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ABSTRACT 

The Wiener index of a graph G, denoted by W(G) is the sum of the distance 

between all  (undirected ) pairs of vertices of G. In this paper, we investigate 

wiener index of some graph transformations or operations like plick graph and 

lict graph. 
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1. INTRODUCTION 

  Let G = (V,E) be a simple, connected, undirected graph. The number of vertices and edges of 

G, we denote by n and m, respectively. Thus, │V (G)│ = n and │E(G)│ = m. As usual, n is said to be the 

order and m the size of G. For the undefined terminologies and notations we refer reader to 

Harary[8]. The distance between two vertices vi and vj, denoted by d(vi, vj) is the length of shortest 

path between the vertices vi and vj in G. The diameter diam(G) of a connected graph G is the length 

of any longest geodesic. The degree of a vertex vi in G is the number of edges incident to vi and is 

denoted by di = deg(vj) [2,10]. 

The Wiener index (or Wiener number) [18] of a graph G, denoted by W(G) is the sum of the 

distance between all (unordered) pair of vertices of G. That is 

                                        W(G)= .),(
 ji

ji vvd  

The wiener index is a graph invariant that belongs to the molecules structure descriptors 

called topological indices, which are used for the design of molecules with desired properties [16]. 

For details on wiener index see [4, 10,15]. 

The line graph L(G) of a graph G such that the vertices of L(G) are the edges of G and two 

vertices of L(G) are adjacent if and only if their corresponding edges in G share a common vertex[10]. 

The concept of line graph has various applications in physical chemistry [7, 8]. 
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If G is a connected graph, then the distance between two edges d(ei , ej) is, the distance 

between the corresponding vertices of the line graph of G [4]. 

              Let F1  be the 5-vertex path, F2 be the graph obtained by identifying a vertex of a triangle 

with an end vertex of the 3-vertex path and F3  the graph obtained by identifying a vertex of a 

triangle with a vertex of another triangle (see Figure. 1). 

 

                                                               

          

                                           F1                                                                     F2                                               F3 

 (Figure.1) 

2. PLICK GRAPH AND LICT GRAPH 

Let G = (V, E) be a graph with n vertices and m edges. In the mathematical literature several 

"Transformation Graphs" have been considered, constructed so that their vertex set is equal to 

)()( GBGE  , where B(G) is the number of blocks in graph G and )()( GCGE  , where C(G), is 

the number of cut-vertices in graph. In what follows we define the best known representatives of 

such graphs. 

The Plick graph P(G)[11] of a graph G, is obtained from the line graph by adding a new vertex 

corresponding to each block of the original graph and joining this vertex to the vertex of the line 

graph which correspond to the edges of the blocks of the original graph. 

The cut-vertices and edges of a graph G are called its members. The Lict graph Lc(G)[12] of a 

graph G, is defined as the graph whose vertex set is the union of edges and the set of cut-vertices of 

G in which two vertices are adjacent if and only if the corresponding edges of G are adjacent or the 

corresponding members of G are incident. 

3 RESULTS 

We begin with the some of following previously known, auxiliary results. 

Remark 3.1. [11,12] Line graph is subgraph of plick graph P(G) and lict graph Lc(G). 

Theorem 3.2. [15] If diam(G) ≤ 2 and none of the graphs F1 , F2 ,  F3  of figure.1 is an induced 

subgraph of G then diam(L(G)) ≤ 2. 

Theorem 3.3. [1] For every tree T on n vertices 









2

n
W(G)W(L(G)) . 

Theorem 3.4. [6] If G is connected graph with n vertices and m edges then, 

                   
2

)1(
)1()())((




mm
nnGWGLW . 

Theorem 3.5. [14] If G be a connected graph with n vertices, m edges and di = deg(vi) ; i = 1,2, 3,…,n. 

If diam(G)≤ 2 and G does not contain  Fk ; k = 1, 2, 3 (of figure.1) as an induced subgraph then, 





n

i

idmGW
1

22

2

1
)( . 

Corollary 3.6. [14] If G is a connected r-regular graph on n vertices with diam(G) ≤ 2 and none of Fk; k 

= 1,2, 3 (of figure.1) as an induced subgraph of G then,  

4

)2(
))((

2 


nnr
GLW . 

