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8 In this paper, sufficient conditions are derived for the uniformly persistence
: a«; of a stage structured prey predator model with refuge. By constructing
appropriate Lyapunov functions, a set of easily verifiable sufficient
‘?Z; 'om,n conditions are obtained for the global asymptotic stability of nonnegative

equilibria of the model. Numerical analysis are presented to illustrate the
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1. INTRODUCTION

Prey-predator interactions is an important subject in ecology and mathematical ecology for
which many problems still remain open [1]. Lotka-Volterra model was the first in this context to
describe the interaction of species. After that many complex models are developed to study prey-
predator systems. The predator-prey system is an important population model, which has received
extensive attention ( for example see [2,3,4,5,6] ). But all of these works ignore the stage structure
of species. However, in the real world, almost animals have the stage structure of immature and
mature. Therefore, in recent years, several predator-prey models based on age-structure are
developed and studied by many authors ( for example see [7,8,9,10,11,12,13,14] ). Dynamic nature
of refuge has been studied in different models. Actually in prey-predator interaction prey population
are at the verge of extinction due to over predation, environmental pollution, mismanagement of
natural resources so as to save these species, suitable measures such as restriction on harvesting,
creating reserve zones/refuges should be implemented. Thus study of persistence is important from
the biological point of view. Biologically, persistence means the long term survival of all populations.
In mathematical language, persistence of a system means that strictly positive solutions do not have
omega limit points on the boundary of the non-negative cone[15].

In this paper, we present the occurrence of persistence in the mathematical model proposed
by Zahraa, J.K., et al [16].
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2. Mathematical model [16]

Consider the food web model consisting of two predators-stage structure prey in which the prey
species growth logistically in the absence of predation, while the predators decay exponentially in
the absence of prey species. It is assumed that the prey population divides into two compartments:
immature prey population Nj(t) that represents the population size at time t and mature prey
population N;(t) which denotes to population size at time t. Furthermore the population size of the
first predator at time t is denoted by N3(t), while N4(t) represents the population size of second
predator at time t, see [16].

Now, the dynamics of the model can be represented by the following differential equations [16].

dN, N,
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Now, for further simplification of system ( 2.1) the following dimensionless variables are used in
[16].
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Thus, system ( 2.1) can be written in the following dimensionless form:
dx [y 1-y)
— x ————————— —

dt_ x u1]=xf1(x,y,z,w)

dy U x
Zy |2 -a-mz-a-mw|=y flxy,zw)
y
dz
E=z[—u3+u4(1—m)y—u5w]=zf3(x,y,z,w) (2.2)
dw
EZW [ugtu; A-m)y—ugzl=w fo,(x,y,z,w)

with x(0) > 0,y(0) =0,2z(0) =0 and w(0) = 0. It is observed that the number of parameters
have been reduced from thirteen in the system ( 2.1 ) to nine in the system ( 2.2) .
Obviously the interaction functions of the system ( 2.2 ) are continuous and have continuous partial
derivatives on the following positive four dimensional space.
Rt ={(x,y,z,w)€R*: x(0)=0,y(0)=>0,2z(0)=>0,w(0) =0}.

Therefore these functions are Lipschitzian on R% , and hence the solution of the system ( 2.2 ) exists
and is unique. Further, all the solutions of system (2.2) with non-negative initial conditions are
uniformly bounded as shown in the following theorem [16].
Theorem 1: All the solutions of system ( 2.2 ) which initiate in R} are uniformly bounded.
3. The stability analysis of system ( 2.2 ) [16]

