Vol.4.Issue.1.2016 (January-March) BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

htto://www.bomsr.com
Email:editorbomsr@gmail.com
RESEARCH ARTICLE
ISSH: 23480580

WIENER INDEX OF SOME GRAPH TRANSFORMATIONS

KEERTHI G.MIRAJKAR"", PRIYANKA Y.B?
Department of Mathematics
Karnatak Arts College, Dharwad, India
Email: 1*Keerthi.mirajkar@gmail.com; *priyankaybpriya@gmail.com

ABSTRACT

The Wiener index of a graph G, denoted by W(G) is the sum of the distance
between all (undirected ) pairs of vertices of G. In this paper, we investigate
wiener index of some graph transformations or operations like plick graph and
lict graph.
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1. INTRODUCTION

Let G = (V,E) be a simple, connected, undirected graph. The number of vertices and edges of
G, we denote by n and m, respectively. Thus, |V (G)| =nand |E(G)| = m. As usual, n is said to be the
order and m the size of G. For the undefined terminologies and notations we refer reader to
Harary[8]. The distance between two vertices v; and v;, denoted by d(v;, v)) is the length of shortest
path between the vertices v; and v; in G. The diameter diam(G) of a connected graph G is the length
of any longest geodesic. The degree of a vertex v; in G is the number of edges incident to v; and is
denoted by d; = deg(v;) [2,10].

The Wiener index (or Wiener number) [18] of a graph G, denoted by W(G) is the sum of the
distance between all (unordered) pair of vertices of G. That is

W(G)= D d(v;,v;).
i<j

The wiener index is a graph invariant that belongs to the molecules structure descriptors
called topological indices, which are used for the design of molecules with desired properties [16].
For details on wiener index see [4, 10,15].

The line graph L(G) of a graph G such that the vertices of L(G) are the edges of G and two
vertices of L(G) are adjacent if and only if their corresponding edges in G share a common vertex[10].
The concept of line graph has various applications in physical chemistry [7, 8].
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If G is a connected graph, then the distance between two edges d(e; , g)) is, the distance
between the corresponding vertices of the line graph of G [4].

Let F; be the 5-vertex path, F, be the graph obtained by identifying a vertex of a triangle
with an end vertex of the 3-vertex path and F; the graph obtained by identifying a vertex of a
triangle with a vertex of another triangle (see Figure. 1).

Fi F, Fs
(Figure.1)
2. PLICK GRAPH AND LICT GRAPH

Let G = (V, E) be a graph with n vertices and m edges. In the mathematical literature several
"Transformation Graphs" have been considered, constructed so that their vertex set is equal to
E(G)UB(G), where B(G) is the number of blocks in graph G and E(G)UC(G), where C(G), is
the number of cut-vertices in graph. In what follows we define the best known representatives of
such graphs.

The Plick graph P(G)[11] of a graph G, is obtained from the line graph by adding a new vertex
corresponding to each block of the original graph and joining this vertex to the vertex of the line
graph which correspond to the edges of the blocks of the original graph.

The cut-vertices and edges of a graph G are called its members. The Lict graph L(G)[12] of a
graph G, is defined as the graph whose vertex set is the union of edges and the set of cut-vertices of
G in which two vertices are adjacent if and only if the corresponding edges of G are adjacent or the
corresponding members of G are incident.

3 RESULTS

We begin with the some of following previously known, auxiliary results.

Remark 3.1. [11,12] Line graph is subgraph of plick graph P(G) and lict graph L.(G).

Theorem 3.2. [15] If diam(G) < 2 and none of the graphs F, , F, , F; of figure.1 is an induced
subgraph of G then diam(L(G)) < 2.

n
Theorem 3.3. [1] For every tree T on n vertices W(L(G)):W(G)—sz.

Theorem 3.4. [6] If G is connected graph with n vertices and m edges then,
m(m+1
W(L(G))>W(G)-n(n-1) +¥ .

Theorem 3.5. [14] If G be a connected graph with n vertices, m edges and d; = deg(vi) ; i=1,2, 3,...,n.
If diam(G)< 2 and G does not contain F,; k=1, 2, 3 (of figure.1) as an induced subgraph then,

l n
W(G):mz—igdf.