Theorem 3.7. [14] Let G be a connected graph with vertex set V (G) = v1 , v2, v3 ,…, vn and edge set 

E(G) = e1 ,e2 , e3 ,…, em . Let di = deg(vi) then, 
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.)deg()1(
2

)1(
))((

11








m

i

i

n

i

ii emm
dd

GLW  

Theorem 3.8.[14] If T is a tree with vertices V (G) = v1 ,v2 ,v3 ,…,vn and di = deg(vi); i = 1, 2, 3,…,n. 

Then, 








n

jiji

jiji

n

i

ii ddvvd
dd

GLW
1,;1

)1)(1)](,(1[
2

)1(
))(( . 

Theorem 3.9. [14] If T is a tree having k-vertices with degree s and remaining with degree 1. Then, 

)].(
2

[)1(
2

)1(
))(( '2 TW

k
s

sks
TLW 











  

Where T Ꞌ is the tree obtained from T by removing all its end vertices. 

Theorem 3.10. [17] Let G be a graph of order n and size m. Then W(G)= n(n-1)-m if and only if          

diam(G) ≤ 2. 

 Theorem 3.11. Let G be a graph with n vertices m edges, di = deg(vi); i =1,2,3,…,n and 



m

i

ibGB
1

)(

. If diam(G) ≤ 2 and G does not contain  Fk; k=1,2,3 as an induced subgraph then, 

))()
2

1
(()())((

1,1

22

1





m

ih

ih

n

i

i

m

i

i bmdmbmGPW  

Here )( ih bm  where h, i=1,2,3,…,m is the number of edges incident with blocks bi ; i=1,2,3,...  

Proof. Let P(G) be the plick graph. By the definition, vertex set of P(G) is,  

)()())(( GBGEGPV  . 

And the number of edges in P(G) is 





m

ih

ih

n

i

i bmdmGPE
1,1

2 )(
2

1
))((  

If diam(G) ≤ 2, then by the Theorem 3.10, 

.)(
2

1
)())((

)(
2

1
2

))(
2

1
()1)(())((

)1()(

1,1

2

1

2

1

1,1

2

111

22

1,1

2

11





















m

ih

ih

n

i

i

m

i

i

m

i

i

m

ih

ih

n

i

i

m

i

i

m

i

i

m

i

i

m

ih

ih

n

i

i

m

i

i

m

i

i

bmdbbmGPW

bmdmmbbmbm

bmdmbmbmGPW

mnnGW

 

Corollary 3.12. If G is a connected r-regular graph on n-vertices with diam(G)  ≤ 2, 



m

i

ibGB
1

)(  and 

none of Fk; k = 1, 2, 3(of figure.1) as an induced subgraph of G then, 

.)
2

()1()1
2

(
2

))((
1,1

2





n

ih

i

h

i

m

i

i b
rn

nrbb
nnr

GPW  

Proof. Let G is an r-regular graph on n-vertices the number of edges of G is
2

nr
m  and di=deg(vi ) ; 

i=1,2,3,...,n=r.  From Theorem 3.11, 
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.)
2

()1()1
2

(
2

))((

)
2

(
2

1
)

2
(

)
2

(
2

1
)

2
(2)

2
(

)
2

(
2

1
)

2
(

)(
2

1
)())((

1,1

2

1,

2

111

22

1,

2

111

22

1,

2

11

2

1,1

2

1

2

1































n

ih

i
h

i

m

i

i

n

ih

i

h
m

i

i

m

i

i

m

i

i

n

ih

i

h
m

i

i

m

i

i

m

i

i

n

ih

i
h

m

i

i

m

i

i

m

ih

ih

n

i

i

m

i

i

m

i

i

b
rn

nrbb
nnr

GPW

b
rn

nrbbnrb
nr

b
rn

nrbb
nr

b
nr

b
rn

rbb
nr

bmdbbmGPW

 

Theorem 3.13. If T is a tree with vertices v1 , v2 , v3  ,…, vn, edge set e1 , e2 , e3,…, en-1and di=deg(vi); 

i=1,2,3,…,n then, 

 


 





1

1,1

)],(1[)],(2[)1)(1)](,(1[
2

)1(
))((

n

ji

ji

ji ji

jijiji

n

i

ii eedeedddvvd
dd

TPW

 

(if i=j then d(ei , ej)=0  ).                                                                          

Proof. By the Remark 3.1 and Theorem 3.8, 

            






n

jiji

jiji

n

i

ii ddvvd
dd

TLW
1,;1

)1)(1)](,(1[
2

)1(
))((                                    (1) 

In plick graph, the vertices are the union of blocks and edges in G. Therefore the distance between 

pair of vertices in P(T)  corresponding to the blocks in T is, 

                         



ji

ji eed )],(2[                                                                                                        (2) 

and the distance between the vertices in P(T) corresponding to the pair of blocks and edges in T is, 

                      ,)],(1[
1

1,







n

ji

ji eed if i=j then d(ei , ej)=0                                                                    (3) 

Therefore from (1),(2) and (3) 




  
  ji ji

jijiji

n

i

ii eedddvvd
dd

TPW )],(2[)1)(1)](,(1[
2

)1(
))((

1

,)],(1[
1

1,







n

ji

ji eed  

(if i=j then d(ei , ej)=0). 

