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ABSTRACT

In this paper we obtain conditions for a k- quasi contraction on a generalized metric space to have a
fixed point. Using this we derive certain known results as corollaries.
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1. Introduction

The concept of metric was introduced by Frechet [10] as an extension of the distance on the
real line. Banach contraction principle was given a shape in the context of metric spaces. Later
several generalizations of Banach contraction principle were obtained. Also many generalizations of
metric spaces were obtained and Banach contraction principle was extended to such spaces. Some
of the generalizations of Banach contraction principle were also extended to the generalized
versions of metric spaces. In recent years, several generalizations of metric spaces have appeared. In
1993, Czerwik [8] introduced the concept of a b-metric space. Since then, several works have dealt
with fixed point theory in such spaces; see [4,5,9,11,15,16] and references therein. In 2000, Hitzler
and Seda [12] introduced the notion of dislocated metric spaces in which self distance of a point
need not be equal to zero. Such spaces play a very important role in topology and logical
programming. Fixed point theory in dislocated metric spaces was studied extensively in [2,6,11,14].
Combining several generalizations of metric spaces Jleli and Samet [13] obtained a new
generalization in 2015. They termed it as a generalized metric space. Jleli and Samet extended many
results available in fixed point theory such as Banach contraction principle and Ciric [6].

In this paper we deal with fixed point results in generalized metric spaces, extend Ciric
theorem [6] in generalized metric spaces with less stringent conditions and obtain Banach
contraction principle in generalized metric spaces as a corollary.

2, Preliminaries
In this section we give the definition of a generalized metric space, obtain certain properties of
generalized metric which we use in the later development. We also give some examples of
generalized metric spaces. We give various definitions of generalizations of metric spaces which are
included in the notion of generalized metric spaces.
2.1 Definition

A metric on a non- empty set X is a mapping d: X x X —[0,+00) satisfying the following
conditions:

(2.1.1) for every (X, y) € X x X ,we have
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d(x,y)=0=x=y;

(2.1.2) for every (X, y) € X x X ,we have

d(x,y)=d(y,x);

(2.1.3) for every (X, Y, Z) e X x X x X,we have

d(x,y)<d(x,z)+d(z,y).

2.2 Definition:- (Czerwik[8]) Let X be a non-empty set and d: X x X —>[0,+oo) be a given

mapping.
We say that d is a b -metricon X ifit satisfies the following conditions:

(2.2.1) forevery (X,y)e X xX ,

d(x,y)=0=x=y;

(2.2.2) forevery (X,y) € X x X ,we have

d(x,y)=d(y,x);

(2.2.3) there exists S >1such that for every (X, y,z) e X x X x X , we have

d(x,y)<s[d(x,z)+d(zy)]

In this case, (X ,d ) is said to be a b -metric space.
The concept of convergence in such spaces is similar to that of metric spaces.

2.3 Definition:-(Hitzler and Seda [12]) Let X be a non-empty setand d : X x X — [O,+oo) be a given

mapping.
We say that d is a dislocated metric on X if it satisfies the following conditions:

(2.3.1) forevery (X,y)e XxX,

d(x,y)=0=>x=y;

(2.3.2) for every (X, y) e X x X ,we have
d(x,y)=d(y,x);

(2.3.3) for every (X, Y, Z) e X x X x X ,we have
d(x,y)<d(x,z)+d(z,y).

In this case (X ,d ) is said to be a dislocated metric space.

The motivation of defining this new notion is to get better results in logic programming semantics.
The concept of convergence in such spaces is similar to that of metric spaces.

2.4 Notation (Jleli and Samet [13]) : Let X be a non-empty setand D: X x X — [O,+oo] be a given

mapping. For every X € X , let us define the set
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n—o0

C(D,X,x):{{xn} c X fm D(xn,x):O}.

2.5 Definition: (Jleli and Samet [13])
We say that D is a generalized metricon X if it satisfies the following conditions:

(2.5.1) for every (X, y) eXxX,

D(x,y)=0=>x=Yy;

(2.5.2)for every (X, y) € X x X ,we have

D(x,y)=D(y,x);

(2.5.3) there exists 2 >0 such that

If (X, y)e XxX,{x,} ec(D, X,x), then D(x,y) <1 limsup D(x, y).

In this case , we say the pair (X , D) is a generalized metric space.
We also say that A is a coefficient of X . Thus we say that (X , D) is a generalized metric space

with coefficient 4. In general we drop A .
(i) Remark :- Obviously, if the set C(D, X,X) is empty for every X e X ,then (X,D) is a

generalized metric space if and only if (2.5.1) and (2.5.2) are satisfied.

(ii) Remark :- It may be observed that metrc spaces, b-metric spaces and dislocated metric
spaces are included in the class of generalized metric spaces.

2.6 Definition :- Let (X,D)be a generalized metric space. Let {Xn} be a sequence in X and
X e X . We say that {Xn} D -converges to X if {Xn} e ¢(D,X,x).