The mathematical model given by system (2.2 ) has at most five equilibrium points, which are
mentioned with their existence conditions in [16] as the following:
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1. The vanishing equilibrium point Ey = (0,0,0,0), always exists and it is locally asymptotically
stable in the R} provided that the following condition holds:

u, >1 (3a)
However, it is a saddle point otherwise. More details see [16].
2. The first equilibrium point E; = (X,7,0,0) exists uniquely in Int. RZ (Interior of RZ) of
xy — plane under the following condition:

u, <1 (3b)
And it is locally asymptotically stable provided that:
1—u, B ) Us Ug
2 <y<mm{u4(1—m)’u7(1—m)} (39)

holds. However, it is a saddle point otherwise. More details see [16].
3. The second three species equilibrium point E, = (¥,¥,%,0) exists uniquely in the Int.R3 of
xyz — space provided that the following condition holds:

uz <min {uy (1—m), uy (1—-m)(1—uy)} (3d)
where
%= u3 uy(I-m—-—w| . w andi—u4(1_m)(1_u2)_u3
T wu, (1—-m) uy (1 —m) 7 uy(1—-m) a uy (1 —m)?

However, according to the Jacobian matrix J, given in[16], the characteristic equation of J, can be
written as:

[/'l3+/11 /12+/12A+/13](—u6+u7(1—m)y—ugzv—/1) =0 ,where

A =1+ s
1= “ u (1—-m) ’
i Cwluyytu, -m)(1—uy) —us ]
’ ug (1—m) ’
i _wuz[uy 1-m)(1—uy) —us ]
’ uy (1—m)

Now, by using Routh-Hawirtiz criterion we obtain that E; is locally asymptotically stable if and only if
the following conditions

u; (1—m)y <ug+ugz (3e)
and condition (3d) are hold. For otherwise, it is a saddle point.
4. The second three species equilibrium point E3 = (%,§,0,W ) exists uniquely in the Int.R3 under
the following condition:

Ug <min {u; (1—-m),u; (1—u, )(1—m)} (3f)
where
. Ug uy(I-m—us| . ug U (1-up)(1—m) —u
x_u1u7(1—m) u; (1—m) 'y_u7(1—m)'w_ u; (1 —m)?

Moreover, according to the Jacobian matrix /3 given in[16], the characteristic equation of J3can be
written as:

[A3 + BjA% + ByA + B3 |(—u3 + us(1 —m)y — usiv — 1) = 0 ,where

B, =1+ s
TR T aem
B :u6[u1+u7(1_m)(1_u2)_u6]
2 u; (1—m) ’
B =u1u6[u7(1_u2)(1_m)_u6]
3 u; (1—m) ’
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Note that, by using Routh-Hawirtiz criterion we obtain that E3 is locally asymptotically stable if and
only if the following conditions

uy(l-myy<uz+usw (3g)
and condition (3f) are hold. For otherwise, it is a saddle point.
5. The positive equilibrium point E, = (x*,y*,z*,w*) exists uniquely in the Int.R% under the

following condition:
Us Ug

maX{u4(1—m) 'u7(1—m)}<y*<1 (3h)

And it is locally asymptotically stable if and only if the following conditions are hold:

. _(ustusw* ugtugz” .
Y <m1r1{ uy, (1=m) "uy (1—m)} (30
1
ﬁ4 > —(d2282 + 84) with y* < E (3])
where 82 = d11 rz + F6 ,83 = d23d32 - d24d42 and 34 = dll( F6 - 33 ) + d24F8
Bs > —Bs (3k)
~[B4(2 B3 + B1B2) + BiBs 1 > B Bs + Ba(B1Bz + B3) 3D

However,

Ug us
s . *_1—u2+E(1—m)+E(1—m) LU g
x'=—(1-y"),y"= 0 s 0z =—1-m)y"—— and
Uy 1+E(1—m) +E(1—m) ug ug

«_ U4 «  Us
w'=—0-my" ——.
Us Us

4. The persistence of system ( 2.2)

In this section, we will establish conditions for the persistence of the global dynamics in the
boundary plans xy and in the IntR3 of xyz and xyw respectively by using the method of average
Lyapunov function[17] as shown in the following theorems.

