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INTRODUCTION

The concept of a fuzzy subset was introduced and studied by L.A.Zadeh [20] in the year 1965. The
subsequent research activities in this area and related areas have found applications in many
branches of science and engineering. The following papers are useful to us to work on this paper.
C.L.Chang [4] introduced and studied fuzzy topological spaces in 1968 as a generalization of
topological spaces. Tapas kumar mondal and S.K.Samanta [18] have introduced the topology of
interval valued fuzzy sets. We are motivated to introduce the concept of bipolar valued fuzzy rw-
closed sets and bipolar valued fuzzy rw-open sets in bipolar valued fuzzy topological spaces and
established some results.

1.PRELIMINARIES

1.1 Definition: A bipolar valued fuzzy set A in X is defined as an object of the form A = {< x, A*(x),
A" (x) >/ xeX}, where A" : X— [0, 1] and A™ : X— [-1, 0]. The positive membership degree A*(x)
denotes the satisfaction degree of an element x to the property corresponding to a bipolar valued
fuzzy set A and the negative membership degree A"(x) denotes the satisfaction degree of an element
x to some implicit counter-property corresponding to a bipolar valued fuzzy set A. If A" (x) # 0 and
A (x) = 0, it is the situation that x is regarded as having only positive satisfaction for A and if A" (x) =0
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and A (x) # 0, it is the situation that x does not satisfy the property of A, but somewhat satisfies the
counter property of A. It is possible for an element x to be such that A" (x) # 0 and A™(x) # 0 when the
membership function of the property overlaps that of its counter property over some portion of X.
1.2 Example: A={<a, 0.6,-0.4>,<b,0.8,-0.3 >, <, 0.5, -0.5 > } is a bipolar valued fuzzy subset of
X={a,b,c}

1.3 Definition: Let A and B be two bipolar valued fuzzy subsets of a set X. We define the following
relations and operations:

(i) AcBifandonlyif A"(x) <B*(x) and A (x) = B™(x), for all xeX.

(i) A=Bifand only if A"(x) = B*(x) and A™(x) = B7(x), for all xeX.

(i) AUB ={<x, max (A*(x), B*(x) ), min (A"(x), B7(x) ) >/ xeX }.

(iv) AnB ={<x, min (A*(x), B*(x) ), max (A"(x), B7(x) ) >/ xeX }.

(v) A ={<x, 1- A"(x), —1-A"(X) >/ xeX}.

1.4 Example: Let X={a, b,c}beaset. LetA={<a,0.5,-0.4><b,0.1,-0.6 > <c,0.6,-0.2>}and
B={<a 04,-0.4> <b,0.6,-0.3> <c, 0.8, —-0.5>}be any two bipolar valued fuzzy subsets of X.
Then

(i) AuB={<a,0.5,-04><b,06,-0.6><c, 0.8, -0.5>}.

(i) ANB={<a,04,-0.4><b,0.1,-0.3>,<c,0.6,-0.2>}.

(iii) A° ={<a, 0.5,-0.6 >,<b, 0.9,-0.4 >, <, 0.4, -0.8 > }.

1.5 Definition: Let X be any set. Let Oy and 1y be the bipolar valued fuzzy sets on X defined as follows
Oy ={<x,0,0>/forall x€ X}and 1y ={<x, 1, — 1>/ for all x€ X}.

1.6 Definition: Let X be a set and 3 be a family of bipolar valued fuzzy subsets of X. The family J is
called bipolar valued fuzzy topology on X if and only if J satisfies the following axioms (i) Oy, 1x €3,
(i) If {A;; iel} = T, then IkEJI A €3, (iii) If A Ay, As........ A, €3, then EA, €3. The pair ( X, 3) is called
bipolar valued fuzzy topological space. The members of 3 are called bipolar valued fuzzy open sets
in X. Bipolar valued fuzzy set A in X is said to be bipolar valued fuzzy closed set in X if and only if Ais
bipolar valued fuzzy open set in X.

1.7 Definition: Let (X, 3) be bipolar valued fuzzy topological space and A be bipolar valued fuzzy set
in X. Then ©"{B: B3 and B o A } is called bipolar valued fuzzy closure of A and is denoted by
bcl(A).

