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1. INTRODUCTION

The concept of equivalence of categories is very important to do a transport of results of
one category to another category. Differential Calculus on smooth manifolds (Classical Physics) can
be developed in the language of commutative algebra [1]. Algebraic translation allows to define in
an elegant and powerful way differential calculus on more "exotic" spaces. In practice, Differential
Calculus is embedded into Commutative algebra according for example to the following dictionary:

smooth manifold M R — algebra (M, R)

(smooth map f;j: M; - M ) - (R — homomorphism f; C™(M;) - C=(M;) )

where f;; is defined by f;3(g) = g o f;; for all g € C*(M;). In this work, we use the abuse of the
notation C* (M) instead of C*(M, R)
We begin by some definitions and notations [3, 4] which allow us to set our problem of equivalence
between categories and we give the criteria of equivalence of categories. In our work, the notion of
smooth functions means differentiable functions between smooth manifolds.
2. Notation and problem setting
We begin by general notions about categories and we give some notations.

23



Vol.4.Issue.4.2016 (Oct-Dec.) Bull.Math.&Stat.Res (ISSN:2348-0580)

2.1. Category. First, we define a category.
Definition 2.1. A category C is a data of
(1) a collection O b(C ) of objects A,B,...,
(2) a collection Hom(A, B) of morphisms for every pair of objects A and B such that for every
object A and for all morphisms f and g,
(i) it exists the identity morphism, i.e,id4: A— A
(ii) and the composition f o g is associative, i.e, for f:A—Band g: B— Cand h: C— D,
we have (hog)of=ho(gof);
(iii) and the identity morphisms are such that for every morphism f : A— B, one has idgzo f
=f=foida
In a category, the morphism f€ Hom(X; ¥)is called an isomorphism if it exists a morphism
g € Hom(Y;X) such that go f=idxand fog=idy.
For example, an isomorphism in the category of sets is a bijection and an isomorphism in the
category of topological spaces is an homeomorphism
2.2. Functor between categories. A functor generalizes the notion of application between two sets.
Definition 2.2. A contravariant functor (resp.covariant) F : C — D of a category C to the category D
is a data of
I.  an application which maps on any object A of C to the object F(A) of D;
Il.  an application which maps on any morphism f: A — B in C to the morphism
F(f) : F(B) = F(A) of D (resp. F(f): F(A) - F(B) of D);
such that
e forevery object A of C one has F(idp) = idgp,
e forall objects A, B, C and morphismsf: A— Band g :B — C of C, we have
F(gof)=F(f) o F(g) (resp. F(g o f) = F(g) o F(f).

Remark 2.3. The definitions of contravariant functor and covariant functor are analogue but the
contravariant functor reverses the morphisms.
The natural transformations between two functors F,G : C - D are the maps
a:X €0b(C)—> a, € Homp(F(X),G (X))
Such that, for all f € Homp (X,Y), the following diagram is commutative,

Fx) Y% vy

o

(X)) = G(Y).

We call natural isomorphism when the all a,.(F(X) — G (X) are the isomorphism.
2.3. Equivalence of categories. We give the definition of the equivalence of categories and the
criteria of equivalence between two categories.
Definition 2.4. An equivalence of categories is a functor F : C — D that is invertible
up to natural isomorphisms.
Explicitly, this definition means that there is a functor G : D — C such that

. GoF(X) =X,

II. andFoG (Y)=Y,
The following proposition gives us the criteria of equivalence between categories.
Proposition 2.5. A functor F is an equivalence of categories if and only if it is faithful and essentially
surjective, i.e.,
(FF) The functor F is bijective on morphisms, i.e. the application
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Hom¢(X,Y) » Homp(F(X),F (Y)):f - F(f)

is bijective,

(ES) Any object Ain D is isomorphic to some F(X),i.e. for all

A € 0b(D), it exists an object X € Ob(C) suchthat A = F (X)
Proof. Suppose that the functor F : C — D is the equivalence between the categories C and D. Let
G:D — C be a functor such that GoF(X) =X and FoG(Y) =Y, for all X € 0b(C) and
Y € 0b(D). The functor F is essentially surjective: for all A € 0b(D), one has A = F (G(A)). The
functor F is faith: Every morphism f € Homp(X,Y) is determined by its image F (f) €
Homy, (F(X), F (Y)) because the commutative diagram

gives the relation

(1) =y o(GeF(f))e !Lxl.
The functor F is full: Let consider a morphism g € HomD(F(X),F (Y)) The formula (1) can be
written by & 2 F1/) &' o foax.

