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ABSTRACT

In this paper, degree of an edge in truncations of fuzzy graphs is obtained
and edge regular properties of truncations of fuzzy graphs are studied.
Truncations of fuzzy graph of an edge regular fuzzy graph need not be edge
regular. Conditions under which it is edge regular are provided.
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1. INTRODUCTION

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [10]. Though it is very young,
it has been growing fast and has numerous applications in various fields. During the same time Yeh
and Bang have also introduced various connectedness concepts in fuzzy graphs [11]. A. Nagoorgani
and K. Radha discussed the concepts of lower and upper truncations of a fuzzy graph [7]. K.Radha
and N.Kumaravel (2014) introduced the concept of edge regular fuzzy graphs [8]. In this paper, we
study about edge regular property of truncations of fuzzy graphs.
First we go through some basic definitions in the next section from [1] — [11].
2. BASIC CONCEPTS

Let V be a non-empty finite set andE <V xV . A fuzzy graph G: (o, ) is a pair of
functions o :V — [0, 1] and g : E —[0, 1] such that u(X,y) < o(x) Ao(y) forall X,y eV [4].

The underlying crisp graph is denoted by G": (V,E) .The order and size of a fuzzy graph G: (o, 1)
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are defined by O(G) = ZO'(X) and S(G) = Z,u(xy) [3]. A fuzzy Graph G: (o, ) is strong, if

xeV xyeE
uxy)=oc(xX) Ao(y) for all xyeE [3]. A fuzzy Graph G:(o,u) is complete, if
u(xy)=oc(x) Ao(y) forall X,y eV [4].
The degree of a vertex X is dg (X) = Zy(xy) [4]. If each vertex in G has same degree Kk,

X£Y
then G is said to be a regular fuzzy graph or K — regular fuzzy graph [4]. The degree of an edge
e=uekE in G is defined byd,. (uv) =d_.(u)+d_. (V) -2 [1]. If each edge in G has same
degree, then G  is said to be edge regular. The degree of an edge xyeE in G is
de (xy) :Z,u(xz)+2y(zy)—2y(xy) [9]. If each edge in G has same degree K, then G is

X#£Z p23Y,
said to be an edge regular fuzzy graph or K — edge regular fuzzy graph [8].
The adjacency sequence of an edge € in a fuzzy graph G is defined as a sequence of
membership values of edges adjacent to € arranged in increasing order. It is denoted by as(e) [5].

(t) of

For t >0, o' ={u eV /o(u) >t}. The lower truncation 0, and upper truncation &
o atlevel 't', 0 <t <1 are the fuzzy subsets,
o), ifuect t ,ifued'
o) = W ) . and o®(u) = ) -
0 ,ifugo o), ifugo
Taking V, =o', = :,ut,G(t) (0 M) is a fuzzy graph with underlying crisp graph
G(t)* :(Vio.Ey) - This is called the lower truncation of the fuzzy graph G at level t.
Taking VO =V, E® =E,GY : (6, V) is a fuzzy graph with underlying crisp graph
GY":(V®,E®) . This is called the upper truncation of the fuzzy graph G at level t [7].
2.1. Theorem [8]: Let G: (o, 1) be a fuzzy graphon G~ : (V,E). If x is a constant function, then

G is edge regular if and only if G is edge regular.
2.2. Theorem [9]: The size of a K — edge regular fuzzy graph G : (o, ) on a K, — edge regular graph
* k
G :(V,E)is ?(—,where q:|E|.
1

3. DEGREE OF AN EDGE IN TRUNCATIONS OF FUZZY GRAPH

3.1. Degree of an edge in lower truncation of fuzzy graph:

dGm(UV)= z /U(t)(UW)+ z ,u(t)(WV),VUVe Eq-

uwe E(t) WV wve E(t) J WU
= > uuw)— D opuw)+ D p(w)— D u(wv),VuveEy,.
uweE,w=v uweE ,w=v wveE,w=u wveE, w=u
L(uw)<t p(vw)<t
=dg(W)— D puw)— D (W), VUV EE . o (3.1)
uweE ,wzv wveE ,w=u
u(uw)<t ()<t
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3.2. Degree of an edge in upper truncation of fuzzy graph:
dG(t) (uv) = Z /U(t) (uw) + Z ,u(t) (wv), Yuv E®.

