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ABSTRACT 

Intuitionistic fuzzy metric spaces in literature are different and the conditions 
of fixed point theorem in one of those spaces are inadequate, and the proof 
of the theorem need to be corrected. 
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1.  INTRODUCTION 

In [1], the authors proved an intuitionistic fuzzy form of Banach contraction theorem in an 

intuitionistic fuzzy metric space. In fact, there are some errors. 

In this paper, to explain those errors, we will make the meanings of Cauchy sequence clear, so point 

out that the definition of Cauchy sequence given in [1] for an intuitionistic fuzzy metric space is 

weaker than proposed in [2], and hence it is essential to modify in a particular way that definition to 

get better results in intuitionistic fuzzy metric spaces. We have obtained some results in this 

connection. 

2. CAUCHY SEQUENCES IN INTUITIONISTIC FUZZY METRIC SPACES  

In this paper, the author has adopted the following definition of intuitionistic fuzzy metric space.  

Definition 2.1 [1]. A 5-tuble (X,M,N,∗,◇) is said to be an intuitionistic fuzzy metric space if X is an 

arbitrary set, ∗ is a continuous t-norm, ◇ is a continuous t-conorm and M,N are fuzzy sets on 

X²×*0,∞) satisfying the following conditions: 

(i) M(x,y,t) + N(x,y,t) ≤ 1, 

(ii) M(x,y,0) = 0, 

(iii) M(x,y,t) = 1 for all t > 0 iff x = y, 

(iv) M(x,y,t) = M(y,x,t), 

(v) M(x,z,t+s) ≥ M(x,y,t)∗M(y,z,s) for all t,s > 0, 

(vi) M(x,y,.) : *0,∞) → *0,1+ is left continuous, 
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(vii) limt M(x,y,t) = 1, 

(viii) N(x,y,0) = 1, 

(ix) N(x,y,t) = 0 for all t > 0 iff x = y, 

(x) N(x,y,t) = N(y,x,t), 

(xi) N(x,z,t+s) ≤ N(x,y,t)◇N(y,z,s) for all t,s > 0, 

(xii) N(x,y,.) : *0,∞) → *0,1+ is right continuous, 

(xiii) limt N(x,y,t) = 0. 

Definition 2.2 [1]. A sequence {xn} in an intuitionistic fuzzy metric space (X,M,N,∗,◇) is called a 

Cauchy sequence if and only if n p n n p n
n n
lim M(x , x , t) 1 and lim N(x , x , t) 0, 
 

   for each t>0 and 

p>0. 

Definition 2.3 [2]. A sequence {x_{n}} in an intuitionistic fuzzy metric space (X,M,N ,∗,◇) is called a 

Cauchy sequence if and only if for each ε∈(0,1) and t>0 there exists n₀∈ℕ such that 

M(x_{n},x_{m},t)>1-ε and N(x_,n-,x_,m-,t)<ε, for all n,m≥n₀. 

Remark 2.1.  It is clear from Definitions 2.2 and 2.3 that the notion of Cauchy sequence given in [1] is 

weaker than the one proposed in [2]. So, it would have been better if the authors have used the 

terms "weak intuitionistic fuzzy Cauchy sequence" and "weak complete intuitionistic fuzzy metric 

space" instead of Cauchy sequence and complete intuitionistic fuzzy metric space in [1]. It is also 

clear from Definitions 2.2 and 2.3 that every complete intuitionistic fuzzy metric space defined in [2] 

need not to be a complete intuitionistic fuzzy metric space defined in [1]. It can be seen easly from 

the following illustration. 

Example 2.1. Let X=ℝ, the set of all real numbers. For x,y∈X and t≥0, define 

 

t
, if  t>0,

t x yM x, y, t

0, if  t=0,
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It is clear that (M,N) is an intuitionistic fuzzy metric on ℝ. 

