Vol.4.Issue.2.2016 (April-June)

BULLETIN OF MATHEMATICS
AND STATISTICS RESEARCH

A Peer Reviewed International Research Journal

Email:editorbomsr@gmail.com

htto://www.bomsr.com
RESEARCH ARTICLE
0580

ISSN:2348

EFFECT OF MHD ON UNSTEADY HELICAL FLOWS OF A GENERALIZED OLDROYD-
B FLUID

SUNDOS BADER, AHMED M, ABDULHADI
Department of Mathematic ,College of Science ,University of Baghdad ,Baghdad ,Iraq
Email:badersundos@gmail.com,ahm6161@yahoo.com

e ABSTRACT

ISSN:2348-0580
: This paper present a research for the magetohydrodynamic (MHD)helical
;s“; flows of an incompressible generalized Oldoyd-B fluid in concentric

: cylinders and circular cylinder. the fractional calculus approach is
'om,n introduced to establish the constitutive relation ship of the Oldroyd-B fluid .
" The exact analytical solution are obtianed by means of integral transform
method Laplace transform and finite Hankel transform.The solution of
velocity fields and the shear stresses of unsteady magetohydrodynamic
(MHD)helical flows of an Oldoyd-B fluid in an annular pipe are obtained
under series form in terms of Mittag —leffler function,satisfy all imposed
initial and boundary condition , Finally ,some characteristic of the motion as
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well as the influence of material parameters on the velocity and shear stress
are analyzed by graphical illustrations.
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1. INTRODUCTION

In recent years , the flow of non-Netonian fluids has received much attention for their
increasing industrial and technological application . An important classof non-Netonian fluids is
viscolastic fluids which exhibits elastic and viscous properties .Mathematically such fluids have a
non-linear relation ship between the shear stress and the rate of strain at a point. The starting point
of the fractional derivative model of non-Newtonian fluid is usually a classical differential equation
which is modified by replacing the time derivative of an integer order by co-called Riemann —Lioville
fractional calculus operators .The generalization allows one to define precisely non-integer order
integrals or derivatives.

The Oldroyd-B fluid is a special non-Newtonian fluids and its transport behavior cannot be
properly described by the typical relation between shear rate and shear stress in a simple shear flow.
For this reason many models of constitutive equations have been proposed for this fluids in the last
time.

The Oldroyd —B fluid model [11], which takes into account elastic and memory effects
exhibited by most polymeric and biological liquids, has been used quite widely [4] .Existence
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,uniqueness and stability results for some shearing motions of such a fluid have been obtained in[13]
. the exact solution for the flow of an Oldroyd —B fluid was established by Waters and Kings [14],
Rajagopal and Bhatnager [12],Fetecau [3], and Fetecau [2], other analytical results were given by
Georgious [8] for small one- dimensional perturbations and for the limiting case of zero Reynold
number unsteady( unidirectional and rotating )transient flows of an Oldroyd —B fluid in an annular
are obtained by Tong[7] .the general case of helical flow of Oldroyd —B fluid due to combine action
of rotating cylinders(with constant angular velocities ) and a constant axial pressure gradient has
consider byWood [16].The velocity fields and the associated tangential stresses corresponding to
helical flows of Oldroyd —B fluids using forms of series in term of Bessel functions are given by
Fetecau et al [1].

Recently , the velocity field ,shear stress and vortex sheet of a generalized second —order
fluid with fractional , fractional derivative using to the constitutive relationship models of Maxwell
viscoelastic fluid and second order ,and some unsteady flows of a viscoelastic fluid and of second
order fluids between two parallel plates are examined by Mingyo and wenchang [17].Unidirectional
flows of a viscoelastics fluid with the fractional Maxwell model helical flows of a generalized
Oldroyd-B fluid with fractional calculus between two infinite coaxial circular cylinders are
investigated by Dengke [6].

In this paper ,we study the effect of MHD on the helical flows of a generalized Oldroyd-B
fluid with fractional calculus between two infinite coaxial circular cylinders. The velocity fields and
the resulting shear stresses are determined by means of Laplace and finite Hankel transform and are
presented under integral and series forms in the Mittag —leffler function.

