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ABSTRACT

In this paper the terms; equivalence relation, left congruence, right congruence, congruence
generated by p, band, semilattice, semilattice congruence and complete are introduced. It is proved
that an equivalence relation p on a po semigroup S is a congruence if and only if for all a, b, ¢, d €S,
a p b and c p d implies (ac)p(bd). It is proved that if p; and p, are two left congruences (resp. right
congruences, congruences) of a po semigroup S, then (p; o p, ) is a left congruence (resp. right

congruence, congruence) of S. Also it is proved that if PrsP2se Prgre eft congruences (resp. right

congruences, congruences) of a po semigroup S, then POP,0---0p, is a left congruence (resp. right
congruence, congruence) of S. It is proved that the intersection of family of
congruences on a po semigroup S is again a congruence on S. Futher it is proved that the union of a
non-empty family of congruences on a po semigroup S is a congruence on S.

KEY WORDS : Equivalence relation, left congruence, right congruence, congruence generated by p,

band, semilattice, semilattice congruence and complete.

1. CONGRUENCES:

DEFINITION 1.1 : A relation p on a po semigroup S is said to be reflexive on S if xpx for all x € S.
DEFINITION 1.2 : A relation p on a po semigroup S is said to be symmetric on S if
x, y € S and xpy implies ypx.

DEFINITION 1.3 : A relation p on a po semigroup S is said to be transitive
onSifx y z€S, xpy, ypz implies xpz.

DEFINITION 1.4 : A relation p on a po semigroup S is said to be an equivalence relation on S if (i) xpx
forallx €S, (ii) x, y € S, xpy implies ypx (iii) x, y, z € S, xpy, ypz implies xpz.

NOTE 1.5 : Let S be a po semigroup. A relation p on S is an equivalence relation on S iff p is (i)
reflexive (ii) symmetric and (iii) transitive.

DEFINITION 1.6 : Let S be a po semigroup. An equivalence relation p on S is said to be a left
congruence, ifa, b, c€ S, a p b implies (ca)p(ch).

DEFINITION 1.8 : Let S be a po semigroup. An equivalence relation p on S is said to be a right
congruence, if a, b, c €S, ap b implies (ac)p(bc).

DEFINITION 1.10 : Let S be a po semigroup. An equivalence relation p on S is said to be a
congruence, ifa, b, c€ S, a p bimplies (ca)p(cb) and (ac)p(bc).

NOTE 1.12 : An equivalence relation p on a po semigroup S is a congruence iff it is both a left
congruence and a right congruence on S.
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THEOREM 1.13 : An equivalence relation p on a po semigroup S is a congruence if and only if a, b,
c,d€S,ap bandcp dimpliesacp bd.

Proof : Let p be an equivalence relation on a po semigroup S.

Suppose that p is a congruenceon S. Let a,b,c,d€S,apbandcpd

a,b,c€S,apbandpis right congruence = (ac)p(bc).

b,c,d €S, cpdand pis left congruence = (bc)p(bd).

Now (ac) p (bc), (bc) p (bd), p is transitive = (ac)p(bd).

Conversely suppose that p is an equivalence relation on a po semigroup S such that
a,b,c,d€S,apbandcpd= (ac)p(bd).

Now cpc,ap b= (ca)p(cb) = p is a left congruence.

apb,cpc=(ac)p(bc) = pis a right congruence and hence p is a congruence.

NOTATION 1.14 : Let p be a congruence relation on a po semigroup S. We denote the set {b € S/
apb} by a, and is called p-class containing a. The set of all p-classes is denoted by S/p.

THEOREM 1.15 : If S is a po semigroup and p is a congruence on S then S/p is a semigroup with
respect to the operation defined by a,b, = (ab), foralla,, b, €S/p .

Proof: If a, b, € S/p, then we define the multiplication on S/p,

given by (a,)(b,) = (ab), forall a, b € S.

This is well defined, since foralla, b, c,d €S, a,=b, and ¢, = d, = apb, cpd

= (ac)p(bc), (bc)p(bd)

= (ac)p(bd) = (ac), = (bd),.

Let (a),, (b),, (c), € S/p.

Then [(a),(b),](c), = (ab),(c), = [(ab)c], = [a(bc)], = (a),(bc), = (a),[(b)s(c),]. Therefore S/pis a
semigroup.

DEFINITION 1.16 : Let p be a congruence relation on a po semigroup S. Then the semigroup S/p of all
p-classes with respect to the operation defined as (a,)(b,) = (ab), for all a, b € S is called the quotient
semigroup of S relative to the congruence p.

NOTE 1.17 : If S is a po semigroup and p is a congruence on S, then the quotient semigroup S/p is not
a po semigroup w. r. t the relation < on S/p defined by means of the order < on S, that is, (a), <(b),
& there exist x € (a), and y € (b), such that x < y. But the relation is not a partial order, in general.
We show it in the following example.

