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1. INTRODUCTION

As a generalization of fuzzy sets, Atanassov [2] introduced and studied the concept of
intuitionistic fuzzy sets. Park [8] using the idea of intuitionistic fuzzy sets defined the notion of
intuitionistic fuzzy metric spaces with the help of continuous t-norm and continuous
t-conorm as a generalized of fuzzy metric spaces, George and Veeramani [5] showed that every
metric induces an intuitionistic fuzzy metric, every fuzzy metric space in an intuitionsitic fuzzy metric
space.

In 2006, Sedghi and Shobe [10] defined 9 -fuzzy metric spaces and proved a common fixed
point theorem for four weakly compatible mappings in this spaces. In this paper, we prove some
common fixed point theorems for two nonlinear mappings in complete generalized intuitionistic
fuzzy metric spaces. Our main results improved versions of several fixed point theorems in complete
generalized intuitionistic fuzzy metric spaces.
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2. PRELIMINARIES
Definition 2.1:

A 5-tuple (X, M, IV, *, O) is called an generalized intuitionistic fuzzy metric space if X is an
arbitrary (non-empty) set, * is a continuous t-norm, ¢ a continuous t-conorm and M , N are fuzzy
sets on X°>x (0, =), satisfying the following conditions:
foreach x,y,z,a€Xandt,s>0.

a) M(xy,zt)+N(xvyzt)<1,

b) M(x,y,zt)>0,

c) M(x,y,z,t)=1lifandonlyif x=y=7z,

d) M(xvy,z t)=M(p{x, vy, z}, t), where p is a permutation function,

e) M(x,y,z,a,t)* M(a,z,z,s) <M (x,y,z t+5s),

f) M(x, v,z .):(0,0) — [0,1] is continuous,

g) N(xvy,z1t)>0,

h) NV (x,y,z,t)=0,ifandonlyifx=y =z,

i) N(xvVy,zt)=N (p{x, v, z}, t) where p is a permutation function,

N Ny zat)ON(a,z,28)2N (XY, zt+s),

k) N (x,v,2z.):(0, o) — [0, 1] is continuous.
Then (M, V') is called an generalized intuitionistic fuzzy metric on X.
Definition 2.2:

Let (X, M, V', *, 0) be an generalized intuitionistic fuzzy metric space. Then for any
t>OME Xy, ) =ME vy, vy, DandNE x, y, ) =N(E, y, y, t). Let (X, M, NV, *, 0) be
an generalized intuitionistic fuzzy metric space. For any t > 0, the open ball By; »-(x,7,t) with the
center x € X and radius 0 < r < 1 is defined by By, (x,1,t) = {y € X:iM(x,y,y,t) >1—r} and
By 1t) ={y € X:N(x,y,y,t) <r}. A subset A of X is called an open set if, for all x € A, there
existt>0and0<r<1suchthatBy »(x 1, t) € A.

Example 2.3:
Let X is a nonempty set and D"-metric on X. Denote a*b = a.b and a 0b = min {1, a + b}

foralla, b € [0,1]. For any t€ [0, =), define M'(X,y,z,t) = m, and

N(xy,2zt) = % forall x,y,z € X. It is easy to see that (X, M, V', *, 0) is a generalized

intuitionistic fuzzy metric space.
Remark 2.4 :

Let (X, M, V', *, ) is a generalized intuitionistic fuzzy metric space, If we define
M, N:X%(0, =) 5[0, 1] by M (x,y,2,t) = M(x,y,t) * M(y,z,t) * M(z,x%,t) and
NEK Y, zt) = NEyDON(y,z)ON(z,x,t),forallx,y,z€ X, then (X, M,N, %, 0) is a
generalized intuitionistic fuzzy metric spaces.
Definition 2.5 :

Let (X, M, V', *, 0) be an generalized intuitionistic fuzzy metric space. M" and V" are said to
be continuous function on X*x(0,so) if nlLIE M (Xp, Vi) Zn, th) = M(X,y,2,t) and
I}LIE N Xy, Vi Zns tn) = N(X, Y,z t) whenever a sequence {(Xn, Yn Zn, tn)} in X*x(0,00) converges to a
point (x,vy, z,t) € X3X(O,<>°), that is, r}irzloxn =X, nli_>12y“ =y, r}irzlozn =7z,

lim M (x,y,z,t,) = M(Xy,zt)and lim N(X,y,zt,) = N(X,V,7t).
n—ooee n—ooo
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Lemma 2.6:

Let (X, M, IV, *, 0) be a generalized intuitionistic fuzzy metric space. Then, M (x, vy, z, t) and
N(x, Y, z, t) are non-decreasing with respect to t, for all x, y, zin X.
Lemma 2.7:

Let (X, M,V, *, ¢) be an generalized intuitionistic fuzzy metric space. Then, M, N
continuous function on X*x(0,°).
Lemma 2.8:

Let (X, M, V" x,0) be an generalized intuitionistic fuzzy metric space. If there exists k >1 such
that M (X, Xp, Xp41, ) = M (Xg, Xg, X1, K"t) and NV (X, Xy, Xn+1, ) < N (Xg, Xg, X1, kK"t) forall
n > 1, then {x,} is a Cauchy sequence in X.
Definition 2.9:

We say that generalized intuitionistic fuzzy metric space (X, M, V', %, {) has the property
(C) if it satisfies the following condition:

Forsomex,y,z €EX, M(x,y,z,t) = C=>C=land N (x,y,z,t) = C = C=0, forall t > 0.
3. The Main Results
Theorem 3.1:

Let (X, M, V',*,0) be a complete generalized intuitionistic fuzzy metric space and S, T be two
self-mappings of X satisfying the following conditions :

(i) There exists a constant k € (0,1) such that
M (Sx, TSx, Ty, kt) = y(M (%, Sx,y,1)) (3.1.1)
(or)
M (Ty, STy, Sx, kt) = v(M(y, Ty, x, t)), forall x,y € X (3.1.2)
N (Sx, TSx, Ty, kt) < @(IV'(x,Sx,y,1)) (3.1.3)
(or)
N (Ty, STy, Sx, kt) < @(NV'(y, Ty,x, 1)), forall x,y € X. (3.1.4)

where vy, ¢ :[0,1] —[0,1] is a function such thaty (a) 2 aand ¢(a) < aforalla € [0, 1],
(ii) ST=TS.
If (X, M, V',*, 0) have the property (C), then S and T have a unique common fixed point in X.
Proof.
Let xo be an arbitrary point in X, define
{ Xon+1 = T Xog,
Xon+2 =S Xoan41
(2) Let d(t) = M (Xm» Xm41, Xm41, D) and & ,(t) = N (X, Xm+1, Xm+1,t) foranyt>0.
Then for any even m =2n € N, by (3.1.1), (3.1.3) and (3.1.5), we have
dan (kt) = M (X210, X2n+1, X2n+1, Kt
=M (Sx2,-1, TX2y, TXq,, kt)
=M (SXp,-1, TSX2,-1, TXg,, kt)
2 Y(M (X2n—1, SX2n-1,X2n, )
2 M (Xzn—1,X2n,X2n, t)
= dana(t).
82n (kt) = NV (X2n, Xon+1, X2n+1, KE)
=N (Sxpn-1, TX3, TXqp, kt)
=N (Sxpn_1, TSXon_1, TXop, kt)
< @V (Xzn-1,SX2n-1,X2n, )
< N(XZn—li X2n,X2n, t)
= 6 yn4(t).

foralln =0 (3.1.5)
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Thus dyn(kt) 2 djnq(t) and & ,,(kt) < 6 ,0.4(t) forallevenm=2n€Nandt>0.
Similarly, for any odd m = 2n+1 € N, we have also
dansa(kt) 2 dan(t) and Spnsa(kt) £ 624(t).
Hence we have
dn(kt) 2 dqa(t)and &h(kt) € 8,4(t). foralln>1 (3.1.6)
Thus, we have
M Xy, Xn+1, Xns1, 0 = M(Xn_l,xn,xn,%t) 2...2M(X0,x1,xl,kint) and