2.7 Proposition :- Let (X,D)be a generalized metric space. Let {Xn} be a sequence in X and
(X, y) e Xx X .If {Xn} D -converges to X and {Xn} D —convergesto y then X=1Y.

Proof:- Using the property (2.5.3) ,we have D(X,y) <A !]ilgosup D(x,Y)=0,

which implies from the property (2.5.1) that x=Yy.

2.8 Definition :- Let (X , D)be a generalized metric space. Let {Xn} be a sequence in X . We say
that {Xn} isa D -Cauchy sequence if mﬂm D (Xn X ) =0.

2.9 Definition :- Let (X, D) be a generalized metric space. It is said to be D -complete if every D -

Cauchy sequence in X is convergent to some elementin X .
2.10 Definition:- Let f:X—>X be a self map and XxeX . Write

fl(X) =f (X) and f "+1(X) =f (f" (X)) forn=1, 2,3, ... Then {f” (X)} is called the sequence

of iteratesof f at Xx.

Jleli and Samet [13] extended Banach contraction principle to generalized metric spaces as follows.
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2.11 Theorem :- ( Jleli and Samet [13] ,Proposition 3.2)(Banach contraction principle for generalized
metric spaces).
Let (X, D) be a complete generalized metric space and f : X — X

be such that D( f (x), f(y)) <k D(X,y)forsome k €[0,1) and forall X,y e X .

Suppose there exists X, € X such that a =sup, D(XO, f"(xo)) < oo Then{f”(xo)} converges

to some w € X and w is a fixed point of f. Further if w’ is another fixed point of f with D(w,w’) <o
then w’=w.

2.12 Theorem: Let (X, D) be a generalized metric space. Suppose {Xn} c X,xeX and
X, — X . Then D(X,X)=0

Proof:- We have D(X,X)s A limsup, D (x,,x) = 4 lim D (x,,x) = 4.0 (since x,—>x)=0

n—oo

Hence D(X,x)=0.

2.13 Theorem :- Let (X, D) be a generalized metric space and X e X .
Suppose C(D,X,<)# ¢.Then D(X,X) =0.

Proof :- €(D, X, x) = ¢ = 3{x } ec(D, X,x) = X, = x=>D(X,x) =0.

(by Theorem2.11)
2.14 Examples :

Example 1 :- Let [ be the set of real numbers and X = {X > 0} .DefineD: XxX > U by

D(x,y)= x—y]if x and y are rational
oo, otherwise
Then (X, D) is a generalized metric space.

Example 2:- Let X =[0,1]. Define D:XxX > by

D(x,y)=4|x—y|+1ifx=y
0 ,otherwise

Then ( X ,D) is a generlized metric space with A4 =2.
Example 3:- Let X =[0,1] .Define D: X xX — [0 by

D(x,y)=1[x-y|+L1ifx=y
2 ,otherwise

Then ( X ,D) is a genera.ized metric space

It may be noted that in this example 0< D(x, y)< oo V x, ye X and C (D, X, X) =g VXxeX.

Example 4:- Let X ={x>0}. Define D: X xX — [ by
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D(x,y)=14|x-y|+1ifx=y
2X, if x=y

Then (X \ D) is a generalized metric space with 4 >1. In this case, if X#0 then C (D, X,X)=

@. Further 0< D(X,X)<oo VXxeX.
Then (2.5.3) is satisfied with 4 >1

Hence (X \ D) is a generelised metric space.

In this case 0 < D(X, X)<ooVXeX.

3 Main Results:

In this section we define k-quasi contraction on a generalized metric space. We obtain conditions for
a k-quasi contraction on a generalized metric space to have a fixed point, thus extending the result
of Ciric [6] to generalized metric spaces. Rhoades [17] introduced R-type contraction for non self
mappings of a closed subset of a Banach space X into X and proved fixed point results using such
contraction. CIRIC [7] also obtained results for R-type contractions. This notion of R-type contraction
is extended to a generalized metric spaces for self maps by Vats et al.[18] We also show that
corresponding result for R-type contraction follows as a corollary.

3.1 Definition:- Let (X : D) be a generalized metric space and f : X — X be a self map. Suppose

0<k<1.
We say that

(i) f isak-contraction if D( fX, fy) <k D(X, y)VX, yeX.

(ii) f is a R-type contraction if 3 g>0withq>1+2k and
D( fx, fy) <k max {% D(x,y),D(x, fx),D(y, fy), D(x fy)(,qD(y, fx)}v X,yeX,Xx#y
(iii) f is a k-quasi contraction if for some ke(O ),

D( fx, fy) <k max { D(x,y),D(x, fx),D(y, fy),D(x, fy),D(y, fx)}v X,y e X

We observe that every k-contraction is a k-quasi contraction.

Now we state and prove our main theorem, which is an extension of a result of Ciric [6] to
generalized metric spaces.

3.2 Theorem:- Suppose that the following conditions hold:

(i) (X , D) is complete generalized metric space, with coefficient 4.