uweE® wev wveE® wsu

= > puw)— D (puw)-t)+ D pw)— D (u(wv)-t),VuveE.

uweE ,w=v uweE ,w=v wveE,w=u wveE ,w=u
p(uw)>t p(vw)>t
=dg(u)— D (uuw)—t)— D (W) —1), VUV € E. oo (3.2)
uweE,w=v wveE,w=u
(uw)>t p(vw)>t

3.3. Theorem: Let G: (o, 1£) be a fuzzy graph such that z(uv) >t,Vuv e E, where 0 <t <1. Then

forany uve E,, dG(t) (uv) =dg (uv).

Proof: From (3.1), forany uv e E,,, dGm (uv) =dg (uv) — Z u(uw) — Z L(Wv) .
pr e eyt
= d% (uv) =dg (uv).
3.4. Theorem: Let G:(o,u) be a fuzzy graph such that g(uv)=c,VuveE, where C is a
dg (uv), ifc<t

constant. Then forany uve E®, d o (Uv) :{ ) _
dg (uv) —(c—t)d_. (uv), ifc>t

Proof: Let t > C. Then from (3.2) and from the definition of ,u(t) ,

= d W) =ds(uw)— > (c—t)— D (c-t).

uweE,w=v wveE,w=u
c>t c>t

Hence d% (uv) =dg (uv).

Similarly, when t<c, d_, (uv) =dg (uv) - Z (c—t)- Z (c—t).

uweE ,w=v wveE,w=u
c>t c>t

= dg (W) —(c—t)(dg- W) -1) = (c—t)(d- (V) -1).
= dg (W) —(c—t)(dg- (W) +d - (v) - 2).
Hence d, (uv) =dg (uv) —(c—t)d . (V).

4. EDGE REGULAR PROPERTY OF TRUNCATIONS OF FUZZY GRAPH
4.1. Remark: If G : (o, 1) is an edge regular fuzzy graph, then G, : (o), 44,) and GY: (W, 1)

need not be edge regular fuzzy graphs. For example, in figure 4.1 G: (o, 1) is 1.6 — edge regular
fuzzy graph, but Gy (05 L405) and G (6, 1®9) are not an edge regular fuzzy

graphs.
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a(0.6) 0.5 b{0.7)
0.5 0.8
d(0.7) 0.3 c(0.3) d(n.7)
G:lo,u) Gios) * (T s Ho5))
a((0.5) 0.5 b(0.5)

d(0.3) 0.3 e(0-3)
G (09, 1)
Fig.4.1.
4.2. Remark: If G, (o 4) and GO : (6™, ") are edge regular fuzzy graphs, then
G : (o, 1) need not be an edge regular fuzzy graph. For example, in figure 4.2 G5 (045, H05))

(04)

is 0.6 — edge regular and G©% (o /1(0'4)) is 0.8 — edge regular. But G : (o, 1) is not an edge

regular fuzzy graph.

a(0.6) 0.6 b(0.7) a(0.6) 0.6 b(0.7)
o @
0.6 0.4 0.6
d(0.7) c(0.5) d(0.7)
G:(o,u) Gs) (O'(o.s)uu(o.s))
a(04) 0.4 b(0.4)
L J
0.4 0.4
d(0.4) c(0.4)
GO - (509 1,09)
Fig.4.2.

In the following theorems, we obtain some conditions under which G, and G, are edge

regular.
4.3. Theorem: Let G: (o, 1) be a fuzzy graph such that x4 is a constant function with constant

value c. Forevery O <t <c, G(t) is edge regular if and only if G is edge regular.
Proof: If O<t<c, then V(t) =V, because o(v)>t,VveV and E(t) =E, because
uE)>t,veek.

.. From theorem 3.3, d; (e) = dG(t) (e),forevery ecE.