N (X, Xp+1,Xn+1,8) < N(xn_l,xn,xn,%t) <.< N(Xo,xl,xl,kint).
Therefore, by lemma (2.8), {x,} is a Cauchy sequence in X and by the completeness of X,
{x,} converges to a point x in X and so
limxy,,1 = lim Txy, = lim Sx,,41 = limxy,,, =X
n—ee n-—ee n—oeo n—oeo
Now, we prove that Tx = x.
Putx= X,,.1 and y =x, in (i), we obtain
M (Sx2n-1, TSXan-1, TX, kt) = y(M (X2n-1, SX2n-1,%, 1)) ,
M (X2n, X2n+1, T Kt) = V(M (X2n-1, X2n, X, 1))
> M (Xpn—_1, X1, X, 1) (3.1.7)
N (Sx2n-1, TSXon-1, TX k) < @(NV (X2n-1,SX2n-1,%, 1)) ,
N (X2n,X2n+1, TX Kt) < @(WV (X2n-1,X2n, X, 1))
< N Xop—1, X2, X t) (3.1.8)
Letting n—><<in (3.1.7) and (3.1.8), we have
M(x,% Tx, kt) = M(x,%,x,t) =1land N (x,x, Tx, kt) < N(x,x,xt) =0
which implies that Tx = x, that is, x is a fixed point of T.
Next, we prove that Sx = x.
Put x = xandy =x,,in (3.1.1) and (3.1.3),we obtain
M (Sx, TSx, TXyp, kt) = y(M (X, SX, Xop, t) = M (X, SX, X2, 1) and
N (Sx, TSX, TX5,, kt) < @(WV (X, SX, X2, £) < N (X, SX, X2, ).
By (ii), since TS =ST, we get
M (Sx, Sx, TXg,, kt) = y(M (%, SX, X9,,1) = M (X, SX, Xy, t) and
N(Sx, Sx, Txyp, kt) < @(WV (X, SX, X2, 1) < N (X, SX, X2, 1). (3.1.9)
Letting n—>o< in (3.1.9), we have
M (Sx, Sx, %, kt) = M (X, Sx,%,t) , N(Sx, Sx, %, kt) < NV (X,Sx,%,t) and hence

M (x,Sx,%x,t) = M (X, Sx,x,%t) > M (%, SX,X,kl—zt) co. =2 M(x, SX,X,kint) and

N(x,Sx,x,t) < N(X, Sx,x,%t) < N(X Sx,x,kizt) oo SN(X SX,X,kint).

On the other hand, that
M (x,Sx,%,k"t) = M (%, Sx,x,t) and NV (%, Sx, x, k"t) < NV (%, Sx, %, t).

Hence M'(x, Sx, x,t) = C and for all t > 0. Since (X, M, V" *,0) has the property (C), it follows that
C=1landsoSx=x, N(x,Sxx,t) =C = C= 0and so Sx = x, that is, x is a fixed point of S. Therefore,

x is a common fixed point of the self-mappings S and T.
(2) By using (3.1.2), (3.1.4) and (3.1.5). Let d(t) = M (X 41, Xm» Xm, t) and
Sm(t) =N (Xm+1, Xm» Xm, t) for any t > 0. Then, for any even m = 2n € N, we have
dan(kt) = M (X2n+1, X2n, X2n, Kt)
= M (TX2n, SXzn-1, SX2n-1, k)
= M (TX2n, STX2n-2, SX2n -1, k)
2 Y (M (X2n, TX2n-2,X2n-1, 1))

Vol.3.Issue.4.2015(Oct-Dec)

49



M.RAJESWARI et al., Bull.Math.&Stat.Res

= M (X2n, TX2n-2,X2n-1,1)
= M (X2n,X2n-1,X2n-1, ) = dana(t).
8an(kt) = NV (X2n+1,X2n, X2n, Kt)

= N (TX2n, SX2n-1, SX2n -1, kt)

=N (Txz,, STX3,_2,SX5,-1, kt)

< ¢V (Xon, TX2n-2, Xon-1,1))

< NV (%20, TX2n-2,X2n-1,1)

< NV (X2n,X2n-1,X2n-1,t)

= 8ona(t).
Thus dyn(kt) = dyna(t) and don(kt) € 8,,.4(t) foralleven m=2n€Nandt > 0.
Similarly, for any odd m=2n+1 €N,
we have also djn.a(kt) = dy(t) and Sanea(kt) < §o0(t) foralln > 1.
The remains of the proof are almost same to the case of (3.1.1) and (3.1.3).
Uniqueness: Let X be another common fixed point of S and T. Then we have
M(X, X, X, kt) = JV[(SX, TSx, Tx, kt) >y (M (%, Sx, X',t)) > M (%X, X, t) and
]\f(x, X, X, kt) = NV (Sx, TSx, Tx, kt) < ¢ (V' (%, Sx, X, )< N (%%, X, t),
which implies that
M(x%x,t) = M(xX, Xl,it) > M(X,X,X’,kizt). =2 M (x,x,x',kint)and

) 1 D1 F 1
N(xx,x,t) < N(X,X,X,Et) SN(X,X,X,k—Zt)...SN(X,X,X,k—nt)

On the other hand, it follows from lemma (2.6) that

M(X, X, X, t) > M(x,%, X’,kint) and N(X, X, X, t) SN (X, x',kint).
Since (X, M, V', *,0) has the property (C),

]V[(X,x,x',t) =C=>C=1and N(X,X,X',t) =C =C=0, thatisx=x".
Therefore, x is a unique common fixed point of Sand T.