We can deduce that the correspondence f — G o F(f) induces a bijection

Home(X.¥Y) = Hom G F(X)),G(F(Y )
So, since G (f) € Hom¢ (G (F(X), (G (F(Y))), it must exist a morphism f € Hom (X,Y) such that
G (g) = G o F(f). And because G is faith by symmetry, one obtains g = F(f). Suppose now that
the functor F: C — D is essentially surjective and faithful. Because of the property of essentially
surjective, for all object A € Ob(D) we can find an object X € Ob(C) such that A= F (X). Then
we set G (A) =X and we choose the isomorphism fB,:A = F (G(A)) = F (X). For every
morphism g € Homp (4, B), one considers the composite

ipego 3, € Homp(F(G(A), F(G(B))
Since F is faithful, fgogoB;' is the image by F of the unique morphism f €
Hom; (G(A),G (B))and ones sets G (g):=f. Finallyy, we can see that
F(G(A) =Aand (G (F(X)) =X,
3. CATEGORY OF SMOOTH MANIFOLDS AND CATEGORY OF ASSOCIATED

[R-ALGEBRAS OF SMOOTH FUNCTIONS
We describe the category of algebras of smooth functions associated to any category of smooth
manifolds.
3.1. Algebra of smooth functions on smooth manifolds. If M is a smooth n-manifold, a function
f +M — Ris said to be smooth if for every p € M, there exists a smooth chart (U, ¢ ) for M whose

domain contains p and such that the composite function f o ¢!

is smooth on the open subset
@ (U) € R™ The set of all such functions is denoted by C*(M,R). Because sums and constant
multiples of smooth functions are smooth, the space C* (M, R) is a vector space. It is easy to show
that [2, 5] pointwise multiplication turns C* (M, R) into a commutative ring and a commutative and

associative algebra over R.

Let denote by Alceo(y,) the set of all associated algebras of smooth functions on the smooth
manifolds M; for all i € I with I the set of indices. We have the following result.

Proposition 3.1. The collection Al;= ) is the category of the algebras C* (M;, R).
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Proof. We consider the collection of the R -algebras C* (M;, R) associated to the smooth manifolds
M; for all i €. We define the morphism between them as follow: for all differentiable
application fij : M; - M; between two smooth manifolds, we define the morphism flj between
the R -algebras C®(M;,R) and C*(M;, R) by

_r‘z-} O™ M R) — CF(M,R) : g _r‘z-}-; g) =g fi
The collection Hom (Cm(Mj,R), (C*(M;, R)) of all morphisms f;; admits the identity morphism
idy;: C”(M;, R) » C™(M;, R) defined naturally and it also admits the composite
fik: C°(My, R) = C”(M;,R) of the morphisms f;;: C(M;, R) - C=(M;, R) and

fiie: €7 (M, R) = C=(M;, R) such that fiz = f7; 0 fi.
It is easy to see that this composition is associative and the identities morphisms are exactly the
identities for the composition of morphisms. So, the collection Al¢~ ) is a category and every R -

algebra C”(M;, R) is an object of the category Al¢ceo(y,).

3.2. Equivalence of the categories SM and Al (). When we consider the category SM' of
smooth manifolds, we can define the functor which defines the equivalence between the category
Al¢eoy,) and the category SM.

Definition 3.2. We define the application C%: SM — Al such that for all M; and M;, we have

{.‘.f,- r% _'l.!‘j) —+ {r(""“[_l.!‘j.IE] '—”— Co(M.R) g f5(g) =00 ,l",;)

by #

The following result is obvious.
Proposition 3.3. The application C® is a contravariant functor between the categories SM and
Al -
Proof. It suffices to see that the application C* maps on every smooth manifold M; to the R -algebra
C®(M;) := C*(M;, R). Itis also easy to see that for every morphism f;; : M; — M; in the category
SM we associate the morphism
C™(fy) = fi; 1 C™(M;,R) = C™(M;,R)
such that for all function g € C*(M;, R) one has
C™(f5)9) = f5le) =00 fi.

It is obvious to see that the application C® respects the identities and the composition, i.e.,

. for all smooth manifold M;, C* (idy,) = id¢e(um,);

Il.  forall objects M;, M;, My in the category SM and for all morphisms f;; and fj in the

category SM we obtain C®(fjx o fi;) = C*(fi;) 0 C*(fjx) in the category Algeo(ay,).
The following proposition concerns the equivalence between the categories SM and AlC°°(ML-)-
Proposition 3.4. The contravariant functor C* defined above establishes the equivalence of the
categories SM and Al¢w(y,)-
Proof. The proof is facilitated by the one given on the proposition 2.5. Here, it suffices to verify the
following facts.
Firstly, it is obvious that the functor C® is faithful, i.e. for all smooth manifolds M;, M; it induces a
bijection
Hom(M;, M;) — Hom|C™( M;), O™ M;)).

Secondly, we can see that the functor C* is essentially surjective, i.e. for all object C*(M;,R) €
Ob(Alge=(p,) , it exists an object M; € Ob(SM) such that C®(M;) = C*(M;, R).
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