(x, x′, x′, t) 

>ℳ(x, x′, x′, t) 
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𝒩 x, x′, x′, kt  =𝒩(Sx, Tx′, Tx′, kt) 

≤ a(t) 𝒩(x, Sx, Sx, t)+ b(t) 𝒩(x′, Tx′, Tx′, t)+ c(t) 𝒩 x, Tx′, Tx′, t +  

    d(t) 𝒩(x′, Sx, Sx, t)+ e(t) 𝒩(x, x′, x′, t) 

< 𝒩(x, x′, x′, t) 

and so x = x′ . 

Example 3.5 : 

Let (X, ℳ,𝒩, ∗ ,◊) be an generalized intuitionistic fuzzy metric space, where  

X = [0, 1] with  t-norm defined a ∗ b = min{a, b} and  t-conorm defined a  b = max {a, b} for all a, 

b ∈ [0, 1] , ℳ x, y, z, t =
t

t+ x−y + y−z + x−z 
   and 𝒩( x, y, z, t ) = 

 x−y + y−z + z−x 

t+ x−y + y−z + z−x 
   

for all t > 0,  x, y, z ∈ X.  Define the self-mappings T and S on X as follows:   

 Tx = 1, Sx =  
1 if   x   is      rational
0 if   x   is    irrational

   

We can find the functions a, b, c, d, e : *0, ∞ ) →*0, 1+ such that a(t) + b(t) + c(t) + d(t) + e(t) = 1 and 

the following inequality holds:  

ℳ(Sx, Ty, Ty, kt) ≥ a(t) ℳ(x, Sx, Sx, t)+ b(t) ℳ(y, Ty, Ty, t) + c(t) ℳ(x, Ty, Ty, αt) +  

                                d(t) ℳ y, Sx, Sx,  2 − α t  + e(t)ℳ(x, y, y, t) and  

𝒩(Sx, Ty, Ty, kt) ≤ a(t) 𝒩(x, Sx, Sx, t)+ b(t) 𝒩(y, Ty, Ty, t) +  c(t) 𝒩 x, Ty, Ty, αt  +  

         d(t) 𝒩(y, Sx, Sx, (2 − α)t)+ e(t) 𝒩(x, y, y, t). 

It is easy to see that the all the conditions of theorem ( 3.4) hold and is a unique common fixed point 

of S and T.  

Corollary 3.6 :  

Let (X, ℳ,𝒩, ∗ ,◊) be a complete generalized intuitionistic fuzzy metric space with 

t ∗ t    t and (1-t)   (1-t)  1-t  for all t  [0, 1]. Let S be a mapping from X into itself such that there 

exists k ∈ (0, 1) such that  

ℳ(Sx, Sy, Sy, kt)  ≥ a(t) ℳ(x, Sx, Sx, t)+ b(t) ℳ(y, Sy, Sy, t)+ c(t) ℳ x, Sy, Sy, αt +  

                     d(t) ℳ y, Sx, Sx,  2 − α t  + e(t) ℳ(x, y, y, t)  

𝒩(Sx, Sy, Sy, kt) ≤ a(t) 𝒩(x, Sx, Sx, t)+ b(t) 𝒩(y, Sy, Sy, t)+ c(t) 𝒩 x, Sy, Sy, αt +  

                     d(t) 𝒩(y, Sx, Sx, (2 − α)t) + e(t) 𝒩(x, y, y, t) 

for all x, y ∈ X and α = (0, 2), where a, b, c, d, e : *0, ∞) →*0, 1+ are five functions such that  

a(t) + b(t) + c(t) + d(t)+e(t) = 1 for all t ∈ *0, ∞+. Then S have a unique common fixed point in X.  

Corollary  3.7 :  

Let (X, ℳ,𝒩, ∗,◊) be a complete generalized intuitionistic fuzzy metric space with 

t ∗ t    t and (1-t)   (1-t)  1-t  for all t  [0, 1].  Let S be a mapping from X into itself such that there 

exists k ∈ (0, 1) such that  

ℳ(Sx, y, y, kt) ≥ a(t) ℳ(x, Sx, Sx, t)+ b(t) ℳ(x, y, y, αt)+ c(t) ℳ(y, Sx, Sx, (2 − α)t)+ 

                 d(t) ℳ(x, y, y, t) 

𝒩(Sx, y, y, kt)  ≤ a (t) 𝒩(x, Sx, Sx, t)+ b(t) 𝒩(x, y, y, αt)+ c(t) 𝒩(y, Sx, Sx, (2 − α)t)+ 

                  d(t) 𝒩(x, y, y, t)  

for all x, y ∈ X, α ∈ (0,2) and where a, b, c, d, e : *0,∞)→*0, 1+ are five functions such that  

a(t) + b(t) + c(t) + d(t) =1 for all t ∈ *0, ∞). Then S have a unique common fixed point in X.  