Hence G is edge regular if and only if G(t) is edge regular.
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4.4. Remark: If c<t, then G(t) is an empty graph.
4.5. Theorem: Let G: (o, 1) be a fuzzy graph such that x4 is a constant function. Then G: (o, 1)

is an edge regular fuzzy graph if and only if G isan edge regular fuzzy graph, where 0 <t <1.
Proof: Assume that G: (o, &) isan M —edge regular fuzzy graph.

Since u is a constant function, by theorem 2.1, G : (V,E) is an edge regular graph.

Let G~ be k —edge regular.

When t>c, by theorem 3.4, d_, (uv) =dg (uv) =m, for every uv e E®.

Therefore G is m — edge regular.

When t<c, by theorem 3.4, d_., (Uv) =m—(c—t)k, for every uv e EO.

Therefore G is (m—(c—t)k) — edge regular.

Conversely, assume that GY is edge regular, forevery 0 <t <1.

When c <t, by theorem 3.4, dg(uv)=d_, (uv), V uve E® implies that G is also edge
regular.

Let c>t. Then ,u(t) is a constant function of constant value t. Therefore by theorem 2.1,

G s edge regular. Since underlying crisp graphs of G and G®Y are same, G is edge regular.
From theorem 3.4, dg (uv) =d_, (uv) +(c—t)d_.(uv), for every uve E. Hence G is an

edge regular fuzzy graph.

4.6. Theorem: Let G : (o, 1) be a fuzzy graph on an odd cycle G™ : (V,E) . Then G is edge regular
if and only if & is a constant function.

Proof: Let G be a K —edge regular fuzzy graph on an odd cycle V,V,,...,V,V; .
Let u(v,v,) =Ss.

Edge degree of an edge in a cycle is the sum of membership values of the two edges
adjacent to it.

s d(VVg) = u(Y,) + uvay,) = K=s+u(VVv,) = u(v,v,) =k-s.
Similarly, z£(VsVs) =S, 1(V;Vy) =K —Sand so on.
Proceeding like this, we get
s, if n-1=0(mod4
Alvn) :{k—s, if n—1%0 Emod4))
Case1: u(v,V,)=Ss.

Proceeding as above, we get
uv,v)=k-s, u(v,v;)=s, u(vv;)=k-s....
Since n—1=0(mod4), u(V,,V,)=S.

Now,  d(v,v,)=k = pu(v, Vv.)+u\y,)=K = s+s=k = s=g.

k—s:k—E:E.
2 2

/Ll(ViViJrl) :g’Vi :la 2""! nl where Vn+l =Vl'
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Case2: pu(v.v;)=Kk-s.
Proceeding as above, we get

Hu\V,V,)=s, u(v,vg)=k—s, u(vyV,)=s....
Since N—1#0 (mod4), u(v, ,v,)=Ss.

Now, proceeding as above,

dv,v) =k= s=g.
k—s:k—E:E.
2 2
k .
AT (AT =§,‘v’| =12,..,n,where V., =V,.

Hence u is a constant function.
Conversely, assume that g is a constant function with constant value C.Then G is 2C—edge
regular.
4.7. Theorem: Let G : (o, 1) be a fuzzy graph on an even cycle G : (V,E) with n vertices and let
n#0 (mod4). Then G is an edge regular fuzzy graph if and only if 4 is a constant function.
Proof: Let G be a fuzzy graph on an even cycle V,V,,...,V.V,, where N #0 (mod 4).

If & is a constant function with constant value C, then G is 2C —edge regular.

Conversely, let G be k —edge regular.
Since N is even and n#0 (mod4), we have n—2=0 (mod4).

Therefore

is an even number. Hence the number of edges that lie alternatively from VvV, is

n
E_ll an even number.

