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ABSTRACT

In this paper we define the generalized weighted Cesaro sequence spaces
ces(p, q,s). We prove the space ces(p,q,s) is a complete paranorm space. In
section-2 we determine its Kothe-Toeplitz dual. In section-3 we establish
it necessary and sufficient conditions for a matrix A to map ces(p,q,s) to I,

&\' and ces(p,q,s) to c, where 1, is the space of all bounded sequences and c is
A B M REZAUL the space of all convergent sequences. We also get some known and unknown
KARIM results as remarks.
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1. INTRODUCTION

Let w be the space of all (real or complex) sequences and let I, c and ¢, are respectively the
Banach spaces of bounded sequences, convergent sequences and null sequences. Let p = (p;,) be a
bounded sequence of strictly positive real numbers. Then [(p) was defined by Maddox [7] as

I(p) = {x = (1) € w: Y [Pk < w}
k=1

with 0 < Pk Sszppk =H < oo,

If (q,) is a bounded sequence of positive real numbers, then for p = (p,) with infp, > 0, we
defined the weighted Cesaro sequence space in our recent paper [11] by

= /1 Pr
ces(p,q) = {X =(x) € wiz (Q—zrzmwfﬂ) < ”}
r=0 r
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where Qur = qyr + qry1 + oo e e Hqyr+1_g and ), denotes a sum over the range
2" < k < 271 In [1] Maji and Srivastava defined this space in a different norm.
The main purpose of this paper to define the generalized weighted Cesaro sequence space
ces(p,q,s). We determine the Kothe-Toeplitz dual of ces(p,q,s) and then consider the matrix
mapping ces(p,q,s) to l.. and ces(p, q, s) to c.
In [3] Bulut and Cakar defined and studied the sequence space [(p, s), in [4] Khan and Khan defined
and investigated the Cesaro sequence space ces(p,s) and in [12] we defined and studied the Riesz
sequence space r7(u,p,s) of non-absolute type. In the same vein we define generalized weighted
Cesaro sequence space ces(p, g, s)in the following way.
Definition. For s > 0 we define

i 1 Pr
ces(p,q,s) = {x = (x) € w:Z(er)‘S (Q_zr Z |CIka|> < “}
r=0 T

where (q;) is a bounded sequence of real numbers, p = (p,) with infp, > 0,

Qyr =qyr +qyri1+ i Hqyrvi_yand ), denotes a sum over the range
2r <k <2rth
With regard notation, the dual space of ces(p,q,s), that is, the space of all continuous linear
functional on ces(p, q, s) will be denoted by ces*(p, q,s). We write

a
Ay =" |2

L )
where for each n the maximum with respect to k in [27,271).

Throughout the paper the following well-known inequality (see [7] or [8]) will be frequently used.
For any positive integer E > 1 and any two complex numbers a and b we have

lab| < E(lal"E™" + |b|) (1)
where p > 1and %+$= 1.

To begin with, we show that the space ces(p, g, s) is a paranorm space paranormed by

1/M
960 = (20(@2) ™ (= Zrlawxel) ) / (2)
provided H = Sl;ppr < ooqnd M = max{1,H}.
Clearly
g()=0
g(=x) = g(x),
where 8 = (0,0,0, ... e e et et e e )

Sincep, <M, M = 1so forany x,y € ces(p,q,s) we have by Minkowski’s inequality

o0 1 pry /M
<Z(er)_s <@Z|Qk(xk +3’k)|) >
r=0 r
oo " pry\ /M
< <;(er>—5 (EZuqkm + |qkyk|)) )

1/M po /M
+

s(Z(er)‘s (Q%kaxkl)pr> <Z(Q2T)_S <Qizrzlqkyk l) >

which shows that g is subadditive.
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Finally we have to check the continuity of scalar multiplication. From the definition of ces(p, q,s),
we have inf p, > 0. So, we may assume that inf p, = p > 0. Now for any complex A with

[1A]] < 1, we have
o Pr
1
g(x) = (Zﬂ((zzr)—s (@Z Aqe |> )

1/M

NI

jnd Dr
= 2l¥ <Z<er>-s <%Z {2 |> )
r=0 r

su Pr
<"l g(x)