Corollary 3.2 :

Let (X, M, V,*,0) be a complete generalized intuitionistic fuzzy metric space. Let T be a
mapping from X into itself such that there exists a constant k € (0, 1) such that
M (Tx, T?x, Ty, kt) > M (x, Tx, y,t) and N (Tx, T?x, Ty, kt) < N (x, Tx y,t), forall x,y € X. If
(X, M, V", *, ¢) have the property (C), then T have a unique fixed point in X.

Proof :

By Theorem (3.1), if we set ¥ (a) =a, @(a) = aand S =T, then the conclusion follows
Corollary 3.3 :

Let (X, M, V,*,0) be a complete generalized intuitionistic fuzzy metric space. Let T be a
mapping from X into itself such that there exists a constant k€ (0, 1) such that
M(T"x, T?"x, Ty, kt) > M (x, T"x,y,t) and N (T"x, T?"x, T"y, kt) < NV (x, T"x, y,t) for all
X,y €EXandn22. If (X, M, V,*,0) has the property (C), then T have a unique fixed point in X.

Proof :

By corollary (3.2), T" have a unique fixed point in X. Thus there exists x € X such that T"x = x.
Since T"™'x = T"(Tx) = T(T"x) = Tx, We have Tx = x.

Next, by using Lemma (2.8) and the property (C), we can prove the main results in this paper.
Theorem 3.4 :

Let (X, M, V', *, 0) be a complete generalized intuitionistic fuzzy metric space with
txt > tand (1-t) O (1-t) < 1-t for all t € [0,1]. Let S and T be mappings from X into itself such that
there exists a constant k € (0, 1) such that
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a(t) M (x,Sx,Sx,t) + b(t) M (y, Ty, Ty, t) +
M (Sx, Ty, Ty, kt) = < c(t) M (x, Ty, Ty, at) + d(t) M (y, Sx, Sx, (2 — a)t) +
e(® M(x,y,y,1)
a() NV (x,Sx,Sx,t) + b()N (v, Ty, Ty, t) +
N(Sx, Ty, Ty, kt) < {c(O)N(x, Ty, Ty, at) + d(t) V' (y, Sx, Sx, (2 — o)) + (3.4.1)
e®N(x,y,yt)
forallx,y EXand a € (0, 2), where a, b, c,d, e: [0, =) = [0, 1] are five functions such that
a(t) + b(t) + c(t) + d(t) + e(t) = 1for all t € [0, e=) Then S and T have a unique common fixed point in X.
Proof :
Let xo EX be an arbitrary point. Then there exist x;, X, € X, such that x; = Sxg and
X, = Tx;. Inductively, we can construct a sequence {x,} in X such that
{ Xon+1 = SXon,
Xon+2 = TXon+1,
Now, we show that {x,} is a Cauchy sequence in X. If we get
dn(t) = M (Xm) Xma1, Xm+1, 1) and 8m(t) =N Xy, Xm 41, Xm+1, £), forall t > 0 (3.4.3)
then we prove that {d(t)} and {d(t)} are increasing with respect to m € N.
In fact, for any odd m = 2n+1 € N, we have
dansa(kt) = M (Xon 41, X2n+2, X2n+2, Kt)
= M (SXzn, TXz2n41, TX2n 41, k)
> {a(t)M (Xzn, SXzn, SX2n, ©) + b(t) M (X241, TX2n41, TXon 41, ) +
c(t) M (Xzn, TX2n+1, TXon41, at) + d(t) M (X2n41, SXon, SX2n, (2 — )t) +
e(t) M (Xzn, X2n 41, X2n41, D) }
= {a(OM (X2n, X2n+1,X2n+1, ) + b(t) M (Xzn41, Xont2) Xon42, D) +
c(t) M (X2n, X2n42, Xant2, At) +d(t) M (X241, Xon41, Xon+1, 2 —)) +
e(t) M (Xzn, X2n+1,X2n+1,t) } @and so
dania(t) = a(t)dzn () + b(Ddzn41 (D) + c(D)d2, (D) * d2p11(qt) +d(®) + e(D)dz, (V) (3.4.4)
Sansa(kt) = N (X2n+1, X2n+2, X2n+2, Kt)
= NV (SX2n, TX2n41, TX2n 41, k)
< { a(t) V' (xzn, SX2n, SXon, ) + b(t) N (X241, TX2n4+1, TX2n41,0) +
c(t) M (Xz2n, TXon 41, TXzn 41, at) + d(t) N (Xz2n41, SX2n, SXon, (2 — a)t) +
e(t) NV (Xzn, X2n+1, X2n+1, ) }-
={a(t) V (X2n, X2n+1, X2n+1, 1) + b(t) N (Xan+1, X2n 42, X2n42, 1) +
c(t) N (X2n, X2n42, Xon42, o) + d(t) N (Xzn 41, X2n41,X2n+1, (2 —0)1) +
e(t) V' (Xzn, X2n+1,X2n41,1) } and so
Gama(kt) < {a(®)dy, (V) + b(D)dan41 (D) + c()d2, () * d2n41(qt) + d(0) + e(D)dy, (D) (3.4.5)
The equality in (3.4.4), (3.4.5) are true because, if get a = 1+ q for any g € (k,1), then
M (Xzn, X2n+2,X2n+2, (1 + Q) = M (X214, X2n, X2n+2, (1 + )
= M (X2n,X2n, X2n+1, ©) * M (Xon 41, X2n+2, X2n+2, qt)
= dyn(t) *dsn4a(gt) and
N (Xon, X2n+2, X2n+2, (1 + ) =N (Xzn, Xon, Xzn+2, (1 + Q)
< N (Xzn, Xon X2n+1, Y * N (X2n 41, X2n 425 X2n+2, q0)
= 0,n(t) * O2n:1(qt). Now, we claim that
dons1(t) 2 dan(t) and &ynsa(t) < 20(t), for all n 21
Infact, if dyneq(t) < dan(t) and &onsa(t) > 6 24(t) then, since
dans1(Qt) *dan(t) 2 dansa(qt) *dansa(qt) = dania(qgt) and
Oanea(qt) * 02n(t) £ 8 onea(qt) * Sanea(at) =6 2naa(qt), in (3.4.4)and (3.4.5), we have

