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ABSTRACT
In this paper, the conditions, which guarantee the occurring of local
bifurcations such as (saddle node, transcritical and pitchfork) of all
equilibrium points of eco-epidemiological model consisting of the prey-
predator model with ( SI and SIS ) epidemic diseases in prey population only,
are established, it’s observed that there is transcritical bifurcation near
vanishing equilibrium point and predator free equilibrium point while there
is a saddle—node bifurcation near coexistence equilibrium point, on the other
hand there is no pitchfork bifurcation near all of the equilibrium points.
Further investigations for the Hopf bifurcation near coexistence equilibrium
point are carried out. Finally, numerical simulations are used to illustration
the occurrence of local bifurcation of this model.
Keywords: Eco-Epidemiological model, local bifurcation, Sotomayor’s
theorem, Hopf bifurcation
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1. INTRODUCTION
Most dynamical system contains parameters in addition to variables. A general system of

ordinary differential equation could therefore be written as: x = f( x ; a ), where a is a set of

parameters on which the equation, and thus their solutions, depend. finding the solution of a set of

differential equations at different parameter values, gives qualitatively. However, in some models,

there is a set of parameter values which are close to each other but where the behavior of the

model is in some way qualitatively different for one set or the other. For instance, a stable

equilibrium point might have become unstable. We then say that system has a bifurcation.

In the other word, bifurcation occurs when a small smooth change made to the parameter

value (the bifurcation parameter) of the system causes a sudden "qualitative" or topological change

in its behavior. Generally, at a bifurcation, the local stability properties of equilibrium, periodic orbits

or other invariant sets change [1]. The name "bifurcation" was first introduced by Henri Poincaré in
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1885 in the first paper in mathematics showing such a behavior [2]. Moreover the bifurcation occurs
in both continuous systems (described by ordinary differential equations) [3, 4, 5] and discrete
systems (described by maps) [6, 7, 8, 9]. The bifurcation is divided into two principal classes: local
bifurcations and global bifurcations. Local bifurcations, which can be analyzed entirely through
changes in the local stability properties of equilibrium, periodic orbit [10]. While global bifurcations
occur when larger periodic orbits, collide with equilibrium. This causes changes in the topology of
the trajectories in phase space which cannot be confined to a small neighborhood, as is the case
with local bifurcations [11].

The Hopf bifurcation is a local bifurcation in which equilibrium point of a dynamical system
loses stability as a pair of complex conjugate eigenvalues of the linearization around the equilibrium
point cross the imaginary axis of complex plane, this type is also known as a Poincare Andronov Hopf
bifurcation.

In this paper, an application of Sotomayor’s theorem [10,12] for local bifurcation is used to
study the occurrence of local bifurcation near the equilibria, furthermore Hopf bifurcation near
positive equilibrium point conditions are established of a mathematical model proposed by M. A.
Azhar and Sh. I. Inaam [13].

2. mathematical model [13]
An eco-epidemiological mathematical model consisting of prey-predator model involving SI, SIS
infectious disease in prey population, is proposed and formulation in [13] as in the following:

ds S+1,
d_T:TS<1_ K )—(.8111+ a;)S — (B2l + az)S+ o1 I,

dl,

ar - Bily + a)S —¢ LY —di Iy ey

dI,
ar - (B2l + az)S —c; LY —dy I, —oy I

dy
d_T = elcl Ily + 62C2 Izy - d3 Y

Where 0 < e; <1, 0 < e, <1 represent the conversion rate constants. This model consists of a prey,
whose total population density at time T is denoted by N (T), interacting with predator whose total
population density at time T is denoted by Y(T). Note that there are two different epidemic diseases
(SI, SIS), divides the prey population in to three classes namely S(T) that represents the density of
susceptible prey, /1(T) which represents the density of infected prey by first disease and /,(T) which
represents the density of infected prey by second disease. Therefore, at any time T, we have N(T) =
S(T) +11(T) + I(T).All the parameters of the model are moreover assumed to be positive and
described as given in [13]

Now, for further simplification of the system (1), the following dimensionless variables are
used in [13].
L aY

