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ABSTRACT

In this paper we establish common fixed point theorems fortwo self maps on a partially ordered b-
metric-like spaces. Incidentally we obtain results of Nannan Fang [12] as corollaries.
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Introduction and Preliminaries

Many generalizations of metric spaces have been introduced [1-5] and were studied with reference
to fixed point theorem. The concept of b-metric spaces was introduced by Bahtin[6] and was used by
Czersik[7] to study contraction mapping in b-metric spaces. Harandi[8] introduced the notion of
metric like spaces and studied the existence of fixed points in such spaces. Alghamdi[9] introduced
the notion of b-metric like spaces as natural generalization of metric spaces and metric like spaces.
NannanFang [12]obtained common fixed point theorems in ordered b-metric spaces. In this paper
we further investigate the existence of common fixed point for a pair of self maps on a partially
ordered b-metric-like spaces. Incidentally we obtain the results of NannanFang [12]as corollaries.

We begin with some known definitions

Definition(Bahtin[6]): A b-metric on a non empty set X is a function d: X X X — [0, o) such that for
allx,y,z € X and a constant b = 1 the following conditions hold.

i.dx,y) =0 x=y.

i.d(x,y) = d(y, x).

iii.d(x,y) < b(d(x,z) +d(z,y)).

The pair (X, d) is a called b-metric space.

Definition(Harandi [8]): A metric-like on a non empty set X is a function d: X X X — [0, ) such that
forall x,y,z € X the following conditions hold.

i.dx,y)=0=>x=y.

i.d(x,y) = d(y, x).

iii.d(x,y) <d(x,z) +d(z,y).

The pair (X, d) is a called metric-like space.

Definition(Alghamdi [9]):A b-metric-like on a non empty set X is a function d: X X X — [0, ) such
that for all x, y,z € X and a constant b > 1 the following conditions hold.

i.dx,y)=0=>x=y.

i.d(x,y) = d(y, x).

iii.d(x,y) < b(d(x,z) +d(z,y)).
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The pair (X, d) is a called b-metric-like space.

Definition(Alghamdi [9]):Let(X, d) be a b-metric-like space and let {x,,} be a sequence of points of X.
A point x € X is said to be limit of the the sequence {x,,} if lim,_,. d(x, x;,) = d(x,x) and we say
that the sequence {x,,} is convergent to x and it is denoted by x,, > xasn — oo.

Definition(Alghamdi [9]):Let (X, d) be a b-metric-like space.

i.A sequence {x,} is said to be Cauchy iflim,, ,,co d(X;,, X,) exists and is finite.

ii. A b-metric-like space (X, d)is said to be complete if every Cauchy sequence {x,}in X converges to
x € X, so that

lim d(x,,, x,) = d(x,x) = lim d(x,,x)
m,n—co n—oo

Definition (Khan,Swaleh,Sessa[10]):A function ¢:[0,) — [0,0) is called an altering distance
function if the following properties hold.
i. is continuous and non-decreasing.
ip(t)=0t=0.
Definition (Ciric,Abbas,Saadati,Hussain[11]): Let (X,<) be a partially ordered set. Then two
mappings f, g: X = Xare said to be weakly increasing if fx < gfxand gx < fgx Vx € X.
Main result
Before we go to the main result, we introduce the function d®: X2 — [0, %) on a b-metric-like space
(X, d) as follows:

dS(x,y) =12d(x,y) —d(x,x) —d, Y VXY E X (A)
We observe that d*(x,x) = 0Vx € X.
Theorem 1. Let(X, <) be a partially ordered set and (X,d) bea complete b-metric-like space. Let
f,g: X = X be two weakly increasing mappings with respect to <. Suppose
d(x, fx) = d(x,x)and d(x, gx) = d(x,x) Vx € X.Suppose there exists k > 1 such that
Y(kd(fx,gy) S YMpQ,y)) — @M ', (%, 7)) + LP(N(C, Y)) v (1.1)
wheneverx, yare comparable elements of X,