2. Basic governing equations of Helcial flow between concentric cylinders1

We consider here an unsteady helical flow between two infinite coaxial cylinders located
at r = Ry andr = R, (R < R;) in the cylindrical coordinates (r, 8, z) , the helcial velocity is given
by

V=rv(rt)e +w(rte, D
is called helical , because its streamlines are helical and e, and e, are the unit vectors in the 6
and z — directions , respectively . Since the velocity field is independent of 6 and z and the
constraint of incompressibility is automatically satisfied .
The constitutive equation of generalized Oldroyd-B (G Oldroyd-B) fluid has the form [1]

L89S g O6F

Where S is the extra stress tensor , u is the dynamic viscosity , A; and 4, are material time

constants referred to, the characteristic relaxation and characteristic retardation times ,
respectively . it is assumed that 1; > 1, > 0.4, = L + LT is the first Rivlin —Erickscn tensor with L
the velocity gradient , @ and [ are fractional calculus parameters such that 0 < a < f < 1 and the

a

. 5%S . .
fractional operator — on any tensor S is defined by

5t
a
Spa = DfS+V.VS—SL—-L"S 3)
The operator D{ based on Caputo's fractional differential of order « is defined as
f™@

Dt"‘[y(t)]=r dt, n—1<a<n 4)

(n—a) J (t —7)e Tt

where I'(.) denotes the Gamma function. This model can be reduced to the ordinary Maxwell fluid
model when a =1 ,to a generalized the Maxwell fluid model when =1 and to an ordinary
Oldroyd-B model f =a=1.
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v(r,0) =w(r,0) =0 and S(r,0) =0 (5)
Here we assume that the generalized Oldroyd-B fluid is incompressible then
V.V=0 (6)

Substituting Eq.(1) into Eq.(2) and Eq.(3) and taking into account (5), we find that §,,. =0,
T(r,t) = S, (1, t) is the shear stress and

ov
A+ 45008, = u(1+20f) (r5)) @
ow
( +2500s,, =u(1+40f) (55) ®)
(1 +A$DO)Sy, = A [(r@)s + s o] -2 A2 ow (r@) ©)
“ or)" ™ orT 2 9r or
ov v\ 2
(1 4+ A9DE)S gy = 249 (ra—r) S0 —2u 2’ (ra> (10
" aaw B w2
(U +AD0S,, =22 57 s, — 20 () (11)

3. Momentum and continuity equation

We will write the formula of the momentum equation which governing the
magnetohydrodynamic as fallows :

poL=-Vp+V.S+]xB (12)

Where p is the density of the fluid, J is the current density and B = [0, B, 0] is the total magnetic
field .
In the absence of body forces and a pressure gradient, the equation of motion reduce to the
relevant equations

ow 0 1 )
050 =5 +7) S —oBbw (13)
ov 0 1
pra = (a-l';) Sr@ —O'ﬁgTV (14)
0p  See
6r+ =T v? (15)

Where g is the electric conductivity .
Eliminating §,, and S, among Eqs(7),(8),(13) and(14) ,we attain to the governing equations are

ow (1+/1§Df) ’w  1ow 5 16
P o =P arapy\ar2 Trar ) ok (16)
v (1+/‘L§Df) 62V+1 ov 5 17
Prot =P arapn\"ar v 7 g ) T ok a7
Multiply above two equations by (1 + A{ Df) ,we get
anpa B np a w 1ow 2 ana
p(1 + A8 Dt)——y(1+/1D) gt |~ oL+ D w (18)
ana av B nB aZV 1 odv 2 anpa
pr(1+llDt)a=,u(1+lth) rﬁ+;ra —aBsr(L+A{DF) v (19)
Divide Eq(18) by p and divide Eq(19) by p r ,we get
10w ﬁo
(1 + 24D¢ )——v 1+,1ﬁDﬁ <ar2 ;E>——(1+A"‘D) (20)
d°v 1adv\ o
(1+A“Df‘)——v(1+ABDB)<a— ;E>—ﬂ(1+l"‘Df‘)v (21)

Vol.4.Issue.2.2016 (April-June) 16



SUNDOS BADER, AHMED M, ABDULHADI Bull.Math.&Stat.Res

Wherev = % is the kinematic viscosity of the fluid.