1.8 Theorem: Let A and B be two bipolar valued fuzzy sets in bipolar valued fuzzy topological space
(X, 3). Then the following results are trivial,

(i) bcl(A) is bipolar valued fuzzy closed set in X. (ii) bcl(A) is the smallest bipolar valued fuzzy closed
set containing A. (iii) A is bipolar valued fuzzy closed if and only if A = bcl(A). (iv) bcl( Oy ) = Oy, Oy is
the empty bipolar valued fuzzy set. (v) bcl( bcl(A) ) = bcl(A). (vi) bcl(AUB ) = bcl(A) W bcl(B). (vii) bcl(A)
M bcl(B) o bcl(ANB).

1.9 Definition: Let (X, 3) be bipolar valued fuzzy topological space and A be a bipolar valued fuzzy
set in X. Then U{ B: B3 and B < A } is called bipolar valued fuzzy interior of A and is denoted by
bint(A).

1.10 Theorem: Let (X, J) be bipolar valued fuzzy topological space, A and B be two
bipolar valued fuzzy sets in X. The following results hold good,

(i) bint (A) is bipolar valued fuzzy open set in X. (ii) bint(A) is the largest bipolar valued fuzzy open set
in X which is contained in A. (iii) A is bipolar valued fuzzy open set if and only if A = bint (A). (iv) Ac B
implies bint (A) < bint(B). (v) bint (bint (A) ) = bint(A). (vi) bint(A "B ) = bint(A) N bint(B). (vii) bint(A)
U bint(B) < bint(AUB). (viii) bint( A%) = ( bcl(A) ). (ix) bel( A®) = ( bint(A) ) .
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1.11 Definition: Let (X, 3) be bipolar valued fuzzy topological space and A be bipolar valued fuzzy
set in X. Then A is said to be (i) bipolar valued fuzzy semi open if and only if there exists bipolar
valued fuzzy open set V in X such that V < A < bcl( V). (ii) bipolar valued fuzzy semiclosed if and
only if there exists bipolar valued fuzzy closed set V in X such that bint( V ) A < V. {(iii) bipolar
valued fuzzy regular open set of X if bint( bcl(A) ) = A. (iv) bipolar valued fuzzy regular closed set of X
if bcl( bint(A))=A. (v) bipolar valued fuzzy regular semi open set of X if there exists bipolar valued
fuzzy regular open set Vin X such that V. — A < bcl( V). We denote the class of bipolar valued fuzzy
regular semi open sets in bipolar valued fuzzy topological space X by BVFRSO(X). (vi) bipolar valued
fuzzy generalized closed if bcl( A ) < V whenever A — V and V is bipolar valued fuzzy open set and A
is bipolar valued fuzzy generalized open if A is bipolar valued fuzzy generalized closed.

1.12 Theorem: The following are equivalent:

(i) A'is bipolar valued fuzzy semi closed set. (i) A is bipolar valued fuzzy semi open set. (iii) bint( bcl
(A)) C A. (iv) bel( bint (A°) ) D A.

1.13 Theorem: Any union of bipolar valued fuzzy semi open sets is bipolar valued fuzzy semi open
set and any intersection of bipolar valued fuzzy semi closed sets is bipolar valued fuzzy semi closed.
Remark: (i) Every bipolar valued fuzzy open set is bipolar valued fuzzy semi open but not conversely.
(ii) Every bipolar valued fuzzy closed set is bipolar valued fuzzy semi-closed set but not conversely.
(iii) The closure of bipolar valued fuzzy open set is bipolar valued fuzzy semi open set. (iv) The
interior of bipolar valued fuzzy closed set is bipolar valued fuzzy semi-closed set.

1.14 Theorem: Bipolar valued fuzzy set A of bipolar valued fuzzy topological space X is bipolar valued
fuzzy regular open if and only if A is bipolar valued fuzzy regular closed set.

Remark: (i) Every bipolar valued fuzzy regular open set is bipolar valued fuzzy open set but not
conversely. (ii) Every bipolar valued fuzzy regular closed set is bipolar valued fuzzy closed set but not
conversely.

1.15 Theorem: (i) The closure of bipolar valued fuzzy open set is bipolar valued fuzzy regular closed.
(ii) The interior of bipolar valued fuzzy closed set is bipolar valued fuzzy regular open set.