Corollary 3.6. [14] If G is a connected r-regular graph on n vertices with diam(G) < 2 and none of F; k
=1,2, 3 (of figure.1) as an induced subgraph of G then,

nr(n-2)
2 .
Theorem 3.7. [14] Let G be a connected graph with vertex set V (G) = vq, v;, v3,..., V, and edge set

W(L(G)) =

E(G)=e,,e,, €3,...,, &, . Let d; = deg(v;) then,
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d. d -1 o
W (L(G)) >Z /(d; —Y) +m(m—1)— > deg(e,).
i=1
Theorem 3.8.[14] If T is a tree with vertices V (G) = v, ,v, ,v3,...,V, and d; = deg(v)); i = 1, 2, 3,...,n.
Then,

W (L(G)) = Z% Z[1+d(v,,v)](d ~1)(d,; -1).

i=1 i<jii, j=1
Theorem 3.9. [14] If T is a tree having k-vertices with degree s and remaining with degree 1. Then,

k :
wem) == 1)2[(2J+W(T)].

Where T 'is the tree obtained from T by removing all its end vertices.
Theorem 3.10. [17] Let G be a graph of order n and size m. Then W(G)= n(n-1)-m if and only if
diam(G) < 2.
m
Theorem 3.11. Let G be a graph with n vertices m edges, d; = deg(v;); i =1,2,3,....,n and B(G) = Zbi
i=1
. If diam(G) £ 2 and G does not contain F,; k=1,2,3 as an induced subgraph then,
W(P(G)) = (m+Zb ) —((=m+= Zd )+ Z(mh xb,))
h,i=1
Here (M, xb,) where h, i=1,2,3,..,m is the number of edges incident with blocks b;; i=1,2,3,...
Proof. Let P(G) be the plick graph. By the definition, vertex set of P(G) is,
V(P(G)) =E(G)UB(G).
And the number of edges in P(G) is
E(P(G)) =—-m+= Zd + Z(m xb.)
h,i=1

If diam(G) < 2, then by the Theorem 3.10,
W(G)=n(nh-1)—m

W(P(G))—(m+2b)(m+2b ) (-m+= Zd +Z(mh><b))

:m2+Zbi2+2mZb Zb m+m——Zd2 Z(mhxb)
W(P(G) = (m+Y6)" -3 b~ Y d7 - > (m, xb).

m
Corollary 3.12. If G is a connected r-regular graph on n-vertices with diam(G) <2, B(G) = Zbi and
i1

none of F; k =1, 2, 3(of figure.1) as an induced subgraph of G then,

W(P(G))——(——l) Zb(b +nr+1) - Z(— b,).

h,i=1
. . . nr
Proof. Let G is an r-regular graph on n-vertices the number of edges of G ism = ?and di=deg(v;) ;

i=1,2,3,...,n=r. From Theorem 3.11,

Vol.4.Issue.1.2016(Jan-Feb) 10



KEERTHI G.MIRAJKAR, PRIYANKA Y.B Bull.Math.&Stat.Res

W (P(G)) = (m+Zb) —Zb ——Zdz Z(m xb.)

:(%+;bi)2—;bi Iy hz.:_l(nr

:(%)2+gbi2+2(n—;)gbi—izﬂ:bi——n hzl;l(ﬂxb)

=(m)2+ibi2+nribi—ibi—%nrz—hzi:l(%xbi)
W(P(G))——(——l) Zb(b +nr+1) - hZl(—xb)

Theorem 3.13. If T is a tree with vertices vy, v, , vz ,...,, V,,, edge set e, , e,, e3,..., €,1and di=deg(v;);
i=1,2,3,...,n then,

W(P(T)) = Zd(d +Z[l+d(v,,v)](d 1)(dj—1)+Z[2+d(ei,ej)]+.nzl:[1+d(ei,ej)]

