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ABSTRACT  

G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad [11]  proved common fixed point theorems 

for generalized contraction pair of  self maps on a complete cone metric space. In this paper we 

introduce the notion of quasi generalized contraction pair of self maps and observe that every quasi 

generalized contraction pair of self maps is a generalized contraction pair. We show that a quasi 

generalized contraction pair need not be a generalized contraction pair and prove some theorems 

and provide examples in support of our results 

1 INTRODUCTION  

Guang and Xian *35+   generalized the notion of metric spaces replacing the set of all real 

numbers by an ordered Banach space defining in this way a cone metric space. These authors also 

described the convergence in this cone metric spaces and the corresponding notation of complete 

cone metric spaces. These authors, also proved some fixed point theorems of contractive mappings 

on complete cone metric spaces. Later Rezapore and Hamlbarani * 68 + proved some of the results of 

Guang and Xiang *35+   by omitting the assumption of normality on the cone. 

G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad *11+  proved common fixed point theorems for 

generalized contraction pair of  self maps on a complete cone metric space. In this paper we 

introduce the notion of quasi generalized contraction pair of self maps and observe that every quasi 

generalized contraction pair of self maps is a generalized contraction pair. We show that a quasi 

generalized contraction pair need not be a generalized contraction pair and prove some theorems 

and provide examples in support of our results. 

1.1  Definition : (G.V.R.Babu, G.N.Alameyehu and K.N.V.V.Varaprasad *11+) 

  Let (𝑋, 𝑑)  be a cone metric space and 𝑃 be a cone with non empty interior. Let 𝑓, 𝑔 be self 

maps on  𝑋. Suppose that there exists a constant 𝑘 ∈ (0,1) and  

𝑝(𝑥, 𝑦) ∈ * 𝑑(𝑥, 𝑦) , 𝑑(𝑥, 𝑓𝑥) , 𝑑(𝑦, 𝑔𝑦) ,
𝑑(𝑥,𝑔𝑦)+ 𝑑(𝑦,𝑓𝑥)

2
 +    such that  

𝑑( 𝑓𝑥 , 𝑔𝑦)  ≤  𝑘 𝑝(𝑥, 𝑦)  

for all 𝑥, 𝑦 in X. Then the pair (f, g) is called a generalized contraction  pair on 𝑋. 

G.V.R. Babu, G.N. Alameyehu and K.N.V.V. Varaprasad *11+ proved the following fixed point theorem 

in a complete cone metric space, for a generalized contraction pair on X. 

1.2  Theorem  :  (*1+, Theorem 2.1)   Let (X, d) be a complete cone metric space. Suppose that  ( f, g ) 

is a generalized contraction pair on X .Then f and g have a unique common fixed point in X. 
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2 Main results 

In this section we introduce the notion of a quasi generalized contraction pair of self maps on a cone 

metric space (X, d).  We observe that every generalized contraction pair is a quasi generalized 

contraction pair and the other way is not true. 

2.1    Definition  : Let (X, d) be a cone metric space and ( f, g) be a  pair of self maps on X. The pair ( f , 

g)  is said to be a quasi generalized  contraction pair on X if there exists 𝛿 ∈ (0,1) such that the 

following conditions hold. 

(𝑖) 𝑑(𝑓𝑥, 𝑔𝑓𝑥)  ≤ 𝛿  𝑑(𝑥, 𝑓𝑥)  𝑎𝑛𝑑 

(𝑖𝑖) 𝑑(𝑔𝑥, 𝑓𝑔𝑥) ≤  𝛿𝑑(𝑥, 𝑔𝑥) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋. 

We observe that every generalized contraction pair is a quasi generalized contraction pair.  

We have the following lemma. 

2.2   Lemma  : For any quasi generalized  contraction pair ( f, g) of self maps on a  cone metric space 

X ,the fixed point sets of  f and g are the same . 

Proof : Follows from the definition of a quasi generalized contraction pair. 

2.3     Remark : In Lemma 5.4 , if (𝑓, 𝑔) is a generalized contraction pair, then the fixed point set of  f  

(and hence of g ) is at most singleton. 

The following example shows that a quasi generalized contraction pair need not be a generalized 

contraction pair. 

2.4   Example : Let  𝑋 = {
1

(𝑛+1)2 : 𝑛 = 1, 2, . . } ∪ *0+ and d be the usual metric on  𝑋. Define 𝑓: X → X   

by f(𝑥) = 𝑥2 𝑖𝑓 𝑥 ∈  𝑋 𝑎𝑛𝑑 𝑥 ≠ 0, 𝑓(0) =
1

4
 𝑎𝑛𝑑 𝑝𝑢𝑡  𝑔 = 𝑓. 

Then the pair (f , g) is a quasi generalized contraction pair but not a generalized contraction pair, 

because this pair has no common fixed points in view of  Theorem 5.2. 