We will consider an incompressible generalized Oldroyd —B fluid at rest in annular region between
two straight circular cylinders of radius Ry and R, (R; < R»).

At time t = 0 ,we note the two cylinders begin to rotate about r = 0 with angular velocities of
constant accelerations £2; and (2, and to slide along the same axis with linear velocities of
accelerations Uy and U,

The boundary conditions are expressed by

w(Ry,t) =Ust, w(R,t)=U,t, t>0 (22)
And

V(R,t) =24t, Vv(R,t)=0,t, t>0 (23)
The initial conditions are expressed by

w(r,0) =v(r,0) =0 (24)

ow(r,0) =0d,v(r,0) =0 (25)

3.1.Calculation of the velocity field
Making the change of unknown function

u(r,t
vty = X (26)
substitute the value of velocity v(r, t) in Eqg. (21) with initial and boundary conditions ,we get
10u v 9’u 10u u\ of¢
142209 = —=—(1+ 2D ) —=+-—-= ——> (1 + A Df 27
1+ t)r ot r( 42 t)<6r2+r6t r2> (1 +41D7)u (27)
Multiply above equation by r ,we get
Jdu Ju 1du u oBé
apay ____ — B B _ __0 ana
(1+AlDt)at—v(1+/12Dt)(a oo r2> (1+ A4D%) u (28)
And
u(Rl, t) = Rl..Qlt, U(Rz, t) = Rzﬂzt, t>0 (29)
u(r,0) = d,u(r,0) =0 (30)

To obtain the exact analytical solution of the above problems Eq.(20) and Eq.(28) , and using initial
conditions(24),(25) and (30) ,we first apply Laplace transform of fractional derivatives , with
respect to t ,we get

’w 10w\ of¢
AT — B B Tr L Y _YPo ay
s(1+Afs )W—v(1+/125 )<6r2+r6r> A+ AfsY)w (31D
— U1 U2
w(Rq,s) = 7 W(Ry,s) = 3z (32)
B u 1du u aﬁo
s(1+ A "‘)u—v 1+A sﬂ —+————-=|-——A+A{su (33)
6 r or r2
_ Ri R
u(RllS) = S—Z ) u(RZ,S) - (34)
We use the finite Hankel transform with respect to r [5],defined as follows
R;
w = J rw(r, s)Y,(sy,r)dr (35)
Ry
Ry
u= f ru(r, s)P,(sy,r)dr (36)
Ry

And the inverse Hankel transform are
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— T[Z N Slzn](%(slan)‘T/(r;S)lpl(slnr)

5= 37
s =3 Zl SR —JEGinR) &7
_ 12 O 53, J2 (520 RO, )5 (52,7)

,S) = — 38
o) =3 Zl JE(52nR0) — 2 (2nR2) 9

Where s1,, and s,,, are the positive roots of ¥;(s;,R;) =0 and ¥, (s,,R;) = 0 , respectively.
Y1(s127) = Yo (510 R2)Jo(S1n7) — Jo (511 R2) Yo (5107) ,

PY2(s207) = Y1(S20R2)J1(S207) — J1(S20R2) Y1 (S207)

Y; and J; are the Bessel functions of the first and second kinds of order zero and one (i=0,1) ,
respectively.

Now applying finite Hankel transform to Eqs.(35) and (36) ,we get

2
o _
[5(1 + A{s*) + %(1 + A95%) + 5%, v (1 + Agsﬁ)] w

2 Uz Jo(s2nR1) = U1 Jo(S2nR2)
2 g5\ Y2 o(SanRy 1Jo(S2n Ry
=—v(l+A4;s 39
( 2 ) S 2]0(5211R1) ( )
3 2v (1 + Agsﬁ) [Uz Jo(s1nR1) — Uy Jo(51nR2)]
w = O'ﬁz B (40)
752 Jo(s1aRy) [s(1 + 25%) + (1 + 2557 + 5B, v (1+25s8)]
and
afs 8.8\ 5
s(1+A¥s%) + ’ (1+ A9s%) + 52, v(l +/1253) u
2 Ry, J1(SynRy) — Ryt J1(SynRy)
2 g p\R2f22 Ji(S2n Ry 1421 J1(S2n Ry
= 1+ 41
U( TS ) s2 Ji(sznRy) *0
_ 2v (1 + lgsﬁ) [R2022 J1(S2nR1) — R1f2y J1(s20 R2)]
o= (42)