forall n>0 (3.4.2)
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dansa(kt) > a(t) dansa(qt) + b(t) danea(qt) + c(t)danea(at) + d(t)danea(at) + e(t)danea(at) = dansa(at)
Oansa(kt) < a(t) 82n4a(qt) + b(t) Gana(at)+ c(t) Sania(qt)+ d(t) Ganalat)+ et) Sanialat) = & 2nealat)
and so dyna(kt) > dynaa(gt) and 8an4a(kt) < 82n41(qt), which is contradiction
Hence djnia(t) = dyn (t) and & pnaa(t) £ 8on(t) foralln € Nand t > 0.
By (3.4.4) and (3.4.5), we have
dansa(kt) 2 a(t) dan(qt) + b(t) dan(qt) + c(t)dan(qt) + d(t)dan(at) + e(t) dan(qt) = dan(qt)
8 ansa(kt) < a(t) & 2n(qt) + b(t) San(at)+ ct) § 2n(qt)+ 8(t) 8an(at)+ e(t) 8 24(at) = & 2n(qt)
Now, if m = 2n, then by (3.4.3) we have
dan(kt) = M (X2n, X2n+1, X2n+1, KL
= M (Sx35-1, TX2p, TXop, kt)
> {a()M (X2n-1,SX2n-1, SX2n-1,1) + b (OM (X215, TXzp, TX2p, 1) +
c(OM (X2n-1, TXzn, TXzp, at) +d(0)M (X2, SXzn—1, SX2n-1, (2 — a)t) +
e(OM (Xzn-1,X2n, X2n, )}
= {a(OM (X2n-1,X2n, X2n, ) +O(OM (X215, X241, X2n+1, D +
c(OM (X2n-1,X2n+1 X2n+1, at) +d(OM (X2, X2n, X2n, (2 — 1) +
e()M (Xpp—1, X0, X2n, )} and so,
dan(kt) 2 a(t)dan-a(t)+ b(t)dan(t)+ c(t) dana(t) * dan(qt)+ d(t) +e(t) dana(t) (3.4.6)
8an(kt) = N (X2n, X2n+1, X2n+1, KO
=N (Sx2,-1, TX2,, TXp,, kt)
< a(t) V (Xan—1, SXon—1, SXz2n -1, )+b(t) N (X2, TX2, TXop, )+
c(t) NV (Xzn—1, TXzn, TX2p, at)+d(t) N (X2, SX2n -1, SX2n-1, (2 — ))+
e(t) V' (Xzn—1,Xz2n, X2n, t)
= a(t) V (Xzn-1,X2n, X2n, O+ b(t) N (Xon, X2n+1, X2n+1, D) +
c(t) MV (X2n—1,X2n41, X2n+1, A +d(t) V' (Xon, X2, X2n, (2 — 0)1) +
e(t) V' (X2n—1,X2n, X2n, ) and so,
8an(kt) < a(t) & 5n4(t) + b(t) & 24(t) + c(t) 62na(t) * San(qt) + d (t) + e(t) 62n4(t) (3.4.7)
The equality in (3.4.6) and (3.4.7) are true because if a =1+q for any q € (k,1), then
M (Xzn-1,X2n+1,X2n+1, (1 + Q1) = M (Xzn—1,X2n-1,X2n+1, (1 + Q1)
= M (Xzn-1,X2n-1,X2n, £) * M (X2, X2n+1,X2n+1,qt)
= dyna(t) *daa(qt).
N (Xon-1,Xzn+1,X2n+1, (1 + Q) = N (Xon—_1,Xzn-1,X2n+1, (1 + Q)
< N (X2n-1,X2n-1,X2n, V) * N (X2n, X2n+1, X2n+1, qt)
= & ,n.a(t) * 6,0(gt). Now, we also claim that
dyn(t) = dyna(t) and & 54(t) € 65n4(t), foralln > 1.
In fact, if d,(t) < dyn.a(t) and & ,n(t) < & ,0.1(t) then, since
dan(qt) *dana(t) 2 dan(qt) *dan(qt) = dan(qt) and
S on(qt) * 8n1(t) £ 62n(at) * &24(qt) =62n(qt), in (3.4.6), (3.4.7), we have
dan(kt) > a(t)dan(qt) + b(t)dan(gt) + c(t) dan(qt) + d(t) dan(qt) + e(t) dan(qt) = dan(qt)
8an(kt) < a(t) 6,n(qt)+ b(t) 6,0(qt)+ c(t) &2n(at)+ d(t) &2n(at)+ e(t) &2n(qt) = 6,n(qt)
and so d,n(kt) > dy,(gt) and & ,,(kt) < & ,4(qt), which is a contradiction.
Hence d,,(t) 2 dj,a(t) and & ,4(t) < 6,,.4(t) foralln € N and t > 0. By (3.4.6), (3.4.7), we have
don(kt) 2 a(t)dana(at) + b(t)dana(at) + c(t) dana(qt) *dana(qt) + d(t) dona(qt) + e(t) dyna(at)
= dana(qt)
San(kt) <a(t) 6ana(at)+ b(t) 65na(qt) + c(t) S 2na(qt) * 62na(qt) +d(t) & 201(qt)+ e(t) & 201(qt)
=6 5n(qt)
and so dyn(kt) 2 d,,4(qt) and & ,,(kt) £ 6,0.4(qt)
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Thus we have d,(kt) 2d,.i(qt) and & ,(kt) < 6 ..1(qt), for all n 21. Therefore, it follows that