Let xn = 1+(1/2)+(1/3)+...+(1/n), for n∈ℕ. Then, 

 
   

 
   

   

n p n

n p n

t
M x , x , t 1,

t 1/ n 1 ... 1/ n p

1/ n 1 ... 1/ n p
x , x , t 0

t 1/ n 1
N

... 1/ n p





 
    

   
 

    

  

as n→∞ for all p>0. Hence, ,xn} is a Cauchy sequence in the sense of Definition 2.2 but obviously {xn} 

is not a Cauchy sequence in the sense of Definition 2.3. In fact, if {xn} is a Cauchy sequence in the 

sense of Definition 2.3 then it is a Cauchy sequence in the standard metric space ℝ which gives a 

contradiction. Further, if ℝ is intuitionistic fuzzy complete then there exists x∈ℝ such that 

M(xn,x,t)→1 and N(xn,x,t)→0 as n→∞. It follows that t/(t+|xn-x|)→1 and (|xn-x|)/(t+|xn-x|)→0 as 

n→∞ and |xn-x|→0 as n→∞ so xn→x in ℝ which is not true. Hence, to make ℝ complete 

intuitionistic fuzzy metric space, we should take Definition 2.3 instead of Definition 2.2 or we should 

modify Definition 2.2 as follows: 

Definition 2.4. A sequence {xn} in an intuitionistic fuzzy metric space (X,M, N,∗,◇) is said to be a 

Cauchy sequence if and only if M(xn+p,xn,t)→1 and N(xn+p,xn,t)→0 as n→∞ uniformly on p∈ℕ, for each 

t>0. 

Remark 2.2. It is clear that the definition of Cauchy sequence given in [1] for an intuitionistic fuzzy 

metric space, that is Definition 2.2, is weaker than Definition 2.4. In fact, if {xn} is a convergent 
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sequence in an intuitionistic fuzzy metric space (X,M, N,∗,◇), without the loss of the generality, we 

can assume xn→x₀ (n→∞), then we have, 

 

 

n p n n p 0 n 0

n p n n p 0 n 0

M x , x , t    M x , x , t / 2 M x , x , t / 2 1,

N x , x , t    N x , x

( ) ( )

( ) (, t / 2 N x , x , 0)t / 2

 

 

  

 ◇
  

as n→∞ for any t>0. Therefore, limnM(xn+p,xn,t)=1 and limnN(xn+p,xn,t)=0  (t>0) uniformly with 

respect to p∈ℕ. This shows that a completely intuitionistic fuzzy metric space does not exist if we 

consider the Cauchy sequence in an intuitionistic fuzzy metric space according to [1]. That is to say, it 

is meaningless to discuss the fixed point theorem in an intuitionistic fuzzy metric space if the discuss 

is set to this situation. 

In order to state our results, let us list the main result in [1]. 

Theorem 2.1 [1]. Let (X,M, N,∗,◇) be a complete intuitionistic fuzzy metric space. Let T : X → X be a 

mapping satisfying 

M(Tx,Ty,kt) ≥ M(x,y,t) and N(Tx,Ty,kt) ≤ N(x,y,t) 

for all x,y in X, 0<k<1. Then T has a unique fixed point. 

Our aim in this paper is to show that the conditions of above theorem are inadequate. We also 

would like to point out that a number of results in [1] must be corrected. Similar comments have 

discussed in fuzzy metric spaces (see [3,5,6]). 

In fact, in the hypothesis of Theorem 2.1, we understand that the inequalities are satisfied for all 

k∈(0,1), but k is a contractive constant so the inequalities must be satisfied by some k∈(0,1). Also the 

proof of Theorem 2.1 is erroneous because it is based on the following: 
(p)

n n p 1

n n p 0 1 0 1

(p)
n n p 1

n n p 0 1 0 1

M(x , x , t) ... M(x , x , t / (pk ))* ...*M(x , x , t / (pk )),

N(x , x , t) ... N(x , x , t / (pk )) ... N(x , x , t / (pk ))

 



 



 

  ◇ ◇

  

and so 

     n n p n n pM x , x , t 1 2.1  and N x , x , t 0.       

Therefore {xn} is a Cauchy sequence in X and hence it converges to x in X. 

 It should be noted that {xn} satisfies the (2.1), but that {xn} need not be a Cauchy sequence in X. First 

of all, we point out that the proof is false under ∗=min and ◇=max [4]. In fact, by (2.1), we have 
n n

n n p 0 1 n n p 0 1M(x , x , t) M(x , x , t / (pk )) and N(x , x , t(2.2 ) N(x , x , t / ()  pk )).     

Since the positive integer p was arbitrary, choose p such that p=1/kⁿ, we have 
n n

0 1 0 1 0 1 0 1M(x , x , t / (pk )) M(x , x , t) and N(x , x , t / (pk )) N(x(2.3)  ) , x , t .    