Theorem3: Suppose that the equilibrium point E; = (x,y,0,0) is locally asymptotically stable in
the IntR% , then it is a globally asymptotically stable in the IntRZ of xy — plane.
Proof: Consider the following subsystem

d 1-

d_)tczx[y(Ty)_ul = f(x,y) (2.3)
d

d—{=y[u;—x—uz] =g y)

where E; represent the positive equilibrium point of subsystem ( 2.3 ) in the IntR? of xy — plane.

Assume that B(x,y) = % . Clearly, B(x,y ) is a C! positive definite function. Further

A _ d B d B _ Uy Uuq
(x,) = 3:(Bf) 45 (Ba) = —| 5+ 13|

Note that, A( x ,y )does not change sign and is not identically zero in the IntR% of xy — plane. Then
according to Bendixson-Dulac criterion subsystem ( 2.3 ) has no periodic dynamic in the interior of
positive quadrant of xy — plane. Further, since E; is the only positive equilibrium point of
subsystem ( 2.3 ) in the interior of positive quadrant of xy — plane. Hence according to Poincare-
Bendixson theorem E; is a globally asymptotically stable in the Int RJZr of xy — plane and the proof
is complete.

Theorem 4: Assume that the equilibrium point E, = (X,y,Z,0) of the system (2.2) is locally
asymptotically stable in the Int R3 and the following conditions
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1 u +y

Ly 049, m (4a)

Xy X Xy

yty l,um (4b)
Xty

_ 2
“x _ 0 lf(x—x) /”“‘(y ) (4¢)

are hold. Then the equilibrium point E, of the system (2.2) is globally asymptotically stable in
the Int R3 of xyz — space .
Proof: Consider the following subsystem

d 1-
d—fzx[w—ul]zxfl (2.4)

dy U x

Y |82y =
dz

Ezz[—u3+u4(1—m)y]=zf3

Now, consider the following function
Vi(x,y,z) :cl(x—x—x In— )+cz(y—37—)7 lnz)+cg(z—zv—z“ lnz).
y Z
Clearly V;: R3 = R is a C! positive definite function. Now by differentiating V/; with respect to time t

. . . . . 1.
and doing some algebraic manipulation by choosmg ci=c=1landc3 = — gives that:
4

o F .

However, the conditions (4a) and (4b) guarantee the completeness of the quadratic term

(y ¥) +— (x =57,

between x and y. So, if condition (4c) holds. Then, % is negative and hence V; is strictly

Lyapunov function. Thus E, is globally asymptotically stable in the Int R3 of xyz — space and the
proof is complete.

Theorem5: Assume that the equilibrium point E3 = (X,7,0,W ) of the system ( 2.2) is locally
asymptotically stable in the Int R3 and the following conditions

1 (G+7
L otP m_,m (4d)
X X y Xy
Y+)7 1 Ll
—4L 4
<+ (40)

~(x—X)2 jix—x) / (y y) (4f)

are hold. Then the equilibrium point E3 of the system (2.2) is globally asymptotically stable in
the Int R3 of xyw — space .
Proof: Consider the following subsystem
dx yd-y)
= I 77 = 2.5
dt x [ x t *fi ( )

dy U x
i [T—uz—(l m)W]=J/f2
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dw
— = wi-u+u(1-my]=wf,

Now, consider the following function
s o1 X . 1Y W
Vo(x,y,w) —cl<x—x—xln§)+c2(y—y—y 1n§>+c3(w—w—w ln%).
Clearly V5: Ri — R is a C! positive definite function. Now by differentiating V5 with respect to time t

. . . . . 1
and doing some algebraic manipulation by letting ¢; = ¢, = 1 and ¢c3 = —gives that:
7

2
av, % _ uy % _ y? ~2
7 < l /”(x x) /” -9 +xf(x x)".

