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ABSTRACT

Sufficient conditions for oscillation of second order nonlinear neutral delay
differential equations of the form
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1. INTRODUCTION
In this paper we consider the nonlinear neutral delay differential equation
d|/1d
—q———m(t) y(t )yt — f()G(y(t— =0
dt{r(t) L MOYO+ pOY( r)}}+ HG(y(t-0)) (1)
where r(t) e C([t,,),(0,)), p(t), f(t) € C([t,,=),[0,2)) .
In the equation (1) if p(t) =0 we get
d|1d
————m(t) y(t f)G(y(t— =0
dt{r(t) 5 MOV )}}+ DG(y(t-0)) @

which is a delay equation and further if we take p(t) =0 and o =0 in equation (1) we get

d|1d
a{@a{ma)ya)}} f(HG(y(1) =0 ®)
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which is an ordinary differential equation.

The study of behavior of solutions of differential equation (2) has been a subject of interest for
several researchers. We mention the works of [1, 2, 10 and 12].Oscillatory behavior of delay
differential equations is extensively studied by several authors [3, 4, 6, 7, 8, and 9].

Now we see some special case of equation (1) ie when
r(t) =1 and G(y(t)) = y(t) equation (1) is reduced to

2

L7 MOYO + POYE-2)j+ f Oyt -0) =0 )
if further when p(t) =0, this equation is reduced to
o IMOYO}+ fOY(t-0) =0 o
and to
jt_z {m@)y()}+ f(t)y(t) =0if o=0 )

and we note that, when m(t) =1, this equation reduces to the equation

SO fOY© =0 o)

Recently there has been an increasing interest in the study of the oscillation of differential equations
e.g. papers [1]-[16]. In particular, differential equations of the form (1) and for special cases when
r(t)=1,and G(y(t)) = y(t) is a subject of intensive research.

The oscillation for equation (7) has been discussed by many authors. Here we have some interesting
results
(i) Jigin Deng [6]: Ifforlarge t e R,

Jf(S)dSZﬂ where >l
" t 4

then equation (7) is oscillatory.
(i) CH.G.Philos [10]: Let n be an integer with N >3 and p be a positive continuously

differentiable function on the interval [t,, ) such that

1 ¢(t-s)"°
s e
v p(s)

Than (7) is oscillatory if

2

Lim [(n=1)p(s) - (t—3)p'(s)] ds <0

L[99 f(s)ds =0

n-1
t t

Lim ., sup
0

Motivated by some of these works, we present oscillation criteria under particular type of
integral conditions

By a solution of equation (1) we mean a function Y(t) eC([T,,)) where T, >t; which

satisfies(1) on [Ty,oo).We consider only those solutions of  y(t) of (1) which satisfy

Sup {|y(t)|: t>T }> O forall T >T, and assume that (1) possesses such solutions.
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A solution of equation (1) is called oscillatory if it has arbitrary large zeros on [I'y ,00); otherwise it is

called nonoscillatory. Equation (1) is said to be oscillatory it all its solutions oscillate .Unless
otherwise stated, when we write a functional inequality, it will be assumed to hold for sufficiently

large t in our subsequent discussion.
2. MAIN RESULTS
We need the following in our discussion

(H):r() eC([’[O ), R) , r)>0

(H,):f@®)eC([t, ,©),R), f(t)>0

(H,):p(t) eC(t,,©),R) and 0< p(t) <1
(H,):G@u)eC(R,R) and uG(u)>0, u=0

(H;) :There exists g € C([t,,),[0,0)) and f(t)G(x) > q(t)x
(He) :m(t—7) > p(t)

We set

z(t) =m(t)y(t) + pt) y(t —7)

and we have the following lemma

Lemma 2.1 Assume that there exists T € [t,o0), sufficiently large such that

z'(t)J <0, te[T,x)

t-o

j r(s)ds

> T

_t[r(s)ds

, 1
z(t) >0, z'(t) >0, (W
(t-o)

zZ(t)

Then

The details of the proof are omitted.
Now we present the oscillation criteria
Theorem 2.2

Assume that conditions (H,) - (Hs) are satisfied and

(8)

Let B, = {u eC'[s, t ]:u(t) =0 ,u(s,)=u(t,) =O}, k=1 2.1f there exists a function

ueB,, Bt) eC'([t,, ©),(0,)), and a(t) € C ([t,,o),R) such that for k=1, 2,

ty 1 t:|FI'(S)dS 1
3o Ba)= [ pOIu*(®) mq(t){l— p(t— o)} + r(t)oﬂ(t)—{
% J'r(s)ds

r(t) 2p(1)

Then every solution of equation (1) is oscillatory.

r(t)