Let x(V,V,) =S. Then proceeding as in the previous theorem u(V,v,) =K —s, u(V.vs) =S,

th
n-2
..... , (v, v, ,)=k—s and (v, ,v,)=S, which is the (T) term(even term) of the

sequence.
- AO) =y 0,) + ) = k=8 452> 5=
k—s= E
2
k
Therefore u(W\V,) = p(vov,) =...= u(v, v,) = >

k
Similarly, if z(V,V,) =T, then proceeding as above, u(v,vi) = r and d(v1v,) = k gives r = E .

Therefore u is a constant function.
4.8. Theorem: Let G : (o, 1) be a fuzzy graph on an even cycle G : (V,E) with n vertices and let
n=0 (mod4). Then G is a k—edge regular fuzzy graph if and only if z assumes exactly four
values I',S,t and | such that consecutive adjacent edges receives these values in cyclic order with

r+t=%k and s+1=k.
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Proof: Let G be a K—edge regular fuzzy graph on an even cycle V,V,,..,V,V;, where
n=0 (mod4).
Let u(v,v,)=r.

Since n=0 (mod4), n—2 is even and n—2#0 (mod4). Therefore n- is an odd

number.

n
.. The number of edges that lie alternatively from V,Vv, is > —1, an odd number.

Now z(v,v,)=r and u(V,v,) =K gives p(v,v,)=K—r.

Similarly, z(VeVg) =1 ... u(v,,v,)=k-r.
If 1(V,V;) =S, then proceeding as above, u(V,V;) =K—5s, p(vyVv,)=s ... u(v,v,) =k-s.
.. The consecutive adjacent edges of the cycle receives the four values r,S,K—r and K—5

in cyclic order.
Conversely, by our assumption, d(e)=r+t or s+1,VecE.

=k, VeeE.

Therefore G is a k — edge regular fuzzy graph.
4.9. Remark: If the minimum of the membership values of the edges is not unique, then the fuzzy
graph on a cycle is a fuzzy cycle (not a fuzzy tree). Hence all edge regular fuzzy graphs on cycles are
fuzzy cycles except for n = 4. When n = 4 and r # s, the minimum of the membership values of the
four edges is unique, in which case, the edge regular fuzzy graph on cycle is a fuzzy tree.

4.10. Theorem: Let G: (o, 1) be a fuzzy graph on a cycle G™ with n#0(mod4), where |V| =n.
Then G:(o,u) is an edge regular fuzzy graph if and only if G® are edge regular fuzzy graphs,
where 0 <t <1.

Proof: Given G is a fuzzy graph on a cycle G with n#0(mod4), by theorems 4.6 and 4.7,  is a

constant function, the result follows from theorem 4.5.

4.11. Theorem: If all the edges of G have the same adjacency sequence, then all the edges of G(t)

have the same adjacency sequence.

Proof: Suppose that all the edges of G have the same adjacency sequence, say (K;,K,,...,K.).
If t > K, then there is no edge in G -
If t <k, then as(e) = (k;,k,,...,k,) foreache e E, .
If ki, <t<k;, forsome i, then as(e) = (k;,k,,,...,k,) foreachee E .

Hence the theorem follows.

4.12. Remark: Converse of theorem 4.11 need not be true. For example, all the edges in G, 5, have

the same adjacency sequence (0.6,0.7). But in G:(o,u), as(p)=(0.4,0.6,0.7)
#(0.6,0.6,0.7,0.7) = as(t).
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a(0.8) p(0.7) b(0.7) a(0.8) p(0.7) b(0.7)
S0.6)\  t(0.4) q(0.7) $(0.6) 4(0.7)
d(0.7) r(0.6) c(0.9) d(0.7) ri(.6) c(0.9)
G (o, u) G.:u.:.p NG5y tipsy)
Fig.4.3.

4.13. Theorem: If all the edges of G have the same adjacency sequence, then all the edges of G®Y

have the same adjacency sequence.

Proof: Let (K;,K,,...,K,) be the adjacency sequence of each edge in G .

If t >k, then as(e) = (K, K,,...K ) foreach e € EV . .o, (4.1)
If t <k, then as(e) = (t,t,...,t) foreach e e E® . oo (4.2)
If k_, <t <k, then as(e) = (k,K,,....K_;,t,t,...,t) foreache e E® . .....cccoooormrrrrrrrrcrc (4.3)

Hence the theorem follows.