However, the conditions (4d) and (4e) guarantee the completeness of the quadratic term

between x and y. So, if condition (4f) holds. Then, % is negative and hence V, is strictly

Lyapunov function. Thus E5 is globally asymptotically stable in the Int R3 of xyw — space and the
proof is complete.
In the next theorem we show that system (2.2) is uniformly persistence. By the permanence or
persistence of a system, we mean that all the species are present and non of them will go to
extinction. The persistence of a system have been studied by several researchers for example
see[18,19,20,21,22].
Theorem6: Assume that there are no periodic dynamics of system (2.2) in the boundary of the
solution. Further, if the following conditions

ugue (1 —m)? + uglug (1 —m)(1 — up) — uz] < uzuy (1 —m)? (49)

usuz (1 —m)? + us[u; (1 = m)(1 — up) — ug] < usue(l —m)? (4h)
are hold. Then system ( 2.2) is uniformly persistent.
Proof: Consider the following average Lyapunov function

5(x,y,z,w) = xPyPa zPs yha
where each P;,i =1,2,3,4 is a positive constant. Obviously, §(x,y,z,w) is a nonnegative
C! defined in R} . Then we have
5(x,v,z,w)
W(x,y,zw) = —6(x,y,z,w)
=P1[@—u1]+Pz[u;—x—uz—(1—m)z—(1—m)w +
Py[-uz +u, 1—-m)y —uswl+ Py[-ug+u; 1—m)y —ug z] .
Now, violate condition (3a) imply that E; is unstable and then we obtain that these equilibrium
point does not belong to the omega limit set of system ( 2.2 ), then the only possible omega limit set
of system (2.2 ) are the equilibrium points E; ,i = 1,2,3.
1)ForE; = (x,y,0,0) we have
W(E) = P3[—uz + us(1 —m)(1 — wp)] + Py[—ug + u7(1 —m)(1 — uy)]
Violate condition (3¢) imply that W( E;) > 0forany P; > 0and P, > 0.
2)ForE, = (X,y,Z,0) we have
W(E,) = P, [u3u7(1 —m)? — [ugug(1 —m)* + ugluy (1 — m)(1 — up) — uz] ] ]

uy (1 —m)?

So, W(E;) > 0 for any P, > 0 provided that condition (4g) and (3d) are hold.

3)ForEz; =(%,¥,0,W) we have

ugug(1 —m)? — [uzuy (1 — m)? + usfuy; (1 —m)(1 — up) — ugl | ]
u; (1 —m)?

W(E3) = P3 [
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So, W(E3) > 0 for any P; > 0 provided that condition (4h) and (3f) are hold.
Hence, system(2.2) is uniformly persistent and that completes the proof.

5. Numerical analysis
In this section the global dynamics of system ( 2.2 ) is studied numerically. The system ( 2.2) is

solved numerically, for different sets of parameters and different sets of initial conditions, using
predictor-corrector method with six order Runge-Kutta method [23], and then the time series for the
trajectories of system ( 2.2 ) are drown.

Now, for the following set of hypothetical parameters that satisfies stability conditions of the
positive equilibrium point, system (2.2) has a globally asymptotically stable positive equilibrium
point as shown in Fig.1.

u; =0.1,u; =0.1,u3 =0.1,uy =0.8,us = 0.2,ug =0.1,u; = 0.8,ug = 0.2,m=0.8 (5.1)

AORE

‘0 2000 4000 6000 8000 10000 ‘0 2000 P 5000 5000 10000
Time Time

EHRp

0 2000 4000 6000 8000 10000 & 0 2000 4000 6000 8000 10000
Time.

Fig.1: Time series of the solution of system (2.2)that started from four different initial
points (0.4,0.5,0.6,0.7),(0.7,0.8,0.4,0.5),(0.2,0.3,0.4,0.5) and (0.7,0.2,0.4,0.2) for the
data given by ( 5.1 ).(a) trajectories of x as a function of time,(b) trajectories of y as a function of
time,(c) trajectories of z as a function of time,(d) trajectories of w as a function of time.

Clearly, Fig.1 shows that system (2.2 ) has a globally asymptotically stable as the solution of
system ( 2.2 ) approaches asymptotically to the positive equilibrium point
E, =(1.39,0.83,0.17,0.17 ) starting from four different initial points and this is confirming our
obtained analytical results.