n
M (Xp, Xp41, Xns1, ) =M (Xn_l,xn,xn,%t) > .. 2 M (Xg,X1,X1, (%) t) and

NXp, Xp41, X+, ) SN (Xn_l,xn,xn,%t) < ... SNV (Xg, X1, X1, (%)n t).
Hence, by Lemma (2.8), {x,} is a Cauchy sequence in X and by the completeness of X.
{xn} converges to a point x € X and nli_)f'gxzml = nli_fESXZH = n]i_)rgTXZn+1 = nli_)rgxzmz =X.
Now, we prove that Sx = x.
Lettinga =1, x=xand y = Xp,.1 in (3.4.1),(3.4.2) respectively, we obtain
M (Sx, TXzn+1, TX2n+1, K) 2 a(t) M (X, S, Sx, )+ b(t) M (Xz2n+1, TXon+1, TXon41, 1) +
c(t) M (X, TXzn+1, TX2n+1, D+ d(t) M (X2n+1, SX, SX, )+
e(t) M'(X, X2n+1, Xan+1, ) (3.4.8)
N (Sx, TxXn41, TXon41, kb) < a(t) V' (%, S, 5%, 1) + b(t) N (Xon 41, TXon41, TXon 41,0 +
c(t) V' (%, TXzn 41, TX2n41, 1) + d(t) NV (X241, SX, Sx, 1)+
e(t) V(X X2n+1, X2n+1, ) (3.4.9)
If Sx # X, then letting n—><< in (3.4.8),(3.4.9), we have
M (Sx, %, %, kt) 2 a(t) M (%, Sx, Sx, t) + b(t) M (X, %, %, t) + c(t) M((X,%,%,t) +
d(t) M (%, Sx, Sx, t)+ e(t) M (X, %, X, t)
> M(x,x%,Sx,t) and
N (Sx, %, %, kt) < a(t) V(x,Sx,Sx,t) + b(t) V(x,X,%,t) +c(t) V((x,%,X,t) +
d(t) V(x, Sx, Sx, t)+ e(t) N (X, X, X, t)
< NV (X,%, SX,t), which is a contradiction.
Thus it follows that Sx = x.