Theorem 3.14. If T is a tree having k-vertices with degree S and remaining with degree 1 then, 

,)],(1[)],(2[)](
2

[)1(
2

)1(
))((

1

1,

'2 

















n

ji

ji

ji

ji eedeedTW
k

s
sks

TPW  

  ( if i=j then d(ei,ej)=0).                                                                                                                          

Proof. By the Remark 3.1 and Theorem 3.9, 

)].(
2

[)1(
2

)1(
))(( 2 TW

k
s

sks
TLW 











                                                                              (4) 

By the Theorem 3.12, distance between vertices in P(T) corresponding to pair of blocks in T is, 
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



ji

ji eed )],(2[                                                                                                                                     (5) 

and the distance between the vertices in P(T) corresponding to the pair of blocks and edges in T is, 







1

1,

)],(1[
n

ji

ji eed ,(if i = j then d(ei , ej)=0).                                                                                         (6) 

Therefore, from (4),(5) and (6) 

,)],(1[)],(2[)](
2

[)1(
2

)1(
))((

1

1,

'2 

















n

ji

ji

ji

ji eedeedTW
k

s
sks

TPW  

(if i=j then d(ei ej)=0). 

Theorem 3.15. Let G be a connected graph with n vertices m edges, di =degvi ; i = 1, 2, 3, …, n and 

 




2

1

n

i

ic be the cut-vertices. If diamG ≤ 2 and G does not contain Fk; k = 1,2, 3 as an induced sub-graph 

then,  .)(deg
2

1
)())((

2

11

2
2

1

2
2

1















n

i

i

n

i

i

n

i

i

n

i

ic cdccmGLW        

Proof. Let Lc(G) be the lict graph, By the definition, the vertex set is )()())(( GCGEGLV c  , 

where C(G) = 




2

1

n

i

ic is the number of cut-vertices in G and the edge set of Lc(G) is 







2

11

2 )(deg
2

1
))((

n

i

i

n

i

ic cdmGLE  

If diamG  ≤ 2 then, by Theorem 3.10 

.)(deg
2

1
)(

)(deg
2

1
2

)(deg
2

1
()1)(())((

)1()(

2

11

2
2

1

2
2

1

2

11

2
2

1

2

1

2

1

22

2

11

2
2

1

2

1























































n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

i

n

i

ic

cdccm

cdccmcm

cdmcmcmGLW

mnnGW

 

Therefore, 

.)(deg
2

1
)())((

2

11

2
2

1

2
1

1















n

i

i

n

i

i

n

i

i

n

i

ic cdccmGLW  

Theorem 3.16. If T is a tree with vertices v1 , v2 , v3  ,…, vn, edge set e1 , e2 , e3,…, en-1and cut-vertices 

Ci ; i=1,2,3,…,n-1 and di=deg(vi); i=1,2,3,…,n then, 

.),(

)],(1[)1)(1)](,(1[
2

)1(
))((

1,,

2

1,1



 














n

jiji

ji

ji

n

ji

jijiji

n

i

ii
c

vcd

ccdddvvd
dd

TLW

 

Proof. By Theorem 3.8, we know that  








n

jiji

jiji

n

i

ii ddvvd
dd

TLW
1,;1

)1)(1)](,(1[
2

)1(
))(( .                                               (7) 

And the sum of the distance between the pair of vertices of Lc(G) corresponding to the cut-vertices 

of G is 
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                      





2

1,

)],(1[
n

ji

ji ccd  .                                                                                                 (8) 

And distance between the vertices of Lc(G) corresponding to cut-vertices and edges in G is  

                                


n

jiji

ji vcd
1,,

),( .                                                                                               (9) 

Therefore, from (7),(8) and (9) 

.),(

)],(1[)1)(1)](,(1[
2

)1(
))((

1,,

2

1,1



 






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




n

jiji

ji

ji

n

ji

jijiji
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c
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