From (2.2) and (2.3), it is easy to see that we have not yet shown that {xn} is a Cauchy sequence in X. 

Next, the {xn} need not to be a Cauchy sequence under ∗=product and ◇=max. To this end, we give 

a counterexample. 

Example 2.2. Let X=ℝ. For x,y∈X and t∈ℝ, define M(x,y,t)=H(t-|x-y|) and N(x,y,t)=1-H(t-|x-y|), 

where 
0, t 0,

H(t)
1, t 0.


 


  

Then, (X,M, N,∗,◇) is a complete intuitionistic fuzzy metric space, where ∗=product and ◇=max are 

continuous t-norm and continuous t-conorm, respectively. In fact, it is easy to verify that conditions 

(i)-(iv), (vi)-(x), (xii) and (xiii) of Definition 2.1 are satisfied. For all x,y,z∈X and t,s∈ℝ, by 
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                    = max 1 H t x| | | |y ,1 H s z y

     

     

     

     

  

and we know that conditions (v) and (xi) of Definition 2.1 hold. Hence, (X,M, N,∗,◇) is an 

intuitionistic fuzzy metric space. It is easy to see that (X,M, N,∗,◇) is a complete intuitionistic fuzzy 

metric space. Set 
n

n

i 1

1
x ,  n=1,2,3,... .

i

   

Then {xn}⊂X. For every positive integer p and t>0, we have 
n p

n n p n p n

i n 1

n p

n n p n p n

i n 1

1
M(x , x , t) H(t | x x |) H t 1,

i

1
N(x , x , t) 1 H(t | x x |) 1 H t 0

i



 

 



 

 

 
      

 

 
        

 





  

as n→∞. Obviously, the ,xn} is not a Cauchy sequence in X. 

This example shows that Theorem 2.1 is not true under ∗=product and ◇=max. 

Remark 2.3. Obviously, for every p∈ℕ and t>0, M(xn,xn+p,t)→1 and N(xn,xn+p,t)→0 in Theorem 2.1, but 

convergence is not uniform on p∈ℕ. 

For the above reasons, it is easy to see that the conditions of intuitionistic fuzzy Banach contraction 

theorem in [1] are inadequate, and the proof is false. As an immediate correction of Theorem 2.1, 

we have 

Theorem 2.2.  Suppose that all conditions of Theorem 2.1 are satisfied, and t-norm ∗ and t-conorm 

◇ satisfy for any a,b∈[0,1], a∗b=min{a,b} and a◇b=max{a,b} (or a∗a≥a and (1-a)◇(1-a)≤(1-a)), 

respectively. Then conclusion of Theorem 2.1 remains true. 

Proof: We need only prove the M(xn,xn+p,t)→1 and N(xn,xn+p,t)→0 (∀t>0) as n→∞ uniformly on p∈ℕ. 

In fact, by proof of Theorem 2.1, it is easy to know that 
n n

n n 1 0 1 n n 1 0 1M(x , x , t) M(x , x , t / (k )) and N(x , x , t(2.4 ) N(x , x , t / (k ))   .)      

 For p∈ℕ, by (2.4) and our assumptions, we have 

      

    

     

n n p n n 1 n 1 n p

n

0 1 n n p 1

n n

0 1 0 1
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n n p n n 1 n 1 n p

n

0 1 n n p 1

n n

0 1 0 1

(2.6)    N x , x , t    N x , x , 1 k t N x , x ,kt

                                   N x , x , 1 k t / k N x , x , t ...

                                   N x , x , 1 k t / k N x , x , 1 k t / k ...

               

   

 

 

 

  



◇

◇
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n

0 1

n

0 1

                       N x , x , 1 k t / k

                                   N x , x , 1 k t / k , 



 

◇

 

From (2.5) and (2.6), it is easy to see that M(xn,xn+p,t)→1 and N(xn,xn+p,t)→0 (∀t>0) as n→∞ uniformly 

on p∈ℕ. Therefore, {xn} is a Cauchy sequence in X. By the same way as in Theorem 2.1, the rest can 

be proved. 

Question: Can we replace in the statement of Theorem 2.2, the conditions on t-norm ∗ and t-

conorm ◇ with supa<1 a∗a=1 and infa<1 (1-a)◇(1-a)=0, respectively? 
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