< IIAII% gx)->0asi-0
It is quite routine to show that ces(p,q,s) is a metric space with the metric d(x,y) = g(x —y)
provided that x,y € ces(p, q,s), where g is defined by (2). And using a similar method to that in [5]
one can show that ces(p, q, s) is complete under the metric mentioned above.
2. Kothe-Toeplitz duals
If X is a sequence space we define ([2], [6])

Xt =y = {a = (a) € w:Zlakxkl < oo, forevery x € X}
k

Xt =xF = {a = (ay) € a):z a; X is convergent for every x € X}
k
Now we are going to give the following theorem by which the generalized Kothe-Toeplitz dual
cest(p, q, s) will be determined.
sup
r

Theorem1: If 1 < p, < pr < oo and pi+tl= 1, for r=0,1,2,....., then

r

ces*(p,q,s) = [ces(p,q, )]
= {a = @) 50 @D (0™

sup
r

Ak

ty
p ) E~' < oo, for some integer E > 1}.
k

Proof:Llet 1 <p, < pr < e and pi+tl =1, for r=0,1,2,........ Define

r

max

p(ts) = fa = (@) o (@0 (0™
We want to show that ces™(p,q,s) = u(t, s).
Let x € ces(p,q,s) and a € u(t,s) . Then using inequality (1) we get

ZIakku = z Zlakxkl
k=1 r r

=0

23
9k

ty
) E~t < oo for some integer E > 1 } (3)

24

=Xr=0 2r EQkxk|
= T X [ larud

w max
SZr:O r Z_: Zerxkl

o max = -2
= Yreo Q2r r :Tk (Qzr)er 0 (Qzr) Pr Xrlquexy]

oo max |ay tr i —t, —s( 1 pr

< Exo (0 )T @ B + @) (G Sl
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{i (ermrax Z_:Dtr (Qyr)sr—DEtr 4 i(er)—s (QLZTZkakl)pr}
r=0 T

=
< oo
which implies that the series ).;—; a; x) convergent.
Therefore,
a € dual of ces(p,q,s) = cest(p,q,s).
This shows, u(t,s) c cest(p, q,s)
Conversely, suppose that ). a; x; is convergent for all x € ces(p,q,s) but a & u(t,s). Then

¥ 0(Qyr)sEr =D (ermax a

tT
—") E~t = oo, for every integer E > 1.
r o olqg

So, we can define a sequence 0 =n(0) <n(l) <n(2) < -

suchthat y =0,1,2, ...... ... ... ..., We have
n(y+1)-1
a ty
Z (Qr)str=D ( me q—k> y+2) Ipr >1

r=n(y)
Now we define a sequence x = (x},) in the following way:

x, = 0if k> 2mot!
t,—1 _ g
AN@E) = Q; aney| " sgn aney Q)T (y +2)7r My
forn() <r<ny+1) -1, y=0,1,2, e cee et et et et e e

and x;=0for k # N(r), where N(r) is such that
_ Max |a;
|aN(r)| - r qx ’

the maximum is taken with respect to k in [27,27 1),

Therefore .
on(y+1)—-1 n(y+1)—-1

Ay Xy = Z (Qzr

k=2n() r=n(y)

ty _ _ _
aN(T)D Q)& Dy +2)7" Mt

n(y+1)—1

= M}’_1 (y + 2)_1 Z (er |aN(r)|)tr (QZT)S(tr—l)(y + 2)_tr /Dr

r=n(y)

=M'M, (y +2)7*

=@y +2)7"!
It follows that
z apxy = Z(V +2)7!
k=1 y=0
diverges.
Moreover
n(y+1)—-1

r=n(y)

pr
1
(Qzr)° <@Z|Qkxk |>
n(y+1)—1

_ -1 -1 (t—1) e —1\P"
= > @) (& 0 Plave | P+ 2wt
r=n(y)
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n(y+1)—1
1)(t,—1)p, (t,—Dp, : —»,
= z Q)™ Q(s+ )& —1)p ane (v +2)"tpr Myp
r=n(y)
n(y+1)—1
1t, t, _ —»,
= z (Q2r)7° Q(s+ )t aN(r)| (y +2) bpr Myp
r=n(y)
n(y+1)—1
oA . L 1-p,
=(y+2) ZMyl z Q;r(t 1)(QZT aN(r)DtT(V‘l'Z)Z t, prMy p
r=n(y)
n(y+1)—1
o . B 1-p, o
=(y+2) ZMyl z Q;r(t 1)(Q2r aN(r)l)tr(y-l'Z)z tr/prMy 4 (v + 2)2 ty—py +t,/Dr
r=n(y)

