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ABSTRACT 

The aim of this paper is to prove some fixed point theorems for associated 

multimaps.Our Results extend and improve the result of Bijendra Singh and 

M.S. Chauhan[2]. 
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INTRODUCTION 

Fixed point theory is very important in mathematics and has applications in many fields. The 

study of fixed point for multivalued mapping was originally initiated by van Neumann [5] .The 

development of geometric fixed point theory for multivalued mapping was initiated with the work of 

Nadler[12].He combined the ideas of  multivalued mapping and Lipschitz mapping and used the 

concept of Hausdorff metric to establish the multivalued contraction principle, usually referred as 

Nadler’s contraction mapping principle. Several researchers were conducted on the generalizations of 

the concept of Nadler’s contraction mapping principle. 

On the other hand, in the year1965, Zadeh [6] introduced the concept of fuzzy set which 

motivated a lot of mathematical activities on generalization of the notion of fuzzy set.Heilpern[13] 

introduced the concept of fuzzy mapping and proved a fixed point theorem for fuzzy contraction 

mappings, which was successively generalized by Estruch and Vidal[15]. C.S.Sen[3]defined an 

associated multimaps of fuzzy mappings and proved significant results. Singh and Chauhan[2] proved 

some results for associated multimaps of fuzzy mappings taking a new type of contractive inequality. 

Afterwards, a number of papers appeared in which fixed points of fuzzy mappings satisfying 

contractive inequalities have been discussed [1, 3, 6-8, 10, 14]and references there in. 

Preliminaries: Throughout this paper we will be using the terminology and notations of Heilpern 

[13]. 
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Definitions 2.1: A fuzzy set A in complete metric space X is a function from X into [0,1]. If Xx , 

the function value  xA  is called the grade of member of X in A. The level  set of a denoted by 

},)(:{   xAxA if }0)(:{],1,0[ 0  xAxA . 

Definition 2.2  : A  Fuzzy set A is said to be an approximate quantity if and only if A is compact 

and convex for each ]1,0[  and 1)(sup 


xA
Xx

. 

When A is an approximate quantity and 𝐴(𝑥)
0
= 1 for some Xx 0 ,A is identified with an 

approximation of x0 .the collection of all fuzzy set in X is denoted by )(XF  and )(Xw is the 

subcollection of all approximated quantities. )(Xc  be the set of compact subset of X , )),(( HXc as 

defined by 

                                   )},(sup),,(supmax{),( AbDBaDBAH
BbAa 

  

For any )(, XcBA  ,where ),,(inf),( badBaD
Bb

 and ),(inf),(
,

yxdBAD
ByAx 

 . 

Definition 2.3: Let )(, XwBA  ,the A   is said to be more accurate than B,denoted by BA  if 

and only if )()( XBXA  for each Xx .The relation "" induces a partial ordering on the family

)(Xw . 

Definition 2.4: Let X and Y be two complete linear metric space. F is called fuzzy mapping if F is 

mapping from X into )(Xw . 

A fuzzy mapping F is a fuzzy subset YX  with membership function ),( yxF .the function value 

),( yxF is the grade of membership of  Y in )(XF .Each fuzzy mapping is a set valued mapping. 

Definition 2.5:A mapping )(: XwXT  is said to be nonexpansive if for all Xyx , ,

),(),( yxdTyTxH   

Definition2.6: If ' : ( )F X w X  is a fuzzy map,we define an associated multimap 

)(: XcXF  as })(max)(:{)( '' uFyFXyXF x
Xu

x



 point p of X is called a fixed point of 

the fuzzy map F
'
if )()( '' xp FF pp 

 
For all Xx . 

Lemma 2.7: )()(' xFpF pp   For all Xx if and only if )(' pFp . 