EXAMPLE 1.18 : We consider the po semigroup S ={a, b, c, d, e} defined by the multiplication and the
order < below:

al a| blc|d |e Llal|l b c|ld]e
alalelc|d |le ala lelc |d |e
blalelc|d |e bla |blc |d |e
clalelc|d |e cla |lelc |d |e
dlalelc|d |e dla |e|lc |d |e
elalelc|d |e ela lelc |d le
and<={(a, a), (a, d), (b, b), (¢, ¢), (c, e), (d, d), (e, e) }.
Forx, y,z €S, we have
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(xy)a =a=x(ya), (xy)c=c=x(yc)

(xy)d =d=x(yd), (xy)e=e=x(ye)

(xy)b = e = x(yb),
(xy)b=e=x(yb) ifyzb
(xb)b =e=x(bb) ifx#b
(bb)b = e = b(bb), (bb)b =b = b(bb).
Then S is a semigroup. Since xa < xd, ax = dx, xc < xe, cx = ex for all x €S, S is a po semigroup.

Let p be the congruence on S defined as follows:
» ={(a,a),(b,b),(c, c),(d,d), (e e)lace),lea),lcd),ldc)
Let < be an order on S/ defined by means of the order < on S, that s,
(@), <(b), © there exist x € (a),and y € (b),such that x<y.

We have a, = {a, e}, b, = {b} and ¢, = {c, d}. Also we have a, < ¢, and ¢, < a,
buta, #c,. Thus < is not an order relationon S/p .
THEOREM 1.19 : Let S be a po semigroup. If p; and p, are two left
congruences of S, then (p;, 0 p,) is a left congruence on S.
Proof : Let p;and p, be two left congruences on S.
Clearly (p; 0 p;) is an equivalence relation on S.
Leta, bESands €S, a(p, 0 p,)b.
Since a(p, o0 p,)b there exists c € S such that a p.c and c p, b.
Since p,, p; are left congruences on S, it follows that (sa)p;(sc) and (sc)p,(sb)
This implies that (sa)(p.0p,)(sb) and hence (p,0p, ) is a left congruence on S.
From theorem 1.19, it can be easily prove the following result by induction:

COROLLARY 1.20 : Let S be a po semigroup. If PriP2se Pngre left congruences on S, then

PLOP0--- Py is a left congruence on S.

THEOREM 1.21 : Let S be a po semigroup. If p, and p, are two right

congruences on S, then (p;o0p,) is a right congruence on S.

Proof : Let p;and p, be two right congruences on S.

Suppose a(p, o0 p,)b holds for a, b €S.

Then there exists c € S such that a pic and ¢ p, b hold.

Since p.,p, are right congruences on S, it follows that (as)pi;(cs) and (cs)pa(bs)
for all s € S. This implies that (as)(p,0p,)(bs) hold for all s € S and hence (p,0p, ) is a right congruence
onS.

From theorem 1.21, the following corollary can be proved easily by induction:

COROLLARY 1.22 : Let S be a po semigroup. If Prr P2 Prgre right congruences on S, then

PLOP0--- Py is a right congruence on S.

THEOREM 1.23 :Let S be a po semigroup. If p, and p, are two congruences on S, then (p,o0p,) is a
congruence of S.

Proof : By theorem 1.19, (p;0p;) is a left congruence on S.

By theorem 1.21, (p,0p; ) is a right congruence on S and
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hence (p;0p,) is a congruence on S.
From theorem 1.23, the following result can be proved easily by induction:

COROLLARY 1.24: Let S be a po semigroup. If Pri Pz Prgre congruences on S, then

P00 Py is a congruence of S.
THEOREM 1.25 : The intersection of any family of congruences on a po semigroup S is again a
congruence on S.

Proof : Let {p, lieA} be a family of congruences onS.
N p
Let Y = leA | Clearly W is an equivalence relation on S.
Let a,b,c, dE€S.
Suppose thata ¢ b, c Y d.
N p; N o
icA icA Piy L Pi
apb,cPpd=>alc b, cl€ d=>a 'b,c !dforall
0 0 . N A
=ac ! bdforall | = acl€A  pd=acy bd.
Hence the intersection of any family of congruences on a po semigroup S is again a congruence on S.
THEOREM 1.26 : The union of any family of congruences on a po semigroup S is a congruence on S.

Proof : Let o lieA} be a family of congruences on S.
U s .
Let Y = i€A  where ' lisa congruence on po semigroup S.
Let a, b, c €S. Suppose that a Y b.
U A _ P
abb=>al€A  p=g 1 pforsome lons
pi P Y A
=a ! bforsome ! onSandp;isacongruence on S= ca p;ch = ca €A cb
= ca  cb = Y is a left congruence on S
pi Py Y A
Nowa ! bforsome ! ons, p;is a congruence on S= ac p; bc = ac IEA  pc
= ac P bc = Y is right congruence on S.
So, W is a congruence on the po semigroup S. Therefore the union of a non-empty family of
congruences on a po semigroup S is a congruence on S.
NOTE 1.27 : The set of all congruences on a po semigroup S is denoted by C(S).
DEFINITION 1.28 : The intersection of all congruences on a po semigroup S containing a binary
relation p on S is called the congruence generated by p .
DEFINITION 1.29 : A po semigroup S is said to be a band if every element of S is a idempotent.
DEFINITION 1.30 : A po semigroup S is said to be a semilattice if S is a commutative band.
DEFINITION 1.31 : A congruence p on a po semigroup S is said to be semilattice congruence if a, b €
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S= aapaandabp ba.

DEFINITION 1.32 : A semilattice congruence p on a po semigroup S is said to be complete if for any g,
b €S, a<bimpliesap ab.

NOTE 1.33 : A semilattice congruence p on a po semigroup S is complete iff a, b € S,
a < b implies ap(ab).
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