=@y +2)72M;'M, M, (y +2)1 P
= ( +2)72M, P (y + 2) /e
@+
B M}I;r/tr (y + 2)pr/tr

<(Y+2)% <o

Therefore

oo 1 Pr
; (Q2r)° (Q_zrzlquH) S@+2)?<e

That is, x € ces(p, q, s) which is a contradiction to our assumption.

Hence a € u(t,s). Thatis, u(t,s) o ces*(p,q, s).

Then combining the two results, we get

ces*(p,q,8) = u(t,s).

The continuous dual of ces(p, q, s) is determined by the following theorem.

sz;p p, < . Then continuous dual ces*(p, q,s) is isomorphic to u(t,s),

Theorem 2: Let 1 < p, <
which is defined by (3)

Proof: It is easy to check that each x € ces(p, q, s) can be written in the form

oo

X = Z xi e, ,where e, = (0,0,0,........ 0,1,0, e cee vt e eee)
k=1
and the 1 appears at the k-th place. Then forany f € ces*(p, q,s) we have
fQ) = Y= xi f(ex) = Xi=1 Xk A (4)

where f(e,) = a;. By theorem 1, the convergence of Y a,x;, for every x in ces(p,q,s) implies
that a € u(t,s).

If x € ces(p,q,s) and if we take a € u(t,s), then by theorem 1, Y a;x; converges and clearly
defines a linear functional on ces(p, g, s). Using the same kind of argument as in theorem 1, it is
easy to check that

3

Zlakxkl < E<Z Qs(tr 2 ( max .

whenever g(x) < 1, where g(x) is defined by (2).
Hence ) a; x;, defines an element of ces*(p, q, s).

k

) E7fr + l)g(x)

Furthermore, it is easy to see that representation (4) is unique. Hence we can define a mapping

T: ces*(p,q,s) - u(t,s).
By T(f) = (aq,ay, -« <t ue wee ... ... ) Where the a;, appears in representation (4). It is evident that T is
linear and bijective. Hence ces*(p, q, s) is isomorphic to u(t, s).
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3. Matrix Transformations

In the following theorems we shall characterize the matrix classes (ces(p,q,s),l.) and
(ces(p,q,s),c). Let A= (an’k) n,k = 1,2, ........ be an infinite matrix of complex numbers and X, Y
two subsets of the space of complex sequences. We say that the matrix A defines a matrix
transformation from X into Y and denote it by A € (X,Y) if for every sequence x = (x;) € X the
sequence A(x) = A, (x) isinY, where

oo

Ap,(x) = Z A X

k=1
provided the series on the right is convergent.
Theorem 3: Let 1 <p, < Sl:ppr < oo, Then A € (ces(p,q,s),l.) if and only if there exists an

integer E > 1, such that U(E,s) < e, where

U(E,s) = Szp 52 0(Qar Ay ()T (Qzr) -1 E~tr and pi+ =1, 7=0,1L2
Proof:  Sufficiency: Suppose there exists an integer E > 1, such that U(E,s) < eo. Then by

inequality (1), we have

_ An k _ an i
|an,kxk|— q Qi Xk | = q |G x|
k=1 r=0 r k r=0 r k
max |Qnk
SZ - 2|Qkxk|
— qk
r=0 r

c = max |QAn k -1
= E (Qr)rr Q2 == (Qgr) b E g x|
s qr Qor &

N str _st 1 P
=F Z{(er)pr (Qzr A () B0 + <(er> " o zmkxkl) }
r=0 r

jind jind 1 Pr
<E {;(er)s =1 (Qgr A, () E™ + Z(;(er)_s (Q_zr Z|Qkxk|> }

< oo,
Therefore, A € (ces(p, q, ), l.).
Necessity: Suppose that A € (ces(p, q,s),l..), but

SZPZ(erAr(n))tr (Q,)s &r=D E~tr = oo for every integer E > 1.
r=0
Then Yi_; @, X; converges for every n and x € ces(p,q,s),

whence (an,k) € ces™(p, q,s) for every n. By theorem 1, it follows that each A4,, defined by

k=1,2,......