- i(u'(t) LU0 O e

ioc(t)}

-

Proof: Suppose to the contrary. And let y(t) be a nonoscillatory solution of equation (1). Without

loss of generality we may assume that y(t) is eventually positive. From (Hs) and (1)
we have
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d|{ 1 d
a{@a{ma)yawp(t)y(t—r)}}=—f(t)G(y(t—a»

d| 1 d
a{@a{m(t)y(t) +pt)y(t— r)}} <-qt)y(t-o) (9)
Further we obtain that
m(t)y(t) = z(t) - p(t)y(t—7)
mt-o)y(t-o)=z(t-o)-plt-o)ylt-o-7)
mt-o)y(t-o)=z(t—o)-p(t-o)yt-o)
m(t-o)y(t-o)=[1-p(t-o)]z(t-o)
yt-o)= [1-p(t-o0)lz(t-o) (10)
m(t —o)
From (9) and (10) we have
d| 1 d
a{@a{m(t)y(t) +p(t)y(t- r)}} ST nt—o) qM®[L- p(t-o)lz(t - o) (11)
From Lemma 2.1 we have
t:[Gr(s)ds
2(t-o)>- z(t)
jr(s)ds
Tr(s)ds
—2(t-o)<- z(t) (12)
_[r(s)ds
Substituting (12) in (11) we get
401 d Ir(s)ds
a{@a{ma)ya) + POy —r>}} g dOL- Rl 3
_[r(s)ds
Define
r(lt)z'(t) ,
o(t) =-A(1) 20 7 0 a(t) (14)
r(lt)z'a) ) r(lt)z'(t) )
w'(t)=-p'(t) 20 + 0 a(t) |- B(t) 20 + 0 a(t)
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_r(lt)z'(t) 1 | _r(lt)z'(t) 1 :
WO=-FO =5 @O |- A0 T —ﬂ(t){@aa)}
M1 NS (1 ]
——7'(t) z(t){z'(t)} —{ z'(t)}z'(t) :
vy | T N r(t) r(t) RS
o'(t) =-p'(t) 20 + 0 a(t) |- A1) 20 ﬁ(t){r(t) a(t)}
r(lt)z'(t) 1
w'(t) =-p'(t) 20) + 0 a(t)
(1 i 1 1)
—7'(t) ——7'(t)z'(b) -
R R T
- B() T + () 20 —ﬂ(t){ma(t)}
(1 i 1 7
70 —{zof '
o [ o®] {r(o } r(t) NS
w'()=p (t)[ ﬂ(t)} PO [P0 g ﬁ(t)[r(t) a(t)} (16)
from (14) we have ) )
iz'(t) |
a(t) _ r(t) 1 a(t)
- B z(t)  r()
- i
a(t) 1 @Z ®
- a(t) -
B r) z(t)
(t) 1 _’m
r(t){—ﬂ(t) _%“(t)} R0
. 2t . ot) 1
l.e. m = r(t)_—_ ﬁ(t) r(t) a(t)}
{ z'(t)}z _[etre _“(t)T
z(t) L - B
{Zl(t)}z = wZ(tz)rZ(t) +a®(t)+2 oOr(t) a(t) (17)
2(t) B(t) B(t)
Substituting (13) and (17) in (16) we get
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t-o

. _[r(s)ds
o'(t) > ’;(())co(t) PO iy AL Pt~
Ir(s)ds (18)
1 a)z(t)rz(t) L 00r®) } { }
+ﬁ(t)r(t)[ 520 a’(t)+ 50 a(t) |_p() ()a(t)
. t].Ur(s)ds .
w'(t) > S(t) qt)[1- pt-o)]l+ +{ az(t)}—{— ()}
m(t - o) J.r(s)ds r(t) r(t) (19

T

+{ﬁﬂ((t))+2 (t)} (t)+{/r3((t))} (1)

Let U e B, be given as in the hypothesis. Multiplying (19) by u’® and integrating the resulting

inequality from S; to {; we have

Ij’u 2 (o' (t)dt >
\ . t]'Ur(s)ds L
iu PO oy (DB P +{r(t)a (t)} { P )} (20)

I r(s)ds

’
() } i z{r(t)} 2
u +2.a(t) jo(t)dt + |u  —= o (t)dt
150 ot
Integrating (20) by parts and using the fact that u(s,) = u(t;) = 0 we deduce that
- j 2u(tiu' N o(t)dt >

S

t-o

. . l jr(s)ds 1
2 Bt t[1- pt- o)l Oy
iu O | =y OB G)]jr(s)ds *{r(t)“()} {(t) ()}

T

+iu {ﬂﬂ(())+2a(t)}m(t)dt+ju {ﬂ(())} 2 (t)dt
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i u { } 2(t)dt+2ua)(t){u'+u( Zﬂﬂ(())+a(t)ﬂ

t-o

| . Ir(s)ds .
2B | ———a(t)[1- p(t—o)]- 2(t
+£u POV = O R U)]jr(s)ds +{r(t)a ()} [(t) ()}
Hence
| . tfr(s)ds L
2B(t) | ———aq(t)[1- p(t—o)]- 2
JutA) | =y IOR- R G)]jr(s)ds +{r(t)a ()} {(t)ﬂ()}

b o TO JBO[ L A0 L BO[ L AO 2
+{£u(t)a)(t) 50 \/T{ u2am T ()} 0 {u+u ﬂ()+Ua(t)} dt<0

which is equivalent to

u(t) ()‘/_ VO i O oo | dts 9, ,a) <0 21)
O oL 280

where J, (U, £, @) is as in Theorem 2.2.Since J, (U, B,@) > 0, inequality (21) yields

u()()‘/_ VO B0 e L dt<—3,u, gy <0
O oL 280

which is a contradiction. Hence y(t) is oscillatory.
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