. .k
Jll_K :lZZE:yZT

t=rT,s=

x|«

As well as system (1) are written in the following dimensionless form:
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ds . . ) .
%=s(1—s—(1+a3)12—alll—(az+a4))+a5lz=f1(s,11,12,y)
di; | .
E:11(a15—y—a6)+a25:f2(5:11:12:}’) 2)
di, o
E=12(a3s—a7y—(a5+a8))+a4s=f3(s,11,12,y)
dy . . o
E=y(a911+a1012—a11)=f4(s,11,12,y)
Where:
1 =, 03 G =7, G5 =7, A6 = 7,
Cy d, e K e, K d;
a :—’a :—’a :—'a :—’a —_— —
e - 10 " 11

with s(0) =0,i;(0) =0, i,(0) =20 and y(0) =0 and it is observed that the number of
parameters have been reduced from fourteen in the system (1) to eleven in the system (2).
Obviously that all the interaction functions f;, f,, f; and f; on the right hand side of system (2) are
continuous and have continuous partial derivatives on R% with respect to dependent variables s, i;
, 1, and y. Therefore these functions are Lipschitzian and hence system (2) has a unique solution for
each non-negative initial condition. Further the boundedness of the system is proved in [13] by
theorem(1).
3. Existence and stability analysis of system (2)

It is observed that, system (2) has at most three biologically feasible equilibrium points, namely
E,=(0,0,0,0), E; =(5,i;,i3,0) and E, = (s*,i; iy ,y' ) which are mentioned with their
existence conditions in [13] as in the following:

1) The vanishing equilibrium point E; = (0,0,0,0) always exist and it is a locally
asymptotically stable if the following condition holds:

a, >1 (3)
2) The predator free equilibrium point E; = (§,i;,i3,0) exists uniquely in the Int.R3 of

si i, — space if the following conditions hold:

_ G4G8
a, <1 aotag (4)
as
a, <1+ a_s (5)
_ . [as as+ag
§< mln{ PR } (6)

And it is a locally asymptotically stable if the following conditions hold:

Qg i1 + aqpl; < agy (7)
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25+ (A +az)i+aqy+(ay+ay)>1 (8)
— as
1+a3 (9)
3) The coexistence equilibrium point E, = (s*,i},i3,y*) exists uniquely in Int.R%, if the

following conditions hold:

a
% 11
< =

i <2 (10)
s*> as;r_sas (1)
(52)>0.(52)>0 or (32)<0,(32) <0. (12)
(52) > 0.(52) < 0 or (52)>0.(52) <o )

Accordingly, in addition to the conditions (10 — 13) hold the isoclines L,(s,i;) = 0 intersect the s-
axis at the positive value namely s; , for more details see [13].

And it is a locally asymptotically stable if the following conditions hold:
2s* + (1 +a3)i," +aqi;" + (ay +a,) > 1 (14)

as <s < (311'3911*)(3637'(354'38))

1+as (an-agil*)(a1a7-a3)+a4a10 (15)

—Ha4ly > pho + Uzpig > 0 (16)

y <=5 (17)
4, The local bifurcation analysis of system (2)

In this section, the effect of varying the parameter values on the dynamical behavior of the system
(2) around each equilibrium points is studied. Recall that the existence of non hyperbolic equilibrium
point of system (2) is the necessary but not sufficient condition for bifurcation to occur. Therefore, in
the following theorems an application to the Sotomayor’s theorem is appropriate.

Now, according to Jacobian matrix J of system (2) given in [13], it is clear to verify that for any
non zerovector A = (Aq, Ay, A3, Ag)T we have:
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[-2a;(A; + 258, + (1 +a3)a3)]
2 Ay ( alAl-A4)
[ 2 A3 ( a3A1-a7A4) J

2 84 (agay +ag9n3)

D2F(X, (A, A) = (18)

and D3F(X,1)(A,A,A)=(0,0,0,0)T .

Where X = (s,i;,i,,y)T and u is any bifurcation parameter. So, according to Sotomayor’s theorem
the pitchfork bifurcation does not occur for each point E;,i = 0,1 ,2.

4.1 Local bifurcation analysis near E
Theorem 1: Assume that condition (5) is satisfied. Then system (2) at the equilibrium point E, =

(0,0,0,0) with the parameterd, =1 — 2498 has
as+ag

e no saddle —node bifurcation.

e transcritical bifurcation.
Proof: According to the Jacobian matrix J, given in [13], system (2) at the equilibrium
point E, has zero eigenvalue (say Aps = 0) at a, = d,, itis clear that @, > 0 provided that the
condition (5) holds, and the Jacobian matrix J, with a, = d@, becomes:

a,0as
- as 0
as + ag
. ~ a —a 0 0
Jo =Jo(@y) = 2 6
ay 0 —(as + ag) 0
l o 0 0 —ay,

T
Now, let Al0) = (AEO] ,A[ZO] ,Ago] ,AA[LO]) be the eigenvector corresponding to the eigenvalue Ayg =
0. Thus (J, — A9sDA®) = 0, which gives:
a2 o]

0 0
A[z]:_A1' Ag]:
Qg as + ag

T
and AQ"] is any nonzero real number. Let U0l = (UEO],UQO],UQO],UEP]) be the eigenvector

associated with the eigenvalue 1os =0 of the matrix J§ . Then we have, (J§ — 1,s1)U] =

as

T
0. By solving this equation for 0% we obtain, U] = (U[lo] ,0 Ugo] ,0) , Where Ugo] is any

"as+ag

nonzero real number. Now, consider:

of _
5 = fau X a2) =

0fy 0fz 0f3 0fa

T
71 2J3 JAY _ T
aaz'aaz'aaz'aaz) (=s,5,0,0)7.