1.16 Theorem: (i) Every bipolar valued fuzzy regular semi open set is bipolar valued fuzzy semi open
set but not conversely. (ii) Every bipolar valued fuzzy regular closed set is bipolar valued fuzzy
regular semi open set but not conversely. (iii) Every bipolar valued fuzzy regular open set is bipolar
valued fuzzy regular semi open set but not conversely.

1.17 Theorem: Let (X, J) be bipolar valued fuzzy topological space and A be bipolar valued fuzzy set
in X. Then the following conditions are equivalent:

(i) A is bipolar valued fuzzy regular semi open. (ii) A is both bipolar valued fuzzy semi open and
bipolar valued fuzzy semi-closed. (iii) A®is bipolar valued fuzzy regular semi open in X.

1.18 Definition: Bipolar valued fuzzy set A of bipolar valued fuzzy topological space ( X, J3) is called (i)
bipolar valued fuzzy g-closed if bcl(A) < V whenever A — V and V is bipolar valued fuzzy open setin
X. (ii) bipolar valued fuzzy g-open if its complement A is bipolar valued fuzzy g-closed set in X. (iii)
bipolar valued fuzzy rg-closed if bcl(A) — V whenever A — V and V is bipolar valued fuzzy regular
open set in X. (iv) bipolar valued fuzzy rg-open if its complement A is bipolar valued fuzzy rg-closed
set in X. (v) bipolar valued fuzzy w-closed if bcl(A) — V whenever A — V and V is bipolar valued fuzzy
semi open set in X. (vi) bipolar valued fuzzy w-open if its complement A is bipolar valued fuzzy w-
closed set in X. (vii) bipolar valued fuzzy gpr-closed if pbcl( A ) < V whenever A — V and V is
bipolar valued fuzzy regular open set in X. (viii) bipolar valued fuzzy gpr -open if its complement A is
bipolar valued fuzzy gpr-closed set in X.
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2. SOME PROPERTIES
2.1 Definition: Let (X, J) be bipolar valued fuzzy topological space. Bipolar valued fuzzy set A of X is
called bipolar valued fuzzy regular w-closed (briefly, bipolar valued fuzzy rw-closed) if bcl(A) < U
whenever A — U and U is bipolar valued fuzzy regular semi open in bipolar valued fuzzy topological
space X.
NOTE: We denote the family of all bipolar valued fuzzy regular w-closed sets in bipolar valued fuzzy
topological space X by BVFRWC(X).
2.2 Definition: Bipolar valued fuzzy set A of bipolar valued fuzzy topological space X is called bipolar
valued fuzzy regular w-open (briefly, bipolar valued fuzzy rw-open) set if its complement AS is
bipolar valued fuzzy rw-closed set in bipolar valued fuzzy topological space X.
NOTE: We denote the family of all bipolar valued fuzzy rw-open sets in bipolar valued fuzzy
topological space X by BVFRWO(X).
2.3 Theorem: Every bipolar valued fuzzy closed set is bipolar valued fuzzy rw-closed set in bipolar
valued fuzzy topological space X.
Proof: Let A be bipolar valued fuzzy closed set in bipolar valued fuzzy topological space X. Let B be
bipolar valued fuzzy regular semi open set in X such that A < B. Since A is bipolar valued fuzzy closed,
bcl(A) = A. Therefore bcl(A) = A < B. Hence A is bipolar valued fuzzy rw-closed in bipolar valued fuzzy
topological space X.
Remark: The converse of the above Theorem need not be true in general.
2.4 Example: Let X={1, 2, 3 }. Define bipolar valued fuzzy set A={<1,06,-0.6><2,0,0>,<3,0,
0>} Let 3 = {1y Oy, A}. Then (X, 3J) is bipolar valued fuzzy topological space. Define bipolar valued
fuzzy setB={<1,0,0>,<2,0.6,-0.6 > <3,0,0>}. Then B is bipolar valued fuzzy rw-closed set but
it is not bipolar valued fuzzy closed set in bipolar valued fuzzy topological space X.
Remark: bipolar valued fuzzy generalized closed sets and bipolar valued fuzzy rw-closed sets are
independent.
2.5 Example: Let X={1, 2, 3, 4 }. Define bipolar valued fuzzy sets A, B,CinXbyA={<1,1,-1>,<2,
0,0><300><4,00>},B={<1,0,0><2,1,-1><3,0,0><4,0,0> },C={<1,1,-1>, <
2,1,-1>,<3,0,0><4,0,0>}. Consider 3 ={0x 1x, A, B, C}. Then (X, 3) is bipolar valued fuzzy
topological space. In this bipolar valued fuzzy topological space X, the bipolar valued fuzzy set D is
defined by D={<1,0,0><2,0,0><3,1,-1> <4,0,0>}. Then D is bipolar valued fuzzy
generalized closed set in bipolar valued fuzzy topological space X. In this bipolar valued fuzzy
topological space, the bipolar valued fuzzy set E is defined by E={<1,1,-1>, <2,0,0>,<3,1,-1>,
<4,0,0>}.Then E is bipolar valued fuzzy regular semi open set containing D, but E does not contain
bcl(D) which is C°. Therefore E is not bipolar valued fuzzy rw-clsoed set in bipolar valued fuzzy
topological space X.
2.6 Example: Let X =1 = [0, 1]. Define bipolar valued fuzzy set D in X by D(x) =< x, 0.5,-0.5>if x=2/3
= <X, 0, 0> if otherwise.
Let 3 ={0y, 1x, D }. Then (X, 3) is bipolar valued fuzzy topological space.
Let A(x)=<x,0.3,-0.3>ifx=2/3