2
52 J1(synR1) [s(1 + A%s@) + "pﬁu + 245 + 5, v(1+ Agsﬁ)]

Substitute Eqgs.(40) and (42) into Egs. (37) and (38) respectively ,we obtain
_ _ Jo (512 RDY1 (51,7)[U; Jo (510 R1) — U1 Jo(s1,R2)]
w(r,s)=m

n=1

A n 43
J8(s12R1) — JE(51nR2) X Ay(S10,8)  (43)

Where
_ Slznv(1+/1§sﬁ)
Ay (s1n,8) = pry F (44)
s? [5(1 + A{s%) + T"(l +A¥s®) + s v (1 + 25 sﬁ)]
and

ars) = nih(sanﬂ'l)z (52n7)[R2022)1 (527 R1) — R14J1 (520 R2)] < Ay(5y5)  (45)
n=1

J2(s20R1) — J2(s20R2)
where
% v(l +/1§sﬁ)

Ay(s3p,8) = (46)

2
s? [5(1 + 2{s%) + Jpﬁ(l +A¢s®) + 52, v (1 + Agsﬁ)]
Now ,rewrite Eqgs.(44) and (46) in series form. And applying inverse Laplace transform .Then
substitute the result into Eqgs (43) and (45),we get

w(rt)=m i/o (S1nRDY1 (51, )U; Jo(S1,R1) — U1 Jo(s1n,R2)
n=1

|
](%(Slan) _]g (SlnRZ) X (t - Gl(slnr t)) (47)

Where
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2\ b d
oo ) a,b,c,d>0 (_1)11 (%) (512n U)c+d (/1[23)
Gl ) = Z(_l) Z alblcld! Qpm-b+1
m=0

a+b+c+d=m

2 2
% ﬁt(aﬂ)mﬂa—&) E™ 1 1+% pa+l
P a+l((@+1)-8) \ 7 7@ P

aB§ _s m(m) 1 afs
4+ )a t(a+1)m 6 E ——(14+—= ta+1
p 1 a+1,(1-6) /1‘{‘ p

1 Jﬁg
+ tl@+m+(a—6-1) E(m) ~ <__ <1 + ) ta+1>
a+1,(a—98) /1‘11 p

1
4+ /1% t(a+1)m—5—1 Egz% s (_E(]‘

O'_ﬂ&) a+1>
)t (48)

,0=m—-2+(@—-1D*b+(f—-1)*d—a—c.

And
u(r,t)=m ih (S2n RDWY2 (52, 7)[R2022)1 (S2n R1) — R1021]1 (52, R2)]
o n=1 J2(s2nR1) — J2 (520 R2)
X (t — G1(s2n, t)) (49)

Where
2. b d
oo ) a,b,c,d>0 (_1)11 (‘7’#) (SZZn U)c+d (Ag)
Gl(SZn't) = Z (_1) Z al'blc!d! (A(f)m—b+1

m=0 a+b+c+d=m

aB§ 1 —8) p(m) 1 o3 1
X <_t(a+ MO B (@5 T 1"‘7 te*

p

o3 Dm—8 pm) 1 o 1
+7/1? e Dm=0 E T 1-s) T 1+T Lt

1 aﬁg
+ tl@tm+(a—5-1) E(m) ~ <__<1 + >ta+1>
a+1,(a=6) /1({6 p

1
Dm—-6-1 p(m)
+2f el gD (7(1

O'_,Bé) a+1>
=) (50)