d(x, da(y, '
whereM, (x,y) = max{d(x, ), d(x, fx), d(y, gy), LTy 1, ) =

max{d(x,y), d(x, ), d(y, gy), 2L Nand N (x, y) = min{d® (x, fx), d* (v, fx), d° (x, gy)},
whered?®is defined in (A), L = 0,1 and ¢ are altering distance functions. Let x, € X, define the
sequence{x, } inductively as follows:
X1 = fxg, Xp = gxqand Xp,4q4 = fXon and Xpp40 = gXopy1 forn=0,1,2 ... ...
Then {x,,} is an increasing Cauchy sequences.
Further fand g have a common fixed point, if
(i)f orgis continuous or (ii) (X, <, d) satisfies the following property:
{z,}is an increasing sequences and converges to z = z,, < z for everyn.
Proof.
We first observe that(1) u is fixed point of fif and only if u is a fixed point of g.
M, (x,y) < Mp(x,y) Vx,y €X
Now x; = fxg < gfxo=9x1 =%, =2 x; <Xy
Xp = fx1 Sfgxy = fxy =32 %, < x3
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Thus x; < x5 < x5
Inductively we can show that x,, < x,,forn =123 ... .....
Thus {x,,} is an increasing sequence.
Suppose Xy, = Xyn,41 fOor some n, so that

Xon = fXon

% Xyqis a fixed point of f and hence is a fixed point of g.
Thus x5, is a common fixed point of fandg.
Similarly we can show that
Xons1 = Xapeofor somen
= Xy,,41iS @a common fixed point of f and g.
Hence we may suppose without loss of generality that if x,, # x,,forn =123 ... .....

Now Y (d(Xzn+1, X2ns2) < Y(kd(X2ni1, X2n42))
= lp(kd(fon'gmel))
S YMp (X2, X2n41)) — @M’y (Xo2n X2n41)) + LY (N (X2n, X2041))-+(1.2)
Now

A(X2ng%an+1)+d(Xan+1.fX2n)
Mb(xZn:x2n+1)= max{d(XZn'x2n+1)'d(XZn:fXZn)'d(x2n+1'gx2n+1)' - 2n+14b 2 Zn}

_ d(XonXon42) +d(Xoni1,X2n41)
= max {d(XZn' Xon+1)r A(X2n, Xon41), A(X2n41, X2n42), 2D

Since d(xzn, X2n+2) < bd(Xzn, Xan41) + bd(Xzn41, X2n42)

andd (X241, X2n+1) < bd(Xan41,X20) + bd(Xon, Xon41) = 2bd(Xp 41, X20)

d(XanX2n+2)+d(Xan+1.X2n+1) < 3bd(XanX2n+1)+d(X2n+1.X2n+2)
4b - 4b

we have,

= %d(xZn:x2n+1) + %d(x2n+1'x2n+2)
= max {d(X2n, X2n+1), d(X2n+1, X2n+2)}
Hence My, (xzn, X2n41) = max {d(Xzn, X2n41), (X241, X2n42)}
Similarly M’ (xzn, X2n41) = max {d(Xzn, X2n+1), d(X2n41, X2n+2)}
and
N(x2n, X2n41) = min{d® (X2p, fX20), d° (X2n41, fX2n), ° (X2n, GX2n41)}
= min{d* (X2n, X2n+1), d° (C2n+1, X2n+1), A° (X2n Xon42)}
=0 (v d°(xz2n+1,%2n41) = 0)
YA (Xane1, Xone2) < W(max{d(Xzn, X2n41), d(Xon 41, X2n4+2)})

—@(Mmax{d(X2n, X2n+1) A(X2n4+1) X2n42) 1) ereerrreerremsersesrsssiessesnssssenes (1.3)
If d(xzn, X2n41) < d(X2n41, X2n42), We get from (1.3)
Y(d(Xan41, X2n42)) < ¢(d(X2n+1:x2n+z)) — @ (d(Xz2n+1) X2n42))
= @(d(Xz2n+1,X2n42)) <0

= d(Xzn41,X2n42) = 0
= Xon+1 F Xan42,3 coOntradiction.

Hence d(Xon41, Xons2) < d(Xop, Xonp)forn =123 ... ...
Similarly we can show that d (X2, Xon4+1) < d(Xoq_q1, X2 )forn = 1,23 ... ...
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Thus d(Xp41, Xne2) < d(xp, Xpe1)forn =123 ... ...
o {d(xy, xn41) Jisa strictly decreasing and hence diverges to a limitr = 0
Now from (1.3), we have

Y(d(Xans1, Xone2)) < l/)(d(xZn+1’x2n+2)) — @(d(X2n41) X2n+2))

On lettingn — oo, we get Y (r) < Y(r) — (r)(~ Y, @ are continuous)
= @) =0
=r=0

Thus {d (X, Xy41) dECrEASES 0 ..o s

Claim: {x,,} is a Cauchy sequence.
Case (i): limyy, 00 d (X2, X27,) exists and is finite say /.