Singh and Chauhan[02] proved the following results 

Theorem-2.8: let ),( dX be a complete metric space and let )(:, '' XwXGF  be two fuzzy 

mappings and F and G  be their associated multimaps defined from X  into )(Xc satisfying 

                            

)]}],(,([
2

1
),,(),,(),,([max{

)]},(,([
2

1
),,(),,(),,(max{).(

FxyDGyxDGyyDFxxDyxdw

FxyDGyxDGyyDFxxDyxdGyFxH





 

For all ,, Xyx   RRw :  is a continuous function such that rrw  )(0  for all 0r . 

Then there exists a common fixed point of F  & G   and F
'
and G

'
 have  also a common  fixed 

point. 
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Singh and Chauhan generalized theorem 2.8 for two sequence of fuzzy mappings: 

Theorem 2.9: let ),( dX be a complete metric space and  }{ 1F i i

  and )(:}{

1
XwXGi i





 , the 

sequence of fuzzy maps and }{ 1F i i

 and )(:}{

1
XcXGi i





 the sequence of their associated 

multimaps converging pointwise to the associated multimaps GF , of fuzzy map F
'
and G

'

,respectively satisfying 

)]],(),([)},(),,(),,(max{

)},(),,(max{[)],(),([

)},(),,(),,(max{)},(),,(max{),(

xyDyxDcxyDyDxDb

yyDyxdawxyDyxDc

xyDyDxDbyyDyxdayxH

FGFGyFx

GFG

FGyFxGGF

nnnnn

nnn

nnnnnn







 

Then  F and G have a common fixed point. 

Main Results 

Theorem3.1 let ),( dX be a complete metric space and let )(:, '' XwXGF  be  two fuzzy 

mappings and F and G  be their associated multimaps defined from X  into )(Xc  
satisfying 

 )},(),,(),,(max{)},(),,(max{).( FxyDGyyDFxxDbGyyDyxdaGyFxH  

)],(),([)},(),,(),,(max{

)}],(),,(max{[)],(,([

FxyDGyxDcFxyDGyyDFxxDb

GyyDyxdawFxyDGyxDc




                                                (3.1) 

  Where  0,, cba  such that 12  cba  and RRw  :  is a continuous function such that 

rrw  )(0  for all 0r .then F & G have a common fixed point. 

 

Proof : Let  𝑥0 be an  arbitrary point in X.Since C(X) is compact there  we can construct a sequence

}{ nx   such that  Fxx nn 1  with  

                  ),(),( 111 Fxxxx nnnn Dd  
 

                  
),(),( 1 Gxxxx nnnn Dd 

          and 

                  
),(),( 11 FxGxxx nnnn Dd  

 

If xx nn 1
 then the result holds good. If 

xx nn 1
 then we have from (3.1) 

),(),( 1021 GxFxxx Hd 
 

  

)},().,,(),,(max{)},(),,(max{ 0111001110 FxxGxxFxxGxxxx DDDbDda 

)]],(),([)},(),,(,

),(max{)},(),,(max{[)],(),([

01100111

0011100110

FxxGxxFxxGxx

FxxGxxxxFxxGxx

DDcDD

DbDdawDDc





 
 

)],(),([)},(),,(max{)},(),,(max{ 211021102110 xxxxxxxxxxxx ddcddbdda   

    )]],(),([)},(max{)},(),,(max{[ 2110102110 xxdxxdcxxdbxxdxxdaw   

If ),(),( 2110 xxxx dd  ,then 

)],(2),()[(),(2),()(),( 2121212121 xxxxxxxxxx cddbawcddbad   

                     )],()2[(),()2( 2121 xxxx dcbawdcba 
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),(),( 2121 xxxx wdd   

),,( 21 xxd  

A contradiction.Hence 

)],(2),()[(),(2),()(),( 1010101021 xxxxxxxxxx cddbawcddbad   

                     )],()2[(),()2( 1010 xxxx dcbawdcba   

         )),((),( 1010 xxdwxxd                     (3.2) 

Similarly 

)),((),(),( 212132 xxdwxxdxxd                    (3.3) 

And hence inductively 

)),((),(),( 111 xxdwxxdxxd nnnnnn                (3.4) 