Corollary 3.8 : 

Let (X, ℳ,𝒩, ∗, ◊) be a complete  generalized intuitionistic fuzzy metric space with 

 t ∗ t    t and (1-t)   (1-t)  1-t  for all t  [0, 1].  Let S and T be mappings from X into itself such that 

there exists k ∈ (0, 1) such that  
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ℳ(Snx, Tm y, Tm y, kt)  ≥ a(t) ℳ(x, Snx, Snx, t)+ b(t) ℳ(y, Tm y, Tm y, t)+                                    

                                          c(t) ℳ x, Tm y, Tm y, αt  +  d(t) ℳ y, Snx, Snx,  2 − α t  +  

                                           e(t) ℳ(x, y, y, t) and 

𝒩(Snx, Tm y, Tm y, kt)  ≤ a(t) 𝒩(x, Snx, Snx, t)+ b(t) 𝒩(y, Tm y, Tm y, t)+ 

                                         c(t) 𝒩(x, Tm y, Tm y, αt)+   d(t) 𝒩(y, Snx, Snx, (2 − α)t)+  

                                         e(t) 𝒩(x, y, y, t) 

for all x, y ∈ X, α ∈ *0, 2+ and n, m ≥ 2, where a, b, c, d, e: *0, ∞)→*0, 1+ are five functions such that 

a(t) + b(t) + c(t) + d(t) + e(t) =1 for all t ∈ *0,∞).  

If SnT = TSn  and  TmS = STm, then S and T have a unique common fixed point in X.  

Proof : 

By theorem (3.4),  Sn and Tm have a unique common fixed point in X.  

That is, there exists a unique point z ∈ X such that  Sn (z) = Tm (z) = z.  

Since  S(z) = S (Sn (z)) = Sn (S(z)) and  S(z) = S(Tm(z)) = Tm(S(z)), that is  

S(z) is fixed point Sn and Tm and so S(z) = z. Similarly, Tz = z.   

Corollary 3.9 :  

Let (X, ℳ,𝒩, ∗, ◊) be a complete generalized intuitionistic fuzzy metric space with  

t ∗ t    t and (1-t)   (1-t)  1-t  for all t  [0, 1]. Let S and T be mappings from X into itself such that 

there exists k ∈ (0, 1) such that  

ℳ(Sx, Ty, Ty, kt) ≥ a(t) ℳ x, Sx, Sx, t  + b(t) ℳ  y, Ty, Ty, t  , 

𝒩(Sx, Ty, Ty, kt) ≤ a(t) 𝒩(x, Sx, Sx, t) + b(t) 𝒩  y, Ty, Ty, t  

for all x, y ∈ X and α ∈ (0, 2), where a, b:*0, ∞)→*0, 1+ are two functions such that  

a(t) + b(t) = 1 for all t ∈ *0, ∞). Then S and T have a unique common fixed point in X.  

REFERENCES 

[1]. Alaca.C,  Tukoglu.D  and Yiliz .C  “ Fixed ts in intuionistic fuzzy metric spaces” ,Chaos, Solitons and 

Fractals, 29(2006), 1073 -1078. 

[2]. Atanassov .K , “ Intuionistic fuzzy Sets” Fuzzy sets and Systems, 20(1986),87- 96. 

[3]. Banach.S.,  Theories, lies, operations, Laniaries Manograie Mathematyezene, warsaw , Poland, 1932.   

[4]. Choudhary.B.S., “ A Unique common fixed Point  theorem for sequence of self maps in menger 

spaces” Bull. Korean mathe. Soc 37(2000), no.3, 569 – 575. 

[5]. George.A  and  Veeramani.P , “ On Some results in fuzzy metric spaces”, Fuzzy sets and Systems, 

64(1994), 395 - 399. 

[6]. Kramosil.O and Michalek.J, “ Fuzzy metric and statistical metric spaces”, Ky-bernetics,11(1975),  

330 -334. 

[7]. Mehra S. and Gugnani M, “A Common fixed point for six mappings in an intuitionistic ℳ -fuzzy metric 

space”, Indian Journal of Mathematics, Vol.51 No.1, (2009) 23- 47. 

[8]. Park.J.H, “Intuitionistic fuzzy metric spaces”, Chaos, Solitons and  Fractals, 22(2004),1039-11046. 

[9]. Ranjeeta Jain and Bajaj.N, “ A Common Fixed Point for Eight Mappings in an Intuituionistic ℳ- Fuzzy 

metric space with Property ‘E’”, Global journal of science frontier research Mathematics and decision 

science, vol.13 (2) version 1.0 year 2013. 

[10]. Sedghi.S and Shobe.N, “ Fixed point theorem in ℳ -fuzzy metric spaces with property (E)”, Advances 

in Fuzzy Mathematics, 1(1) (2006), 55-65. 

[11].  Sedghi.S, Jung Hwa. Im and Shobe.N, “Common Fixed point theorems for two mappings in  ℳ-fuzzy 

metric spaces ” ,East Asian Mathematical Journal, 27(3) (2011), 273-288. 

[12]. Singh S.L. and Singh. S.P, “ A fixed point theorem”, Indian Jun. of Pure and App. Math., 11(1980),  

1584 -1586. 

[13]. Turkoglu.D, Altun.I and Cho.Y.J., “ Common fixed points of compatible mappings of type(I) and type(II)  

in fuzzy metric spaces”, J.fuzzy math. 15(2007), 435 – 448. 

[14]. Zadeh L.A., “Fuzzy sets”, Inform. and Control, 8 (1965), 338- 353. 