Now, in order to discuss the effect of the parameters values of system ( 2.2 ) on the dynamical
behavior of the system, the system is solved numerically for the data given in ( 5.1 ) with varying
one parameter at each time. It is observed that varying the parameters valuesu; ,i = 1,5,6,7,8
the solution still approaches to a positive equilibrium point E4, = (x*,y*,z*,w"), we obtain that
system ( 2.2 ) persists as shown in Fig.2 for typical value u; = 0.1.

By varying the parameter u, ,m and keeping the rest of parameters values as in (5.1), it is
observed that for 0.1 < u, < 0.5 and 0.1 <m < 0.9, the solution of system (2.2) approaches
asymptotically to a positive equilibrium point E;. while for 0.5 <u, <1land 09<m<1,
system (2.2 ) losses the persistence and the solution of system ( 2.2 ) approaches asymptotically
toE; = (x,%,0,0) as shown in Fig.3 for typical value u, = 0.7.
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— second predator | |
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0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig.2: Time series of the solution of system ( 2.2 ) for the data given by ( 5.1 ) with u; = 0.1 which

approaches to ( 1.39,0.83,0.17,0.17 ) in the interior of R% .

— second predator

RN,

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig.3: Times series of the solution of system ( 2.2 ) for the data given by ( 5.1 ) with u, = 0.7 which

approaches to (1.97,0.28,0,0) in the interior of the positive quadrant of xy — plane.

6. Conclusions

In this paper, the conditions of occurrence of persistence of a mathematical model consists of a

stage structured prey-predator model incorporating a prey refuge are established. Now, we shall
discuss the effects of changing the parameters on the dynamical behaviour of system (2.2)
according to the numerical results in section 5:

1.

For the set of hypothetical parameters wvalues given in(5.1), the
system (2.2 ) approaches asymptotically to global stable positive equilibrium point .

It is observed that system ( 2.2 ) has no effect on the dynamical behavior for the data given
in ( 5.1) with varying the parameter value u; in the range 0.1 < u; <1 and the system
still approaches to the positive equilibrium point and the system persists.

As the natural death rate u, of the mature prey increasing in the range 0.1 <u, <
0.5 and keeping other parameters fixed as in(5.1), then again the solution of
system ( 2.2 ) approaches asymptotically to the positive equilibrium point. However,
increasing u, in the range 0.5 < u; <1 will cause extinction in the predators and the
solution of system ( 2.2 ) approaches asymptotically to E; = (x,y,0,0) and the systemis
not persists.

As the natural death rate u3 of the first predator increasing in the range 0.1 < u3 < 1and
keeping the rest of parameters as in(5.1), then again the solution of
system ( 2.2 ) approaches asymptotically to E;. Consequently, for uz > 0.1, the system is
not persists.

As the predation rate u, increasing in the range 0.1 < uy < 0.4 causes extinction in the
predators and the solution of system (2.2) approaches asymptotically to E; =
(x,y,0,0).while, increasing u, inthe range 0.4 < uy < 1 then the system is persist and
the solution of system ( 2.2 ) approaches asymptotically to the positive equilibrium point.

As the competition rate us and the predation rate u; increasing in the range 0.1 < ug <
1,0.1 < u; <1 and keeping the rest of parameters as in (5.1), then again the solution of
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system ( 2.2 ) approaches asymptotically to the positive equilibrium point. It is observed
that the natural death rate ug4 of the second predator and the competition rate ug have the
same effect as u; and us.

As the number of preys inside the refuge m increasing in the range 0.1 <m < 0.9 and
keeping other parameters fixed as in ( 5.1 ), then the system persists and again the solution
of system (2.2) approaches asymptotically to the positive equilibrium point. However,
increasing m in the range 0.9 < m < 1 will cause extinction in the predators and the
solution of system ( 2.2) approaches asymptotically to E; and the system losses
persistence.
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