Finally ,we applying the inverse finite Hankel transform to get the velocities ,as follows
C Jo(s1nR S1a1)[Us Jo(S1nRy) — Uy Jo(S1, R
w(r,t) = W(T')t—T[Z]O( 1n 1)1/’1(2111 )[Uz Jo( ;n 1) 1Jo(s1nR2)]
n=1 Jo(s1nR1) = J5 (s1nR2)
X Gl(sln: t) (51)
In(Rr—z)>
e | * (U — Uy .
In(ﬁ)

Where W(r) = [Uz + <

And
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_ o J1 (520 ROW2 (5207 [R2 Q)1 (520 R1) — Ry21)1 (52 R2)]
uln )= Ut —m Z Ji(s2nR1) = JF (520R2)

X Gy ( 30,1 (52)

R2(r2_R2
Where U(r) = [T.QZ + (%—R%Z))) * (1), — .(21)] .

And the associated tangential tension fields have the forms

- i]o(stﬂlPa(SmT)[Uz Jo(s1nR1) — Uy Jo(51nR2)]
S1nJE (s1nR1) — JE(512R2))

X Gz (S1p,t) ) (53)

where
o ,b,c,d=0 d
B N ab,c (_1)11 (Slzn v)2+c+d (/112;)
Gz (1m0 = Z(_l) Z alblcld!  (AF)m-b+l
m=0 a+b+c+d=m
1 2a—8)—1p(m) o 1
[t(a+ ym+Qa—8)— Ea+1(a+1 5)< pT: <1+ ) >t“+>
B (m) 0.30
+2/1 t(a+1)m+(2a 6+p)— 1EaTZ1a+1 (5+ﬁ)< Aa <1+ . >ta+1)
/123 (a+1)m+Qa—(6+24)— lE(m) 1 1 BZ atl || g A9t
tAL wati~@+26)\ " 2a +— P t a,a(—A{Y)
. Z]1(SZnR1)(T52n1P3(52nT) — 2(5207))[R2022]1 (520 R1) — R121)1 (52, R2)]
rSZZn (]12 (SZan) _]12 (SZnRZ))
X G2(S2p, 1) > (54)
Where
a,b,c,d>0

d
oo . (_1)(1 (52271 v)2+c+d (Ag)
Go(son, ) = Z(_l) Z alblcld!  (Af)m—b+l

a+b+c+d=m
(a+1)m+Q2a—6)-1f(m) 1 1 ﬁz a+1
t a+1,(a+1-5) Aa +— p t
B (a+Dm+QRa—(5+B8)—1 p(m) B 1
+ 2/1 t(a+ ymHa=(0+h)- Ea+1 a+1— (5+ﬂ)< /10( (1 + p )ta+ >

2 af§
+ 12 B ¢ (at+1)m+2a—(5+2p)~ 1E[§n;)+1 (5+2ﬁ)< 7 <1+ . )ta+1)] E, o (—29t%)

6.Helical flow through circular cylinder Il
Taking the limit of Egs.(35) and (36), when R; —» 0 and R, —» R, we find the Hankel
transform

R
w= f 1Jo(S3,7) W(r, s)dr (55)
0
Where s3,, is positive root of J,(s3,R) =0, and
R
u= j 1]1(S4nr) u(r, s)dr (56)

0
Where s4,, is positive root of J; (s4,R) = 0, and the inverse Hankel transform are

2 N (3, 5)o(5307)
RZ ~= ]12(S3nR)

w(r,s) =

(57)
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and

iu(r,s) =

2 O A(Sam, $))1 (547
_Z (58)

R2 Ly Ji(snR)
with

Corresponding to the helical flow through an infinite circular cylinder Il . the boundary conditions
must be changed by