S0, fu, (Eo @) = (0,0,0,0)7 and hence (U1 £, (Eo,@,) = 0 .
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Thus, according to Sotomayor’s theorem for local bifurcation, the saddle-node bifurcation condition
can’t occur. While the first condition of transcritical bifurcation is satisfied. Now, since

-1

o O

[e)
|

Dfaz(X, aZ) =

o o o o

0
0
0
0

oS O

[
|
l[
where Dfy (X,a;) represents the derivative of f, (X,a,) with respect to X = (s,iy,ipy)T
.Further ,it is observed that

—1 0 0 0] Al 7 [-alh
1 0 0 of 2,0 AL
Dfa,(Eo, @)A1 = % =
0 0 0 of % o 0
as + ag
o o ool 0

a T
(O [Dfe, (Bo , @)AL)] = (UEO] ,0,—>— v ,0) (=a,417,0,0) = —afM0l 2 0
as + ag

Moreover, by substituting A% in (18) we get:

[, (A[o])2 (1 + a,d, + 1+ a3)a4)'
1 ag as + ag
aias ¢ [o1\?
2_
sz(EO , dZ)(A[O] ’A[O]) = Qg (Al )
azas [o]\?
as + ag (Al )
0

Hence, it is obtain that:

T - 2 ale a4,(a5 + ag(l + a3))
Ol [D2f(E, , a,) (AL, AlP))] = —2 (al01) " 15l (1 + 24 ) 0
(0" (D27 (B a) (A1), )] = 2 (A7) 0T (142222 4 Sl TS0 0
Thus, according to Sotomayor’s theorem system (2) has transcritical bifurcation at E, with the
parameter a, = d, H

4.2 Local bifurcation analysis near E4
Theorem 2: Assume that conditions (6), (8) and (9) with the following conditions are satisfied:

h1<min{i i iﬂ} (19)

ag 'as+ag ‘a5 ' ass

(1 + a3)shy Z—jz > (asshy — a) (20)

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA 6
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14 u a-l,
1 aghy — 1] (—a1§h1 Ys3 | 8782 14 5, — 1])
Uz2 Ug3 l

Ui3

— = [as + aghy — a7] <(1 +as)Shy 22 + [aShy — a7]> > §2p2 L2 (21)

Where: hy = =B
92

L = =2 S
With: g4 = a,Uq U535 + aza,u,3U5;

_ = 22 =2 S S

g2 = Uy1U5,U33 + Aa614,U33 + ag(as + ag)iy3is;

Then system (2) at the equilibrium point E; = (§,1; , 13,0 ) with the parameter a;; = aq i1 + a4piz
has:

e No saddle-node bifurcation.

e Transcritical bifurcation.
Proof: According to the Jacobian matrix J; = [ui]- ]4X4given in [13], system (2) at the equilibrium
point E; has zero eigenvalue (say A4, =0) at a;; =a;; and the Jacobian matrix J; with
a;, = a1 becomes:

]_1 = J1(@,) = [ﬁijh><4

where U;; = u;; forall i,j =1,2,3,4 except Uy = 0.

T
Now, let Al = (Agl] ,Agl] ,Agl] ,AE]) be the eigenvector corresponding to the eigenvalue /11y =

0. Thus (J; — A, 1)Alt = 0, gives:

Al [1]

=shall, Al = [1]

laghy — 1]1\51] , A[31] = [(as + ag)hy — az]a,

2 i
Uzz Us3

and AE] is any nonzero real number. It is clear that Agl] not equal to zero provided that condition

(6),(8) and (9) hold, while A[Zl] and Agl] not equal to zero provided that condition (19) holds in
addition to condition (6), (8) and (9).

T
Let U = (Ugl] ,Ugl] ,UE] ,UE]) be the eigenvector associated with the  eigenvalue 4,y =

0 of the matrix JT.

Then we have, (7 — A;,1)Ult = 0. By solving this equation for U!*! we obtain,

7 = T
ot = (—?Ugﬂ ,—%UE] ,Ugl] ,UE]) , where Ugl], U[Ll] are any nonzero real number. Now,
13 1

consider:
of
EP = fan(X;an) = (

11

0fi 0fz 0f; 0fy

da,, 0ay, day, 0aqq

T
) = (0,0,0,—)" .