Similarly, we can prove that Tx = x. In fact, again, put x = X,, and y = x in (3.4.1) and (3.4.2)

respectively, for ¢ = 1, we have
M (Sx2,,TX, Tx, kt) = a ()M (X, SX2n , SXop , £) + b(t) M (%, Tx, Tx, t)

+c(t) M (X2, TX, Tx, t) + d(t) M (X, SXop, , SX2p 5 1)

+e(t) M ((X2,,% %, 1) (3.4.10)
N (Sxy,, Tx, Tx, kt) < a ()N (X , SX2p ,SXop ,£) + b(t) M (%, TX, Tx, t)

+C(t) V' (X2, Tx, Tx, t) + d(t) NV (X, SX2, , SX2, , 1)

+e(t) V ((X2,, %, %, 1) (3.4.11)
and so, if Tx # x, letting n = <<in (3.4.10), (3.4.11), we have

M (x, Tx, Tx, kt) > a(t) M (%, %, %, t) + b(t) M (x, Tx, Tx, t)+ c(t) M (x, Tx, Tx, t)+
d(t) M (x,%x,x, )+ e(t) M(x,x,x,t)
> M (%, Tx, Tx,t) and
N(x, Tx, Tx, kt) < a(t) MV (x, %, X, )+ b(t) M (x, Tx, Tx, t)+ c(t) N (x, Tx, Tx, t)+
d(t) M(x,%x, %, t)+ e(t) V(% X, X, t)
< N(x, Tx, Tx, t), which implies that Tx = x.
Therefore Sx = Tx = x and x is a common fixed point of the self-mappings S and T of X.
Uniqueness: If X be another fixed point of S and T.
Then, for a =1, by (3.4.1)and (3.4.2), we have
M(x, X, X, kt) = M (Sx, Tx, Tx, kt)
> a(t) M (x, Sx, Sx, t)+ b(t) M (x, Tx, Tx, t)+ c(t) M (x, Tx, Tx, t)+
d(t) M (x, Sx, Sx, )+ e(t) M'(x, X, X, )
>M(x,x,%,t)
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N(X, X, X, kt) =NV (Sx, Tx, Tx, kt)

< a(t) V' (%, Sx, Sx, )+ b(t) V' (x, Tx, Tx, )+ c(t) V' (x, Tx , Tx , t)+

d(t) N(X', Sx, Sx, t)+ e(t) V' (X, X,X, t)

<NV (x, X,X, t)
andsox=x .
Example 3.5:

Let (X, M, V', *,0) be an generalized intuitionistic fuzzy metric space, where

X = [0, 1] with t-norm defined a * b = min{a, b} and t-conorm defined a ¢ b = max {a, b} for all a,

t
b € [0, 1] ) M(X; Y, Z, t) - t+|x—y|+|y—z|+|X—Z|

[x—y|+ly—z|+|z—x]
t+x—y|+ly—z|+|z—x|
forallt>0, x,y, z € X. Define the self-mappings T and S on X as follows:
1if x is rational
0if x is irrational
We can find the functions a, b, ¢, d, e : [0, = ) [0, 1] such that a(t) + b(t) + c(t) + d(t) + e(t) = 1 and
the following inequality holds:
M (Sx, Ty, Ty, kt) = a(t) M (%, Sx, Sx, t)+ b(t) M (y, Ty, Ty, t) + c(t) M (x, Ty, Ty, at) +
d(t) M (y, Sx,Sx, (2 — a)t) + e(t)YM'(X,y,y, t) and
N (Sx, Ty, Ty, kt) < a(t) V' (X, Sx, Sx, t)+ b(t) N (y, Ty, Ty, t) + c(t) V' (x, Ty, Ty, at) +
d(t) M(y,Sx,Sx, (2 — )t)+e(t) N (x, v, ¥, 1).
It is easy to see that the all the conditions of theorem ( 3.4) hold and is a unique common fixed point
of SandT.
Corollary 3.6 :