lw(0,t)| <eo, w(R,t) =Ut, |u(0,t)] <eo, u(R,t)=R0t (59)
Now apply Laplace transform to the boundary conditions, with respect to t, we get
w(0,5)| <o, wR,s) =5, [u(0,5)|<e, uRs)="; (60)
Now applying finite Hankel transform to Egs.(31) and (33) ,we get
[5(1 + A% s9) +%(1 + A%s) + 52 v(l +A§sﬁ)]v7
U
= v(1+25s")R s, 7 /153 B 61)
then
~ v(1+lﬁsﬁ)Rs3n U J;(s3, R)
w= /3 (62)
52 s+ 285 + L (1 + 2859) + 53, v(1+ 2P )]
and
[5(1 + A%s%) +%(1 +A95%) + sZ, u(l +A§sﬁ)]ﬁ
R%0
= —— s v (1+2557) Jy (54 R) (63)
Then
) R?054, 0 (1+ 2557 Jo(s4n R)
u=-— 0/3 (64)
52 [5(1 + A959) + 222 (14 A%s%) + 52, v (1 + Agsﬁ)]
Substitute Egs.(62) and(64) into Eqs(57) and (58) respectively ,we obtain
200 Jolssam) -
w(r,s)=— ) ——————— A,( s3,,5) 65
R n=1l S3n ]1(53n R) 2 3 ( )
where
_ s2, v(1+/1§sﬁ)
Ay( s3p,8) = o2 5 (66)
s? [s(l + A{s%) + 70(1 +29s%) +s2, v (1 + /1253)]
and
J1(84n7)
u(r, s)—Z.QZ Ay (541, 5) 67
San Jo(San R) 2% 67
where
_ s, v(1+/1§sﬁ)
Ay (S4n,S) = (68)

2
52 [5(1 + Afs%) + %(1 +A¢s9) +s2 v (1 + /1[2353)]
Now ,rewrite Eqs.(66) and (68) in series form. And applying inverse Laplace transform .Then
substitute the result into Eqgs (65) and (67),we get
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]O(S3nr)
w(r,t) =— —————— X (t —G1(s3,,1) 69
R ] S3p J1(S3, R) ( 1(s5n,0) (69)
Where
oo a,b,c,d>0 Uﬁg b 2 c+d B d
- 10 (B vt ()
G1(san ) = Z(_l) Z alblcld! Qpm-b+1
a+b+ctd=m 1
BS (artymi(a—s) m(m) 1 OB\ as1
X ( 5 tl@+Dm+(a— )Ea+1 (@+1)—) ,10‘ 1422 . pat

BO Aa t(a-}-]_)m (SE(m)
P

B
o))

1(. . 0B
+ tlatm+@-6-1) g(m) < _<1+_ ta+l
a+1,(a—98) /‘{il p

m) 1 0§
+ /’La t(a+1)m —-6— 1Ea+1 sl—== 1+ 2 ta+1 (70)
A p
Sd=m—-2+@—-1)*b+(f—-1)*xd—a—c.
And
u(r,t) = znz J1(SanT X (t = Gy (s4n,t)) (71)
San ]0(S4n R)
Where
2 b d
oo ) a,b,c,d>0 (_1)a (Upﬂ) (S4Z-n U)c+d (/1[23)
G1(san, 1) = Z =1 Z alblcld! (A%ym=b+1
m=0 a+b+c+d=m
B8 (s 5) (m) B0\ as1
X ( P t@+m+(a— )Ea+1 (@+1)=8) ,10‘ 149 p gat
180 Dm—5§ p(m) o3 1
P Af glexbm=0 g i (1-8) /10( 1+— P tet
1 —5-1) p(m) o3 1
+ tl@tDm+(a— )Ea+1(a 5)< l‘f(l-l_ 5 )t“+>
1 B¢
Dm—-6-1 p(m) 0 1
+ Af gletbm=e-1 g i <_/1_“<1 +—> ot )) (72)
1 p
Finally ,we applying the inverse finite Hankel transform to get the velocities ,as follows
20" Jo(s3aT)
wr,t) =Ut—— ) ——————— X G1(s3,,t) 73
R £ 530 J1 (530 R) e (73)
and
J1(84n7)
u(r,t) = — 20t + 20 ———————— X G1( 84, 1) 74
= San Jo(San R) 1 74
And the associated tangential tension fields have the forms
2pU " Ji(sa?)
= - X G (S30,1) (75)
*TTTR 453 hGm R "
where
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b,c,d>0 d
aCZ (_1)a (S’gn U)2+c+d (Ag)