2.5   Notation: Suppose f and g are self maps on a non empty set X and 𝑥0 ∈ X. Then we define 

sequence * 𝑥𝑛+ in X iteratively as follows: 𝑥1 = 𝑓(𝑥0), 𝑥2 = 𝑔(𝑥1) and  

In general  𝑥2𝑛+1 = 𝑓(𝑥2𝑛 ) 𝑎𝑛𝑑 𝑥2𝑛+2 = 𝑔(𝑥2𝑛+1),  for  𝑛 = 0, 1, 2 …                      ...  (A) 

2.6 Theorem : Let X be a complete cone metric space and (𝑓, 𝑔) be a quasi generalized contraction 

pair on X. Then we have the following 

(i) The sequence defined in (A) is a Cauchy sequence in X and hence is convergent  in             X 

(ii) If one of the two functions f and is continuous then the fixed point sets of f and g are             

non empty. 

Proof : Let us observe that for any  𝑛 ∈ 𝑁,  

(𝑎) 𝑑(𝑥2𝑛, 𝑥2𝑛+1)  ≤  𝛿2𝑛 𝑑(𝑥0, 𝑥1)  𝑎𝑛𝑑 

(𝑏)𝑑(𝑥2𝑛+1, 𝑥2𝑛+2) ≤  𝛿2𝑛+1 𝑑(𝑥0, 𝑥1) 𝑓𝑜𝑟  𝑡𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 *𝑥𝑛+  denoted by (A)  in X  and 𝛿 ∈ (0,1)  

satifying (i) and (ii)  of  Definition 5.3. To see this,  

we have that 𝑑(𝑥2𝑛, 𝑥2𝑛+1)   =  𝑑(𝑔𝑥2𝑛−1, 𝑓𝑥2𝑛)   

                              ( by the definition of the sequence *𝑥𝑛}) 

                                               =  𝑑(𝑔𝑥2𝑛−1, 𝑓𝑔𝑥2𝑛−1)  

                                                 ≤  𝛿 𝑑(𝑥2𝑛−1, 𝑔𝑥2𝑛−1) 

                                                =  𝛿 𝑑(𝑓𝑥2𝑛−2, 𝑔𝑥2𝑛−2)   ≤ 𝛿2 𝑑(𝑥2𝑛−2, 𝑥2𝑛−1)   

Continuing this way we get (a) after a finite number steps. 
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In a similar way (b) can be established. 

Now, from (a) and (b) it follows that  

 𝑑(𝑥𝑛, 𝑥𝑛+1)  ≤ 𝛿𝑛 𝑑(𝑥0, 𝑥1)  for any 𝑛 ≥ 1                                                          …    (B) 

Let 𝑛, 𝑚  be positive integers such that   𝑛 <  𝑚. 

Then  𝑑(𝑥𝑛, 𝑥𝑚)   ≤   𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑛+2) + ⋯ + 𝑑(𝑥𝑚−1, 𝑥𝑚) 

                                 ≤ 𝛿𝑛 𝑑(𝑥0, 𝑥1) + 𝛿𝑛+1 𝑑(𝑥0, 𝑥1) + ⋯ + 𝛿𝑚−1 𝑑(𝑥0, 𝑥1)                                          

                                            (by  B) 

                                 =  (𝛿𝑛 + 𝛿𝑛+1 + ⋯ + 𝛿𝑚−1) 𝑑(𝑥0, 𝑥1) 

                               ≤  *
𝛿𝑛

1−𝛿
+ 𝑑(𝑥0, 𝑥1)  → 0 𝑎𝑠 𝑛 → ∞, since 0 < 𝛿 < 1. 

Hence the sequence * 𝑥𝑛+  is Cauchy. Since the space X is complete, this sequence *𝑥𝑛+  converges to 

some point x in X.   

Now suppose  f   is continuous.  

Then, we have that   𝑓(𝑥)  =    𝑓(𝑙𝑖𝑚𝑥2𝑛) = 𝑙𝑖𝑚𝑓(𝑥2𝑛) =   𝑙𝑖𝑚 𝑥2𝑛+1 = 𝑥.  

Thus x is a fixed point of f and hence the fixed point set of f is non-empty. Now by  

Lemma 5.4 the fixed point set of 𝑔 is also non empty. Similarly we can prove that if 𝑔 is continuous 

then x is fixed point of 𝑔. Consequently the fixed point sets of  f  and  𝑔 are non empty. 

2.7    Remark  : If  𝑓 = 𝑔 = identity function on X  then   the pair (f , 𝑔) is quasi generalized 

contraction pair. Further the fixed point sets of  f  and 𝑔 are the same and may contain more than 

one fixed point. 

2.8    Remark  : If both f and , 𝑔 are not continuous in theorem 5.8 , then the fixed point sets of  f  and 

, 𝑔 may be empty. 

This is justified in the following example: 

2.9     Example : Let  X = ,0,
1

2
 - and d usual metric on X.  

Define 𝑓:  X →  X by 𝑓(𝑥) = 𝑥2 𝑖𝑓 𝑥 ∈ (0,
1

2
-  and 𝑓(0) =

1

2
  and put 𝑔 = 𝑓. 

Then the pair (f, , 𝑔) is a quasi generalized contraction pair. Also both f and  𝑔 are not continuous and 

f and  𝑔 have no fixed points in X. 
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