4.14. Remark: Converse of theorem 4.13 need not be true. For example, all the edges in G have

the same adjacency sequence (0.2,0.4,0.4).
Butin G: (o, ), as(p)=(0.2,0.5,0.7) = (0.2,0.6,0.7) =as(q) .

a(0.9) p(0.2) b(1) a(0.4) p(0.2) b(0.4)
1(0.7)

5(0.2) e(0.7
u((.3)

d(0.9) r(0.6) (0.7) d(0.4) r(0.4) c(0.4)

q(0.5)

G:{-:'I,y} G|I'J.~I| :[ﬂ_m.d]”HﬂU.dr}
Fig.4.4.
4.15. Theorem: If all the edges of G have the same adjacency sequence, then G(t) and G are
edge regular fuzzy graphs.
Proof: When all the edges of G have the same adjacency sequence, the same holds for G(t) and

G™ also. Since the sum of all the elements of the adjacency sequence of an edge is its degree, G(t)

and G are edge regular fuzzy graphs.

4.16. Remark: Converse of theorem 4.15 need not be true. For example, in the figure 4.2, G(t) and
G® are edge regular fuzzy graphs, but G: (o, ) do not have same adjacency sequence, that is,
as(ab) =(0.4,0.6) = (0.6,0.6) = as(ac) .

5. PROPERTIES OF TRUNCATIONS OF FUZZY GRAPHS

5.1. Theorem: Let G : (o, 1) be a fuzzy graph on G™ : (V, E) such that u(e) =c,Ve € E, where C

is a constant. Then the size of G is either tq or cq, where |E| =q.
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Proof: When ¢>t.Then o (V) =t,VveV & u(€)=t,VecE in GV .oorrerrerr.ee. (5.1)
When c<t.Then £ (€)= (€) =C, Ve € E in G oo, (5.2)

Therefore the result follows from the equations (5.1) and (5.2).
5.2. Theorem: Let G : (o, 1) be a fuzzy graph on G™: (V, E) such that u(e) =c,Ve € E, where C

is a constant. Then the size of G(t) is either c¢q or 0, where |E| =q.
Proof: When 0O<t<c. Then V(t) =V, because o(v)>t,VveV and E(t) =E, because
uE)>t,veek.

L oy(V)=0o(V),VveV & u,(e)=wu(e)=c,VeeE in G, . Therefore the size of G,
is cq .

When t>C, G, has no edge. Therefore the size of G, is 0.

5.3. Theorem: If all the edges of G have the same adjacency sequence (K, K,,...,K,) with |E| =q,

k
then the size of G is either S(G) or t or q—,
n

where K=k, +K, +...+k_, +(n—i+Dt,k_, <t <k,.
Proof: If t >k, then as(e) = (k;,k,,...,k,) for each e e E®. So the size of G® is S(G).
If t <k, then as(e) = (t,t,...,t) foreache e E®. So the size of G is qt .
If k,, <t <k, then as(e) = (k;,Ky,....K_;,t,t,...,t) foreache e EV .
If k=k +k,+...+k_, +(n—i+Dt, then G is k- edge regular. Also G®is n — edge

a
n

regular. Hence by theorem 2.2, the size of G"Y is

5.4. Theorem: If all the edges of G have the same adjacency sequence (k;,K,,...,K,) with |E| =q,
gk
n—i+1’
Proof: If t >k, then there is no edge in G, . So the size of G, is 0.
If t <k, then as(e) = (k;,k,,...,k,) for each e € E, . So the size of G, is S(G).

If ki, <t <k, then as(e) = (k;,k;;,...,k,) foreachee E .

then the size of G, is either 0 or S(G) or k=k, +K., +...+K,, k_ ; <t<k.

®

If K =K; +K;,, +...+K,, then G, is k —edge regular.

Also G(t)* is N—i+1 — edge regular. Hence by theorem 2.2, the size of G(t) is " —q:(+1'
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