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1. INTRODUCTION

The quadratic Diophantine equations with three unknowns offers an unlimited field for
research because of their variety [2,24]. For an extensive review of various problems on ternary
guadratic Diophantine equations representing specific 3 dimensional surfaces, one may refer [1, 3 —
23, 25].

In this communication, we present a problem of the ternary quadratic equation
representing the cone given by 15x2 — 32y2 = 722 is analyzed for determining its infinitely many
non-zero distinct integer solutions. A few interesting properties among its solutions are given. Also,
formulas for generating sequences of integer solutions based on its given initial solution are

presented
2. METHOD OF ANALYSIS

Consider the cone represented by the ternary quadratic equation given by
15x2 — 32y? = 7z° (1)

To start with (1) is satisfied by the following triples of integers (x,y, z): (18,118,76), (108,54,108)
and(168k? + 12,112k? + 14k — 8,—56k? + 128k + 4). However, we have other different sets of
integer solutions satisfying (1) which are presented below:
Introducing the linear transformations

x=12U, y= a+ 70, z=4a —8p (2)
in (1), it is written as
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(3) is written as

15U? = a? + 14p2
Again, introducing the linear transformations
U=y+146, =y + 156

y? =2106% + a®
which is equivalent to the following systems of double equations:

(3)

(4)

(5)

System1l | System2 | System3 | System4 | System5 | System6 | System?7
y+a 52 10562 1552 156 1056 2106 306
y-a 210 2 14 146 26 1) 76

Solving each of the above systems inturn, the corresponding values of y, @ and § are obtained. In

view of (4) and (2), one obtains the corresponding integer solutions to (1) which are presented

below:
Solutions obtained from system 1
Setl | x =24k?+ 336k y = 16k? + 210k + 630 z = —8k? — 240k
+ 1260 — 1260
Solutions obtained from system 2
Set 2 x = 2520k? + 336k y = 1680k? + 210k + 6 z = —840k? — 240k
+12 —12
Solutions obtained from system 3
Set3 | x =360k? + 336k + 84 y = 240k? + 210k + 42 z=—120k? — 240k
— 84
Solutions obtained from system 4
Set 4 x = 684k | y = 414k | z = —468k
Solutions obtained from system 5
Set 5 x = 1620k | y = 1062k | z = —684k
Solutions obtained from system 6
Set 6 x = 2868k | y = 1896k | z=—1092k
Solutions obtained from system 7
Set7 x = 780k | y = 492k | z = —444k

In addition to the above sets of integer solutions, we have some more sets of different solutions
satisfying (1) and they are illustrated below:

Set 8
Assume U =a?+ 14b*

(6)
Write 15 as 15 = (1 + i\/ﬁ)(l - l\/ﬁ)

Using (6) in (3) and employing the method of factorization, define

a+iViZp = (1 + iVid)(a + iVi& b)’
Equating the real and imaginary parts, we have

a = a?— 14b? — 28ab and f = a? — 14b? + 2ab
Thus, the corresponding integer solutions of (1) are given by

x(a,b) = 12a® + 168b?

y(a,b) = 8a%? —112b? — 14ab

z(a,b) = —4a? + 56b? — 128ab
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Properties observed from the above :
1. %[x(a, b) — 3z(a, b)] is written as the difference of two squares

2. Each of the following expressions is a nasty number:
(i). x(a,1) —3z(a,1) + 1536
(ii). y(2b—1,b) —x(2b—1,b) —z(2b —1,b) + 228T3,
(iii). y(3b,b) —x(3b,b) — z(3b, b)
(iv). 30[x(1,b) — 2y(1,b) — z(1,b) — 312T3 |
Set 9

(3) is expressed in the form of ratio as

atlU_ _ 2(U-B) _ P
7(U+B) a-U Q'Q #0 (7)

which is equivalent to the system of equations
aQ+U(Q—-7P)—7PB =0
aP +U(—P —2Q)+2Q8 =0
Applying the method of cross-multiplication, we have
a = 2Q?% — 28PQ — 7P?
U=-7P?-2Q?
f =7P%? —2PQ — 2Q?
Hence, in this case, the corresponding integer solutions to (1) is given by
x = —84P% — 24Q?
y = 42P?% — 42PQ — 12Q?
z = 24Q% — 96PQ — 84P?
2.1 Remark
In addition to (7), one may also have the following representations from (3):

o)

(i atU__ 7(U-B) _ P
I 2U+B) a-U
(i) atU  _ (U-B) _ P
. 14(U+B)  a-U  Q
(i) a+U _ 14(U-B) _ P
w+p) ~  a-U ~ Q
Following the procedure presented above , other sets of distinct integer solutions to (1) are
obtained.
3. GENERATION OF SOLUTIONS
In this section, we obtain general formulas for generating sequences of integer solutions to (1)
based on its initial solution
3.1 Formulal
Let (xo, Y0 Zo) be the given integer solution to (1).
Let X1 =2h+ x4, y1 = Yo, 21 =3h— 2, (8)
be the first solution to (1) where h is the non-zero integer to be determined.
Substituting (8) in (1) and simplifying we get
h = ZOXO + 14’20
Therefore, xq = 41xy + 28z,, z; = 60xy + 41z,
Expressing the above equations in the matrix form , we have
X1\ X
(21) =M (Zo)

where M = (41 28)

60 41
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Repeating the above process, the general values of x and z are given by

(o) =" ()

M= B)( —ﬁ1)+—(M—aI)

where a, B are the eigen values of M and I is the unit matrix of order 2 .

We know that

For our problem,

a =41+ 4,/105 [ =41-4v105

Y, 7X.
n n n
Therefore, M™ = (15Xn Y, )

where Y, = %(a" +pB™) and X, = 2\/+ﬁ(a” - B™)
Thus the general solution to (1) based on its initial solution is
Xn = Ypxo + 7X,2
Yn = Yo
n = 15X,x9 + Y20
3.2 Formula2
= —(a +B")x0 + = (a —B™Myo
Yn = ﬁ(a - ﬂ")xo + (@™ + By,
zZp, = T"z,
where a = 263 +48v30 , B =263 — 4830
4. CONCLUSION
In this paper, we have made an attempt to obtain infinitely many non- zero distinct integer solutions
to the homogeneous cone given by 15x2 — 32y2 = 7z2 . As ternary quadratic equations are rich in
variety, one may search for integer solutions to other choices of homogeneous cones and
determine their corresponding properties.
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