(if i=j then d(e; e;)=0 ).
Proof. By the Remark 3.1 and Theorem 3.8,

W(L(T)) = Zd(d D S pedw, v)Id -1, -1) ()

i<jii, j=1
In plick graph, the vertices are the union of blocks and edges in G. Therefore the distance between
pair of vertices in P(T) corresponding to the blocks in T is,

D [2+d(ee))] (2)

i<j

and the distance between the vertices in P(T) corresponding to the pair of blocks and edges in T s,

Z[1+d(e,, )1, if i=j then d(e;, e))=0 (3)
Therefore from (2),(2) and (3)
d (d )
W(P(T)) = Z +Z[1+d(v,, v)I(d; =1)(d; —1)+Z[2+d(e,,e )]+

i=1 i<j i<j
n-1

D [L+d(e el

i,j=1
(if i=j then d(e;, ;)=0).
Theorem 3.14. If Tis a tree having k-vertices with degree S and remaining with degree 1 then,
ks(s 1)
W(P(M))=———+(s 1)2[ +W(T)1+ > [2+d(e, €]+ Z[1+d(e., el
i<j ij=1

(if i=j then d(ei,ej):O).

Proof. By the Remark 3.1 and Theorem 3.9,

k
WLy =L s 1)2[(2]+W(T ] @)

By the Theorem 3.12, distance between vertices in P(T) corresponding to pair of blocks in T is,
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D [2+d(ee))] (5)

i<j

and the distance between the vertices in P(T) corresponding to the pair of blocks and edges in T s,
n-1

D [1+d(e,e;)],(ifi=j then d(e;, &)=0). (6)

ij=1
Therefore, from (4),(5) and (6)

W(P(T))=@+(S—1)Z[[ ]+vv(r N+ S[2+d(e e )]+ ST+ d(ee,)]

i<j i,j=1
(if i=j then d(e; €;)=0).
Theorem 3.15. Let G be a connected graph with n vertices m edges, d; =degv;;i=1, 2, 3, ..., nand
n-2

Zci be the cut-vertices. If diamG < 2 and G does not contain F,; k = 1,2, 3 as an induced sub-graph
i=1

then, W (L (G)) = (ernici)2 —nf‘ci —%Zn:df —nz_z"(deg c.).

Proof. Let L(G) be the lict graph, By the definition, the vertex set is V(L. (G)) = E(G) UC(G),

n-2
where C(G) = Zci is the number of cut-vertices in G and the edge set of L.(G) is
i=1

E(L©@)=-m+ >3 47 -3 (degc)

If diamG < 2 then, by Theorem 3.10
W(G)=n(n-1)-m

W(L,(G))= (m+n27%‘ci)(m+nici —1)—(—m+%zn:di2 +§(deg C;)

=m? +nz_%‘ci2 +2mn§ci —nz_%‘ci —%Zn:df —nz_%,(degci)
i=1

i=1 i=1 i=1 i=1
= (m+nf‘ci )? —nf:ci —%Zn:df —ni(degci).
i=1 i=1 i=1 i=1

Therefore,

WL @) =M+ e)’ ~ Y ~5 > dF -3 (dege,)

=
Theorem 3.16. If T is a tree with vertices vy, v,, v3 ,..., v, edge set e, , e, €s,..., €,1and cut-vertices
C;i=1,2,3,..,n-1 and d-:deg(v-)' i=1,2,3,...,n then,

W(L,(T)) = zd(d + D [+d(v,, I, 1)(dj—1)+.nzz[1+d(ci,cj)]+
Zd(c.a ;

Proof. By Theorem 3.8, we know that
W(L(T)) = Zd D S vdw, vid -, -1, o)

i<j;i,j=1
And the sum of the distance between the pair of vertices of L.(G) corresponding to the cut-vertices
of Gis
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n-2
D [L+d(c;.c)l. (8)
ij=1
And distance between the vertices of L.(G) corresponding to cut-vertices and edges in G is
>d(c,.v,). (©)
i, j=1
Therefore, from (7),(8) and (9)
&d;(d; -1 «
W(L.(T)) = T+Z[l+d(vi, VoI, =1)(d; 1)+ Y [1+d(c; ¢+
i=1 i<j i, j=1
Dod(c,v)).
i .0, =1
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