and V(x,y,2,t)=

Tx=1,5x={

Let (X, M, V', *,0) be a complete generalized intuitionistic fuzzy metric space with
t*xt > tand (1-t) O (1-t)<1-t forallt € [0, 1]. Let S be a mapping from X into itself such that there
exists k € (0, 1) such that
M (Sx, Sy, Sy, kt) > a(t) M (x, Sx, Sx, t)+ b(t) M (y, Sy, Sy, t)+ c(t) M (X, Sy, Sy, at)+

d(t) M (y, Sx,Sx, (2 — a)t) + e(t) M (x,y,V,t)
NV (Sx, Sy, Sy, kt) < a(t) V' (X, Sx, Sx, t)+ b(t) NV (y, Sy, Sy, t)+ c(t) V' (x, Sy, Sy, at)+
d(t) M(y,Sx,Sx, 2 — a)t) +e(t) N (X, y, ¥, ©)

forallx,y € Xand a=(0, 2), where a, b, ¢, d, e : [0, =) 5[0, 1] are five functions such that
a(t) + b(t) + c(t) + d(t)+e(t) = 1 for all t € [0, ==]. Then S have a unique common fixed point in X.
Corollary 3.7:

Let (X, M, V', *,0) be a complete generalized intuitionistic fuzzy metric space with
t*xt > tand (1-t) ¢ (1-t)<1-t forallt € [0, 1]. Let S be a mapping from X into itself such that there
exists k € (0, 1) such that
M (Sx,y,y, kt) 2 a(t) M (x, Sx, Sx, t)+ b(t) M (x,y,y, at)+ c(t) M (y, Sx, Sx, (2 — a)t)+

d(t) M (x,y,y,t)
N(Sx,y,y, kt) <a(t) N(x Sx Sx, )+ b(t) N (X, y,y, at)+ c(t) N (y, Sx, Sx, (2 — a)t)+
d(t) V(x,y,y, 1)

forallx,y € X, a € (0,2) and where a, b, c, d, e : [0,22)=>0, 1] are five functions such that
a(t) + b(t) + c(t) + d(t) =1 for all t € [0, e=). Then S have a unique common fixed point in X.
Corollary 3.8 :

Let (X, M, V', *, 0) be a complete generalized intuitionistic fuzzy metric space with
t*xt > tand (1-t) ¢ (1-t) <1-t forallt € [0, 1]. Let Sand T be mappings from X into itself such that
there exists k € (0, 1) such that
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M(S"x, T™y, TMy, kt) >a(t) M (x,S"x,S"x, )+ b(t) M (y, T"y, Ty, t)+

c(t) M (x, T™y, T™y,at) + d(t) M (y,S"x,S"x, (2 — o)t) +

e(ty ¥(x,y,y,t) and

N(S"x, TMy, TMy, kt) < a(t) V(x,S"%,S"%, t)+ b(t) N (y, T"y, TMy, t)+

c(t) M(x, Ty, Ty, at)+ d(t) MV (y,S"x,S"%, (2 — a)t)+

e(t) N(xy,y,t)
forallx,y€X, a € [0, 2] and n, m > 2, where a, b, ¢, d, e: [0, e2)=>[0, 1] are five functions such that
a(t) + b(t) + c(t) + d(t) + e(t) =1 for all t € [0,=0).
If S"T=TS" and T"S=ST", then S and T have a unique common fixed point in X.
Proof:

By theorem (3.4), S" and T" have a unique common fixed point in X.
That is, there exists a unique point z € X such that S"(z) =T" (z) = z.
Since S(z) =S (S"(z)) =S"(S(z)) and S(z) = S(T™(z)) = T"(S(z)), that is
S(z) is fixed point S" and T™ and so S(z) = z. Similarly, Tz = z.
Corollary 3.9 :
Let (X, M, V', *, 0) be a complete generalized intuitionistic fuzzy metric space with

t*t > tand (1-t) O (1-t) <1-t forallt € [0, 1]. Let S and T be mappings from X into itself such that
there exists k € (0, 1) such that
M (Sx, Ty, Ty, kt) 2 a(t) M (X, Sx, Sx, t) + b(t) M (y, Ty, Ty, t),
N (Sx, Ty, Ty, kt) < a(t) V' (X, Sx, Sx, t) + b(t) NV (y, Ty, Ty, t)
forallx, y € Xand a € (0, 2), where a, b:[0, =2)->[0, 1] are two functions such that
a(t) + b(t)=1forallt € [0, o). Then S and T have a unique common fixed point in X.
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