A, (x) = Z A e X
k=1
is an element of ces*(p,q,s). Since ces(p,q,s) is complete and since Sz:lplAn(x)l < oo on
ces(p, q,s), by the uniform boundedness principle there exists a number L independent of nand a
number § < 1, such that

|An ()| < L (5)
for every n and x € S[6, §], where S[6, 6] is the closed sphere in ces(p,q,s) with centre at the
origin 6 and radius §.
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Now choose an integer G > 1, such that
GSM > L.
Since

su 1) e
npz(erAr(n))t’ Q) D Gt = oo
r=0
there exists an integer my > 1, such that
mo
R = (@A) (@) V6 > 1 ©)
r=0

Define a sequence x = (x;) as follows:
X =0 if k>2motl

P ~
XN(r) = Q;;é‘M/pT (Sg‘n an,N(r) )|an,N(r) R lG t,/Dr (QZT)S (t,—1)
andx, =0 if k # N(r) for0 <r < mg, where N(r) is the smallest integer such that

lanwl =" ot
' "ol qr

Then one can easily show that g(x) < & but |A,,(x)| > L, which contradicts (5).This complete the
proof of the theorem.

Theorem4.let 1 <p, < S;Lppr < oo, Then A € (ces(p, q,s),c) if and only if

(1) apx = ax(n — oo,k is fixed) and

(ii) there exists an integer E > 1, such that U(E,s) < oo, where

UEs) ="F 55 0(Qzr A ()" (@) @ VE and pl+tl =1, 7 =0,1,2, e

Proof: Necessity. Suppose A € (ces(p,q,s),c). Then A, (x)exists for each n=>1 and
Lim
n — oo
3 we have condition (ii). Condition (i) is obtained by taking x = e, € ces(p,q,s), where e is a

A, (x) exists for every x € ces(p, q,s). Therefore by an argument similar to that in theorem

sequence with 1 at the k-th place and zeros elsewhere.
Sufficiency. The conditions of the theorem imply that

- max ty 1) e
2o (Q " []) T (@) @ VE < UCE,s) < e (7)
qk
By (7) it is easy to check that Y, a; x; is absolutely convergent for each x € ces(p,q,s). For
each x € ces(p,q,s) and & > 0, we can choose an integer my > 1, such that

had 1 Pr
Gmo (%) = Z (Qr)° (Q_zrzlquk|> <eM

r=my
Then by inequality (1), we have

D o —allal B[ ) @) @D (@B, ) B 41 | (g, ()
k=2m0 r=my

< EQU(E,s) + 1)e,

1/M

where B.(n) = max w| and
r qk
Z (Qr)s =D (Qz’Br(n))trE_tr < 2U(E,s) < oo

r=my
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oo oo

Lim
It follows immediately that ~n — oo £, %k Xk = Z Tie Xk
k=1 k=1
This shows that A € (ces(p, q, s), ¢) which proved the theorem.
Corollary 1. Let1 < p, < sz:p p, < . Then A € (ces(p, q,s),cy) if and only if

(i) any = 0(n— e, kis fixed)
(ii) there exists an integer E >1 such that U(E, s) < oo, where

-~ 1 1
U(E,s) = SZPZ(QZrAT(n))tT Q) @ VE U and —+—=1, 1=0,1,2, 0.
r=0

pT tT
Remarks:
@ If s =0thenwe getthe results of Rahman and Karim [11]
2 If s=0, g, =1 foreverynthen we get the results of Lim [10]

(3) When s =0, q, =1andp, =p forall nthen the results of Lim [9] follows.

(@) If s > 1 then specializing the sequences (p,,) and (gq,,) we get many unknown results.
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