SoaAN 3d(xXym, X2n) > %form,n >N

. l
Inparticular,d (X3, X2m+2) > Sform=N

“5< d(Xam, Xzms2) < b.d(Xzm Xams1) + b. d(X2mi1, X2me2)
— 0 as m - oo(~by (1.4))

= 0.

~1=0.

Suppose € > 0.Then AN 3 d(x,, xpeq) < % ifn=N

N |~

.

d(Xan, X2n+1) < % ifn=N
d(Xom, Xon) < % ifmn=>=N
Suppose m,n = 2N.Then
d(xam, X2n+1) < bd(Xam, X2n) + bd(X2n, X2n+1)
b(55+35) = ¢
Similarly d(xXzm+1, X2n41) < bd(Xami1, X2n) + bd(Xop, X2n41)
£ 3

&
<b(5+3) =3¢
~ d(Xame1, X2ne1) > 0asmn -
s~ d(Xgm, xp) > 0asm,n — oo
~ lim d (%, X, )exists and is finite
n—-oo
=~ {x, }is a Cauchy sequence
Case (ii)limy;; 00 d(X24, X2, )dOES NOt exist.
So3e>0and {m}{n;} 3 n; > m; > iand d(XomXon,) = €
This means d(meiXZni—Z) SO RURRTS
From (1.5) and (1.6)
d(Xam;X2n+1) < b d(Xom,Xon,—2) + bd (Xom—2Xom,41)
< bs+ bd(xZni—ZxZni+1)

Md(xzmxzmﬂ) < be

1—00
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Also from (1.5) and (1.6)

d(meixZni+1) <b d(XZmixZni) + bd(xZnivxZni+1)
= bd(xzny Xani+1) + b(b d(XomXan—1) + d(Xan—1, ¥2n,))
< bd(xXany Xani41) + b?d(Xomy Xan—1) + b2d(X2n,-1, X2n,)

< bd(Xzn; Xon+1) + b2d(Xon,—1, %2n,) + b?(bd(Xpm, Xon,—2) + bd(Xan,—2) Xom,—1))
=bd(x2ni,x2ni+1) + b?d(Xpn,—1, Xon,) + b3(bd(x2mi,x2ni_2) +b3d (Xn,—2, X2n-1))
< bd(xzmnxzmﬂ) + bzd(xzm—pxzm) + b3d(Xpn,—2, Xon;—1)) + be
Letting i — oo,
ili_)fgd(xzmxzmﬂ)
< bili_>rcr>10d(x2ni,x2ni+1) + bzl.lirglod(xzm—pxzm) + b3ilir(r>10d(x2ni_2,x2ni_1)) +b3e
ili_)lglod(xzmxzmﬂ) < b3¢
From (1.5)
& < d(X2m,X2n,) < bd(X2m, Xan+1) + bd(X2n,41, X2n,)

& . T
By (1.4); < limj e d(meixZniﬂ) < }Lrglod(meixZni+1) <e¢b
Similarly = < limy o0 d(X2m,—1, X2n,) < Tmd(Xgm,_1%2n,) < b
b — i i 1—00 i i

& < limd(xam,, X2p,) < €b?

1—>00
‘< Ihmd (X, X2n,) < €b?
L—00
Since x,p, and X, -1 are comparable,
P(eb) + ¢ (d(XZni'mei—l)) < (eb) - fP(Mb (xZni'mei—l))

< Eb(Mb (xZni'mei—l)) + L¢N(x2ni,x2mi_1)
On letting i — oo

Y(eb) + ¢ (3) < P(eb) — @(lim;eo d(Xamy—1, X2n,))
<yY(eb)+0

o) =0

&
ar=0
ne=0
This is a contradiction.
=~ {x,, }isa Cauchy sequence in X.
Sodx 3x, >xasn— o

lim d(xp,, x,) = d(x,x) = lim d(x,,x)
m,n—co n—-oo

Inparticular  lim,_ d(x,, Xpe1) = d(x, x)
& d(x,x) = 0 (~ by (14)
i. Suppose f is continuous. Then

lim, o Xope1 = lim fx,, = f(lim xZn) = fx( f is continuous)
n—->oo n—->oo
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-~ xisa fixed point of f and hence is a common fixed point of f and g.
ii. Suppose (ii) holds
Since {x,} is an increasing sequence, it converges say to x.
By (ii) we have x,, < x for every n.
Now Y(kd(xX2n+1,9%)) = P(kd(fx2n, X))
= 1:b(lvlb (xan x)) - @(Mb,(XZn' x)) + Llp(N(xZn'x)
My e ) = a0 20, ), g0, 2200 CC o))

d(xzn:gx)"'d(x:xznﬂ)}
4b

= max {d(xZn' X), d(x, X2n+1), d(x' g.X'),
d(xym,gx)+d(2,X3041) < bd(xyp,x)+b.d(x,gx)+b.d(x,gx)
4b - 4b
=i d(xyn, x) + % d(x, gx) + % d(x, gx)