=<x, 0, 0> if otherwise.
Then A is bipolar valued fuzzy rw-closed set in bipolar valued fuzzy topological space X. Now bcl(A) =
D and D is bipolar valued fuzzy open set containing A but D does not contain bcl(A) which is D°.
Therefore A is not bipolar valued fuzzy generalized closed.
Remark: Bipolar valued fuzzy rw-closed sets and bipolar valued fuzzy semi-closed sets are
independent.

Vol.4.Issue.1.2016(Jan-March) 149



M.AZHAGAPPAN, M.KAMARAJ Bull.Math.&Stat.Res

2.7 Example: Consider the bipolar valued fuzzy topological space (X, J) defined in Example 2.4. Then
the bipolar valued fuzzy set A= {<1, 1,-1>,<2,0,0>,<3,0,0>}is bipolar valued fuzzy rw-closed
but it is not bipolar valued fuzzy semi-closed set in bipolar valued fuzzy topological space X.

2.8 Example: Consider the bipolar valued fuzzy topological space (X, J) defined in Example 2.5. In
this bipolar valued fuzzy topological space X, the bipolar valued fuzzy set p is define by pu={<1, 1, -1
><2,00><3,1,-1> <4,0,0>}. Then u is bipolar valued fuzzy semi-closed in bipolar valued
fuzzy topological space X. p is also bipolar valued fuzzy regular semi open set containing u which
does not contain cl(u) =B°={<1,1,-1><2,0,0>,<3,1,-1>,<4,1,-1>}. Therefore u is not
bipolar valued fuzzy rw-closed set in bipolar valued fuzzy topological space X.

2.9 Theorem: Every bipolar valued fuzzy w-closed set is bipolar valued fuzzy rw-closed.

Proof: The proof follows from the Definition 2.1 and the fact that every bipolar valued fuzzy regular
semi open set is bipolar valued fuzzy semi open.

Remark: The converse of Theorem 2.9 need not be true as from the following example.

2.10 Example: Let X = {1, 2 } and I = { Oy, 1x, A } be bipolar valued fuzzy topology on X, where A=
{1, 0.7, -0.7 >, < 2, 0.6, -0.6 > }. Then the bipolar valued fuzzy set B={<1,0.7,-0.7 > < 2,0.8,-
0.8>} is bipolar valued fuzzy rw-closed but it is not bipolar valued fuzzy w-closed.

2.11 Theorem: Every bipolar valued fuzzy rw-closed set is bipolar valued fuzzy rg-closed.

Proof: The proof follows from the Definition 2.1 and the fact that every bipolar valued fuzzy regular
open set is bipolar valued fuzzy regular semi open.

Remark: The converse of Theorem 2.11 need not be true as from the following example.

2.12 Example: Let X = {1, 2, 3, 4 } and bipolar valued fuzzy sets A, B, C, D defined as follows A={< 1,
09,-09><2,00>+<3,0,0><4,0,0>},B={<1,0,0><2,0.8,-0.8><3,0,0><4,0,0>},C
={<1,09-09><2,08,-08><3,0,0> <4,0,0>},D={<1,09,-09><2,08,-0.8>, <3,
0.7,-0.7><4,0,0>1} 3 ={14 0y, A, B, C, D} be bipolar valued fuzzy topology on X. Then the
bipolar valued fuzzy setE={<1,0,0>,<2,0,0>,<3,0.7,-0.7>,<4,0,0 > }is bipolar valued fuzzy
rg-closed but it is not bipolar valued fuzzy rw-closed.