Adding (3.2) to (3.4),we have 

   




n

i
nnii xxdxxdxxdw

0
1101 ),(),()),((  

),( 10 xxd  

Therefore   

 




n

i
ii xxdw

0
1)),((  and 

0)),((lim 1 


xxdw nn
n

                             (3.5) 

Since 
)},({ 1xxd nn   is a decreasing sequence of non negative terms, therefore (3.5) implies that 

0),(lim 1 


xxd nn
n                                    (3.6)

 

 Now suppose that  
 xn  is not a Cauchy sequence .Then there is an 

0
 such that   for     each 

positive integer K,there are positive integers 
)(2 km

 and 
)(2 kn

with 
kknkm 2)(2)(2 

 such that
 

               
),( )(2)(2 xxd knkm                                                                            (3.7) 

                

       For each positive integer k,let 
)(2 km

 be the least positive exceeding 
)(2 kn

 satisfying the above 

inequality, so that 

              
 ),( 2)(2)(2 xxd kmkn                                (3.8) 

         Using (3.6),(3.7) and(3.8) we have 

             
),( )(2)(2 xxd knkm

    

               
),(),( )(22)(22)(2)(2 xxdxxd kmkmkmkn  

 

              
),(),( )(21)(21)(22)(2 xxdxxd kmkmkmkm  

                                                                    

Which implies 
),( )(2)(2 xxd knkm   as

k
                                                                        

 

Now by using triangular inequality, we have the following 
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),()(),(

),()()(

),()(),(

),()(),(

2)(21)(21)(21)(22)(2)1(2

2)(21)(21)(2),(22)(2),(2

1)(2)(21)(2)(21)(21)(2

1)(2),(2)(2,),(21)(2)(2

xxdxxdxxd

xxdxxdxxd

xxdxxdxxd

xxdxxdxxd

knknknkmknkm

knknknkmknkm

kmkmknkmknkm

knknknkmknkm

















  

     Letting limit as 
k

 , we have 

     

















),(

),(

),(

),(

2)(21)(2

2)(2)(2

1)(21)(2

)1(2)(2

xxd

xxd

xxd

xxd

knkm

knkm

knkm

knkm

                                                  (3.9)

           

Using (3.1) & (3.9),we have 

       

),(),( 1)(2)(22)(21)(2 GxFxHxxd knkmknkm  
 

)]],(),([

)},(),,(),,({

)}(),,(max{[

)],(),([

)},(),(),(max{

)},(),,(max{

)(21)(21)(2)(2

)(21)(21)(21)(2)(2)(2

1)(21)(21)(2)(2

)(21)(21)(2)(2

)(21)(21)(21)(2)(2)(2

1)(21)(21)(2)(2

FxxGxx

FxxGxxFxx

Gxxxx

FxxGxx

FxxGxxFxx

Gxxxx

kmknknkm

kmknknkmkmkm

knknknkm

kmknknkm

kmknknkmkmkm

knknknkm

DDc

DDDb

Ddaw

DDc

DDdb

Dda

























 

 

 

)]],(),([

)},(),,(),,({

)}(),,(max{[

)],(),([

)},(),(),(max{

)},(),,(max{

1)(21)(22)(2)(2

1)(21)(22)(21)(21)(2)(2

2)(21)(21)(2)(2

1)(21)(22)(2)(2

1)(21)(22)(21)(21)(2)(2

2)(21)(21)(2)(2

xxxx

xxxxxx

xxxx

xxxx

xxxxxx

xxxx

kmknknkm

kmknknkmkmkm

knknknkm

kmknknkm

kmknknkmkmkm

knknknkm

DDc

ddDb

ddaw

ddc

dddb

dda

























 

    

k and using (3.9) ,we have  )(w ,

   a contradiction. Thus }{ nx
is a Cauchy sequence. Since X is complete, so it  converges to a point    

Xz  

  

Now by inequality (3.1) again 

             

 

),(),( 212 GzFxHGzxD nn   
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),(),([