Since

My, (x5, x) = max{d (xzp, x), d (X, X2p41), d (x, gx)}
Similarly My," (x5, ) = max{d (x5, x), d(x, X341), d(x, gx)}
and N(xzp, x) = min{d®(xzp, fx20), d°(x, fXx20), d° (x20, gX)}
= min{ds(XZn: Xon+1), d° (X, X2pn41), d° (X2p, gx)}
Now
w(d(x2n+1,gx)) <
Y(max{d(xzp, x), d(x, X2041), d(x, g%)}) — @(max{d (xzp, x), d(x, X2n+1), d(x, gx)})
+LY(N (xzp, X))
On letting n — oo, we get
P(d(x, gx)) < pd(x, gx) — ¢(d(x, gx)) + L (0)
~o(d(x,gx)) =0
~d(x,gx) =0
Lgx =X
- xisa fixed point of gand hence is acommon fixed point of fand g.
Theorem 2.Under the hypothesis of theorem 1, no two common fixed points of f andg are
comparable.
Proof: Suppose x and y are common fixed points of fandgand x < y
Thenp(d(fx, gy) <YMy (x,¥)) — oMy’ (x,¥)) + Lp(N (x, ¥))
=yP(d(x,y) — ed(x,y))
»p(d(x,y)) =0
~d(x,y)=0
LX =Y.
~ Any two comparable common fixed points offand g are equal.
Corollary 3. Let(X, <) be a partially ordered set and suppose that there exists a b-metric-like d on X
such that (X,d) is a complete b-metric-like space and let f,g: X — X be two weakly increasing
mappings with respect to <. Suppose f satisfies d(x, fx) = d(x,x) and g satisfies d(x, gx) =
d(x,x),Vx € X. Suppose there exists k = 1 such that
Ykd(fx,gy) <YMy (x,¥)) — @(Mp(x,¥)) + LP(N(X, 1)) ceverrenerriererercrinenns (3.1)
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whereM, (x,y) = max{d(x,y),d(x, fx),d(y, gy), W} and

N(x,y) = min{d*(x, fx),d*(y, fx),d*(x,gy)}, whered®is defined in (A)for all comparable
elements x,y € X,L = 0,y and ¢ are altering distance functions.Then f and g have a common fixed
point.
Proof: Since M'p,(x,y) = My (x,y)
Y(kd(fx, gy) < YpMp(x,¥)) — ¢(Mp(x,¥)) + LP(N(x,y)) =

Y(kd(fx, gy) S Yp(Mp(x,¥)) = @(M'p(x,¥)) + LPp(N(x,y))
Hence the result follows from Theorem 1.
Corollary 4. Let(X, <) be a partially ordered set and suppose that there exists a b-metric-like d on X
such that (X,d) is a complete b-metric-like space and let f,g: X — X be two weakly increasing
mappings with respect to <. Suppose f satisfies d(x, fx) = d(x,x) and g satisfies d(x, gx) =
d(x,x),Vx € X. Suppose there exists k = 1 such that

Y(kd(fx, gy) <YMy (6, y)) — @My (3, 5)) + LP(N (X, ¥)) e (4.1)
whereM,,' (x,y) = max{d(x,y),d(x, fx),d(y, gy), W} and

N(x,y) = min{d®(x, fx),d*(y, fx),d*(x,gy)}, whered®is defined in (A)for all comparable
elements x,y € X,L = 0,y and ¢ are altering distance functions.Then f and g have a common fixed
point.

Proof:

Y(kd(fx, gy) <YMy’ (x,3)) — o(Mp' (x,¥)) + Lp(N(x,y)) =

Y(kd(fx,gy) < p(Mp(x,¥)) — ¢(Mp(x,y)) + LPp(N(x, )
andhence the result follows from Corollary3.

Corollarys5. If in Corollary3,k is replaced by b?, thenf andg have a common fixed point.

Corollary 6.(Nannan Fang[12], Theorem 1): If in Corollary3, kis replaced by b*then f and g have a

common fixed point.
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