2.13 Theorem: Every bipolar valued fuzzy rw-closed set is bipolar valued fuzzy gpr-closed.

Proof: Let A is bipolar valued fuzzy rw-closed set in bipolar valued fuzzy topological space ( X, 3J). Let
A c O, where O is bipolar valued fuzzy regular open in X. Since every bipolar valued fuzzy regular
open set is bipolar valued fuzzy regular semi open and A is bipolar valued fuzzy rw-closed set, we
have bcl(A) < O. Since every bipolar valued fuzzy closed set is bipolar valued fuzzy pre closed, bpcl(A)
< bcl(A). Hence bpcl(A) < O which implies that A is bipolar valued fuzzy gpr-closed.

Remark: The converse of Theorem 2.13 need not be true as from the following example.

2.14 Example: Let X={ 1, 2, 3, 4, 5 } and bipolar valued fuzzy sets A, B, C defined as follows A={< 1,
0.9,-09]><2,08,-08><3,0,0><4,0,0><5,0,0>}, B={<1,0,0><2,0,0><3,0.8,-0.8
> <4,0.7,-07><5,0,0>}, C={<1,09,-09><2,08,-08><3,0.8,-0.8><4,0.7,-0.7 >,<5,
0,0>} Let I =1{1y 0y A, B, C}be bipolar valued fuzzy topology on X. Then the bipolar valued fuzzy
setD={<1,09,-09><2,00><3,0,0><4,00><5,0,0>}is bipolar valued fuzzy gpr-
closed but it is not bipolar valued fuzzy rw-closed.

2.15 Theorem: If A is bipolar valued fuzzy regular open and bipolar valued fuzzy rg-closed in bipolar
valued fuzzy topological space (X, J3), then A is bipolar valued fuzzy rw-closed in X.

Proof: Let A is bipolar valued fuzzy regular open and bipolar valued fuzzy rg-closed in X. We prove
that A is bipolar valued fuzzy rw-closed in X. Let U be any bipolar valued fuzzy regular semi open set
in X such that Ac U. Since A is bipolar valued fuzzy regular open and bipolar valued fuzzy rg-closed,
we have bcl(A) < A. Then bcl(A) < Ac U. Hence A is bipolar valued fuzzy rw-closed in X.
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2.16 Theorem: If A and B are bipolar valued fuzzy rw-closed sets in bipolar valued fuzzy topological

space X, then union of A and B is bipolar valued fuzzy rw-closed set in bipolar valued fuzzy

topological space X.

Proof: Let C be bipolar valued fuzzy regular semi open set in bipolar valued fuzzy topological space X

such that ( AU B) < C. Now A — C and B c C. Since A and B are bipolar valued fuzzy rw-closed sets in

bipolar valued fuzzy topological space X, bcl(A) < C and bcl( B)c C. Therefore (bcl(A) U bcl( B)) < C.

But (bcl(A) U bcl( B)) = bcl(AwB). Thus bel( Au B) < C. Hence AUB is bipolar valued fuzzy rw-closed

set in bipolar valued fuzzy topological space X.

2.17 Theorem: If A and B are bipolar valued fuzzy rw-closed sets in bipolar valued fuzzy topological

space X, then the intersection of A and B need not be bipolar valued fuzzy rw-closed set in bipolar

valued fuzzy topological space X.

Proof: Consider the bipolar valued fuzzy topological space (X, 3) defined in Example 2.5. In this

bipolar valued fuzzy topological space X, the bipolar valued fuzzy sets G;, G, are defined by G; = { <

1,0,0><2,0,0><3,1,-1><4,1,-1>}and G,={<1,1,-1><2,1,-1>,<3,1,-1>,<4,0,

0>}. Then G; and G, are the bipolar valued fuzzy rw-closed sets in bipolar valued fuzzy topological

space X. Let D = Gy"G,. ThenD={<1,0,0>,<2,0,0><3,1,-1><4,0,0>}. ThenD =G;NG; is

not bipolar valued fuzzy rw-closed set in bipolar valued fuzzy topological space X.
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