(i) f isak-quasi contraction for some K € (0,1) with kA <1.

(iii) there exists X, € X such that a =sup, D(XO, fr (Xo)) <0 (1)
and D(f”(xo),f”+1(x0))<k”a forn=0,12,... (2)
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Then {f” (Xo)} converges tosome W € X . If limsup, D( (%), f (W))<oo then w is a fixed
point of f . Moreover, if W' € X is also fixed point of f such that

D(W,Wl)<oo and D(Wl,Wl)<oo, then w=w".

Proof:- We first show that D( f" (XO), fem (X0 )) <k"a for n=0,1,2,... and m=0,1,2,... The
result is true if n=0 by (1)
Now assume the truth for n.(i.e) D(f"(x,), f™"(x,))<k"a for m=0,1,2,.. (3)

Weshow D(f"(x,), f"" (%)) <k™a for m=0,12,... (4)

Now consider

D(fml(XO), f”+1(XO))SkmaX {D(f”(XO), fn(XO)),D(f”(XO), f”“(XO)),D(f n(XO), fn+1(X0)),
D(17 (%), (%)) D" (). (%))}

From this it follows that (4) is true when m=0
Assume the truth of (4) form. (5)
Now

D(fn+1(x0), fn+1+m+1(x0))£kmax {D(fn (%), fn+m+1(x0)),D(fn(xo), fn+1(xo))1

D(fmmﬂ(xo), fn+1+m+1(xo))1 D( g0 (Xo)i fn+1+m+1(xo))’ D(fmmﬂ(xo), fn”(Xo))}

<kmax (ke K", k"™ ", K" K"t} by (3) and (5)

=kk"a=k"o
Hence (4) holds for m=0,1,2,...
Consequently (3) holds (i.e)

D(f"(%), f"™(%))<k'a forn=0,1,2,... and m=0,1,2,...

This shows that {f” (%)} is a Cauchy sequence and hence converges to a limit, say, W.
D(£7(%), f (w))<kmax{D(f"(x).w).D(f" (%)), f"*(x).D(w, f (w)),
D(f"(%). f ()).D(w, f"*(x,))}

Let €> 0. Then there exists N such that D( f" (XO),W) <e forn>N.
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Hence for N> N we have
D(f™ (%), f(w))< kmax{e,k”oz,/llimsupn D(f" (%), f(w)).D(f"(%,), f (W))e} ------- (6)

Suppose kA <1,
Threfore limsup, D(f™*(x,), f (w))<max{k & 0,kAlimsup, D(f"(x,), f (w)),

klimsup, D( 7 (%), f (W)),ke} (from (6))
<max {max {(k,kA)}.limsup, D(f"(x,), f (w)),ke} (since ki <Lland k <1)
Therefore limsup, D(f"(x,), f (W))=0 (since € is arbitrary and
limsup, D( £ (%), f (w)) <oo,(by hypothesis)
SN (%) f(w)
sf(w)=w
Therefore D(w,w)=0.
Suppose W' is also a fixed point of f with D(w,vvl)<oo and D(wl,vvl)<oo.
Then D(W ,vvl): D(f(w), f (Wl))
<kmax{D(w '), D(w, f (w)), D(w!,  (w')),D(w ,  (w')),D(w, f (w ))}
:kmax{D(W ,Wl),D(W W ),D(Wl,Wl),D(W ,Wl),D(Wl,W )}
~kmax{D(w ,w'),0,D(w,w')]
:kmax{D(W ,vvl),0,0}
(W' being a fixed point )
=k D(W,Wl)
" D(w,vvl)=0.

Therefore W=Ww"
Note : Jleli and Samet [13] claimed the above theorem without the condition KA <1 but imposing
stronger conditions than(1) and (2) of (iii).
3.3 Corollary:- Banach contraction principle for generalized metric spaces (Theorem 2.11) is a
simple corollary of Theorem 3.1.

3.4 Theorem:- Let (X, D) be complete generalized metric space and f : X — X .

Suppose the following conditions hold
(3.4.1) f isaR-type contraction (i.e) 3k €[0,1] and g >0 with g >1+2kand kA <1 such that
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D( fx, fy)skmax{%D(x,y),D(x, fx),D(y, fy),

(D(x fy)+D(y. fx))
q

forall x,y € X

(3.42) g>2andkA<1
(3.4.3) Thereexists X, € X such that

a =sup, D(x, f"(x))<w®
and D(f"(x,), f"*(x))<k"a forn=0,12,..
Then {f”(xo)} converges to some wWe X .

If limsup, (f”(xo), f (W))<oo then W is a fixed point of f .

Moreover if W' € X is another fixed point of f such that
D(w,w') < oo and D (W', w') <o thenw' = w.

Proof : Under the given conditions (3.4.1), (3.4.2) and (3.4.3) follows that f is a k—quasi

contraction and hence the conclusion follows from Theorem 3.2

Note: VATS et al. [19] claimed the above theorem without condition (3.4.2), but the proof is

defective.
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