alb!cld! (Af)m—b+1

G2(s3p,8) = Z ="
m=0

a+b+c+d=m

2
[t(a+1)m+(2a §)— IESQ s 5)( /110( <1+ //j ) 0(+1>

B Dm+Qa—(6+8)—1 (m) GﬁO 1

Z,H + + + m 0 +

and

hnd ( n )
h 2l — San Jo (54n7")]
Sr0 = 200 Z X Gy S4n, ) (76)
S4n ]O (S4n R)

where
a,b,c,d>0

§ (1 (sh vzt ()]

a'b!c!d! (A§)ym—b+1

Gosant) = ) (=1
m=0

a+b+c+d=m

2
tlatm+Q2a—8)- 1E(m) < 1 <1+ apg >ta+1>
p

[ a+1,(a+1-6) /10(

o
+2/1.5t(a+1)m+(2a (5+8)— 1E0(1T1a+1 (5+ﬁ)< <1+ §0>ta+1)

1 B
2
+ 22 ﬁt(a+1)m+(2a (5+28)— 1Egz)+1 (5+23)< 7 <1+ s >ta+1>] Ea,a(—”ft“)
7. Limiting case

Making the limit of Eqs(51) and (52) when a # 0, # 0 and (aﬁo) = M = 0 ,we can attain the

similar solution velocity distribution for unsteady helical flows of a generalized Oldroyd —B fluid , as
obtained in [], thus velocity fields reduces to
- S1nR S1aT)IU sinR1) —U S1n R
w(r £) = W(r)t—anO( 1n 1)1/)1(2111 U2 Jo( ;n 1) 1Jo(51nR2)]
Jo (s12R1) = J§ (51 R2)

X Gy (S1n,t) (77)
Where
g ¢,d=0 2 c+d (3B d
G =Y oy U5) (o gam (8
1n» C!d!(lcf)"H—l a,(a—35) Ar{z
m=0 c+d=m
ta
+ Ag tom- —5— 1Eo(cm—)6 (_/1_“>
1
Or
D™ (s o m
= in B\ r(1+a)ym—pk p(m—1) -
GComt) = (m—l)!< A ) z(k)(’b) T E (e +1 - (ALY
m=0 k=0
and

_ o /1 (520 ROW2 (52 [Ro Q)1 (520 R1) — R121J1 (520 R2)]
ur ) = U —m Z Ji (s2nR1) = JT (s2nR2)
X G1(S2p,t) (78)
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Where
d
oo c,d>0 (522n U)c+d (/1[23) @
G(s1n,t) = z ™ z ram+(@—6)-1 E(m) v
cld! (Af)m+1 a(a=8)\ " )4
m=0 c+d=m
ta
)
1
Or

— S (_1)m 522n v "N m /1/3 k (1+a)m—pk p(m—1) Tata
G( S1ins t) - (m — 1)| /1(11 (k) ( 2) t Ea,(a+m+1—ﬁk)(_ 1t )
m=0 k=0

7.Numerical result and conclusion

In this paper we established the effect of MHD flow of the unsteady helical flows of an
Oldroyd-B fluid in concentric cylinders and circular cylinder. The exact solution of the unsteady
helical flows of an Oldroyd-B fluid in an annular for the velocity field u, w and the associated shear
stresses 74 , T, are obtained by using Hankel transform and Laplace transform for fractional
calculus . Moreover , some figures are plotted to show the behavior of various parameters involved
in the expression of velocities w ,u ( Eqs(51 and 52)), shear stresses 71 = S,,, 7, = 8,9 (Eqs(53
and 54)),respectively .

All the result in this section are plotting graph by using MATHEMATICA package .

Fig(1) elucidate the influence of fractional parameter fractional parameter a . the velocity u
is decreasing with increase of a . Fig(2) is prepared to show the effect of the of fractional
parameter [ .the velocity field u is increasing with increase fractional parameter . Fig(3) provide
the graphically illustrations for the effects of relaxation 4, . the velocity is increasing with increase
relaxation A; . Figs(4-6) are established to show the behavior of the (retardation 4, , kinematic
viscosity v and magnetic parameter M), respectively on the velocity , we can see the velocity u is
increasing with increase the parameters retardation A, , kinematic viscosity v and magnetic
parameter M, respectively.