)},(),,(),,({

)},(),,(max{[

)],(),([

)},,(),,(),,(max{

)},(),,(max{

22

222

2

22

222

2

FxzDGzxDc

FxzDGzzDFxxDb

GzzDzxdaw

FxzDGzxDc

FxzDGzzDFxxDb

GzzDzxda

nn

nnn

n

nn

nnn

n













 

                        

   

),(),([

)},(),,(),,({

)},(),,(max{[

)],(),([

)},,(),,(),,(max{

)},(),,(max{

122

12122

2

122

12122

2

xx

xxx

x

Fxx

xxx

x

nn

nnn

n

nn

nnn

n

zDGzDc

zDGzzDDb

GzzDzdaw

zDGzDc

zDGzzDDb

GzzDzda





















 

Letting n ,we get 

  )],()[(),()(),( GzzDcbawGzzDcbaGzzD   

),,(

)],([),(

GzzD

GzzDwGzzD




 

Which implies that Gzz . Similarly, we can prove that Fzz . 

Hence GzFzz  i. e. z is a common fixed point of F and G . 

Using lemma 1, it is clear that  zzz GF
''  i. e. z is also the common fixed point point of F

'
 and 

G
' . 

Corollary 3.1: let )(:}{ 1 XwXFi i 
 be a sequence of fuzzy mappings  and 

)(:}{ 1 XcXFi i 
 be a sequence of its associated multimaps.suppose for any positive integers,

ji  and Xyx , .

)]],(),([)},(),,(),,(max{

)},(),,(max{[)],(),([

)},(),,(),,(max{)},(),,(max{),(

xyDyxDcxyDyyDxxDb

yyDyxdawxyDyxDc

xyDyyDxxDbyyDyxdayxH

FFFFF

FFF

FFFFFF

ijiji

jij

ijijji







 

  (3.10) 

                                                                                                                                             

 

Where 0,, cba such that 12  cba  and RRw :  is a continuous function such th at 

rrw  )(0 for all 0r .then there exists a fixed point of }{ 1F i i

 . 

Theorem 3.2: let ),( dX be a complete metric space and  }{ 1F i i

  and )(:}{ 1 XwXGi i 

  are 

the sequence of fuzzy maps and }{ 1F i i

 and )(:}{ 1 XcXGi i 

  the sequence of their associated 

multimaps converging pointwise to the associated multimaps  F  and,G respectively satisfying 
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)]],(),([)},(),,(),,(max{

)},(),,(max{[)],(),([

)},(),,(),,(max{)},(),,(max{),(

xyDyxDcxyDyDxDb

yyDyxdawxyDyxDc

xyDyDxDbyyDyxdayxH

FGFGyFx

GFG

FGyFxGGF

nnnnn

nnn

nnnnnn







 

Where 0,, cba such that 12  cba  and RRw  :  is a continuous function such that 

rrw  )(0 for all 0r .then  F and G have a common fixed point. 

Proof:
 

Let Xx 0 .We define  the sequence 
}{xn such that xFx nnn 2212   and     .               

xGx nnn 122   

Now using triangular inequality, we have 

),(),(),( FxxFDFxyDxFyD nn 
 

).(),(),(),( FxxHFxxDFxyDxyD FFF nnn 
 

Hence   

).(),(),( FxxFHFxyDxFyD nn 
 

And similarly we have  

),(),(),( GyyGHGyyDyGyD nn 
 

).(),(),( FxxFHFxxDxFxD nn 
 

),(),(),( GyyGHGyxDyGxD nn 
 

Now since H is continuous and 
}{F n and 

}{Gn converge point wise  'F' to  'G' and,respectively, 

then(3.11) becomes 

)],(),([)},(),,(),,(max{

)}],(),,(max{[)],(,([

)},(),,(),,(max{)},(),,(max{).(

FxyDGyxDcFxyDGyyDFxxDb

GyyDyxdawFxyDGyxDc

FxyDGyyDFxxDbGyyDyxdaGyFxH







 

of the proof is identical to the proof of theorem (3.1) 
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