In Fig(7) the velocity u is plotted for different times .The results indicated that the velocity of
uis increased when r < 1.2599 and the velocity is decreased when 1.2599 < r < 1.7598 but it is
increased whenr > 1.7598 .

Fig(8) elucidate the influence of fractional parameter fractional parameter « . the velocity u
is decreasing with increase of a . Fig(9) is prepared to show the effect of the of fractional
parameter 8 .the velocity field u is increasing with increase fractional parameter 5. Fig(10) provide
the graphically illustrations for the effects of relaxation A; . the velocity is increasing with increase
relaxation A; . Figs(11-13) are established to show the behavior of the (retardation A, , kinematic
viscosity v and magnetic parameter M), respectively on the velocity , we can see the velocity u is
increasing with increase the parameters retardation A, , kinematic viscosity v and magnetic
parameter M, respectively.

In Fig(14) the velocity u is plotted for different times .The results indicated that the velocity
of uis increased when r < 1.1599 and the velocity is decreased when 1.1599 < r < 1.8575 but
it is increased whenr > 1.8575 .
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The velocity w
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Figl:- the velocity u for different value a {A1=15, A2=8 ,v=0.165, M=0.1, p=0.6, K,=3.31114,
t=&, R1=1, R2=2, ul=2, u2=2}
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Fig2:- the velocity w for different value B {A1=15, A2=8 , v=0.165 , M=0.1, a=0.4, K;=3.31114 ,
t=1, R1=1, R2=2, ul=2, u2=2}
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Fig3:- the velocity w for different value A1 {A2=8 , v=0.165 , M=0.1, B=0.6, =0.4, K;=3.31114,
t=1, R1=1, R2=2, ul=2, u2=2}
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Fig4:- the velocity w for different value A2 {A1=15,v=0.165, M=0.1, a=0.4, K;=3.31114 , t=1,
R1=1, R2=2, ul=2, u2=2}
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Fig5:- the velocity w for different value v {A1=15, A2=8 , M=0.1, B=0.6, a=0.4, K;=3.31114 , t=1,

RZ‘I.=1, R2=2, ul=2, u2=2}
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Fig6:- the velocity w for different value M {A1=15, A2=8 , v=0.165 , p=0.6, a=0.4, K;=3.31114 ,

t=1, R1=1, R2=2, ul=2, u2=2}
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Fig7:- the velocity w for different value t {A1=15, A2=8 , v=0.165 , M=0.1, f=0.6, a=0.4,

K=3.31114, R1=1, R2=2, ul=2, u2=2}
The velocity u
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Fi'g8:- the velocity u for different value o {A1=15, A2=8 , v=0.165, M=0.1, B=0.6, K,;=3.31114 ,
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Fig9:- the velocity u for different value B {A1=15, A2=8 ,v=0.165, M=0.1, a=0.4, K;=3.31114 ,
t=2,L R1=1, R2=2, ul=2, u2=1}
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Fig10:- the velocity u for different value A1 {A2=8 , v=0.165, M=0.1, B=0.6, a=0.4, K;=3.31114,
t=1L, R1=1, R2=2, ul=2, u2=1}
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Figl1:- the velocity u for different value A2 {A1=15, v=0.165 , M=0.1, $=0.6 , a=0.4, K;=3.31114,
t=1[ R1=1, R2=2, ul=2, u2=1}
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Figl2:- the velocity u for different value v {A1=15 , A2=8 , M=0.1 , B=0.6, a=0.4, K;=3.31114,
R1=1, R2=2, ul=2, u2=2, t=1}
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Figl13:- the velocity u for different value M {A1=15, A2=8 , v=0.165 , p=0.6, a=0.4, K;=3.31114 ,
t=1, R1=1, R2=2, ul=2, u2=1}
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Figl4:- the velocity u for different value t {A1=15, A2=8 , v=0.165 , M=0.1, , $=0.6, a=0.4,
K;=3.31114 , R1=1, R2=2, ul1=2, u2=1}
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