S0, fa,,(E1,@11) = (0,0,0,0)" and hence (U[l])Tfan(El,dll) =0.

Thus, according to the Sotomayor’s theorem for local bifurcation the saddle-node bifurcation
condition can’t occur. While the first condition of transcritical bifurcation is satisfied. Now, since

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA 7
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(e)

Dfa11 (X ’ all) =

(@)

[0 0

I 0

I

[ 0
0 0

represents derivative of

where  Df, (X, a41) the

(s, iy iz, ¥)T .Further it is observed that

0 0 0 01 Shing, 0
i
000 0 —u—l[a6h1—1] Al 0
Dfa11(E1 'all)A[l] = o 22 =
0.0 0 0|-=2[(as +aghhy —azla’| | O
U3z )
o 0 0 -1 ALl —alM]
T —
(M) [Df,,, By, a;)AM] = —alMolt 2 0
Moreover, by substituting Allin (18) we get:
D2f(Ey, @) (AT, AM)
[1] ( a iy (1+ a3tz )
—25h Shy ———l|aghy — 1] ————[(as + ag)h; — a
 (a1)’ un[el | = s + ey — 7]
—2— lagh, — 1] ( ) (a;Shy — 1)

Uz2

iy
—2—/[(as + ag)hy —
U3z

2
az] (AELl]) (azshy —ay)

0

0

0
-1

P

|

fa,, (X ,as1) with respect to X =

(1]

[1] Qgly )
-2 h{—1 hy —
(A4 ) (uzz laghy — 1] + Tas [(a5 + ag)h, — ay]
Hence, it is obtain that:
() [D2f(Ey , ayp) (A, ALT)]
[11)? (! _ U3z | arl, _ )
2( ) (U [u [agh, 1]( a,Sh, — i, T —=[a,;5hy — 1]

U33
Aglq

(1]
. [u

[(a5 + ag
U3z

laghy — 1] +

22

i u
= [(as + ag)h; — ay] ((1 + a3)shy ﬁ_jz + [azShy — ay ) §%h§ ulg]

Yhy — aﬂ])

So, according to conditions (19), (20) and (21) we obtain that:

(0 [D2f(E, @) (A, Al = 0

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA
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Thus, according to Sotomayor’s theorem of local bifurcation system (2) has transcritical bifurcation
at E; with the parameter a;; = @y,

4.3 Local bifurcation analysis near E,
Theorem 3: Assume that conditions (1) and (15) with the following conditions are satisfied:

asa aoy”
s* > max{ ket | Lao¥ } (22)
ag(1+az)—-aiaio’ aia;

% < a1 < a9(1+a3) (23)

az aio
(aia7-a3)ijiz+azazi;

a, < (24)

%
l

-k " * 1
Jey <(1 +ag)ly + TR 4 a3> # kiky (ky = 250) 4 230 - 25| (224 2)  (25)

o . *
9 12 QAgly ly

& &
Where: k; == and k, ==
&2 &4

. _ * * _ *
with & = aj021; — AoZ13, & = GgZ1y
_ Sk % Pk % T
€3 = A7lpZ31 — 1231, &4 = U211

Then system (2) at the equilibrium point E, = (s*,ij,i;,y") with the parameter af =
Z24(A10212213— Ao llg) +234(221 (A9Z13—A10212)—211(A7Z12+a10Y ")) has:

a10234Z11

e No transcritical bifurcation.

e Saddle —node bifurcation.
Proof: The characteristic equation of Jacobian matrix J, given by (4.6) in [13] having zero eigenvalue
(say A, =0) if and only if D, =0 and then E, becomes a non-hyperbolic equilibrium point.
Clearly the Jacobian matrix of system (2) at the equilibrium point E, with parameter ag = ag
becomes:

i =@ = 2],

where z;; = z;; for all i,j =1,23,4 except z;; =a;s*—y" —ag. Note that, ag > 0 provided
that the conditions (22) and (23) hold in addition to conditions (14) and (15) .

T
Now, let Al2] = (Agz] ,Agz] ,Agz] ,AEE]) be the eigenvector corresponding to the eigenvalue 41, = 0.

Thus (J3 — ,DA2! = 0, gives:

AEZ] = klAgz]

)

2 a 2 2 1
Al = o)) T
a712

(Z§1k1 - af—s) AE]
2
and Agz] is any nonzero real number. It is clear that AEZ] and Ag_z] not equal to zero provided that

conditions and (22) and (23) hold in addition to condition (14).
T
Let U2 = (UEZ] ,ng] ,U[32] ,UEE]) be the eigenvector associated with the  eigenvalue A4, =

0 of the matrix ];T. Then we have, (];T —/121)0[2] = (0. By solving this equation
for W2! we obtain:

T
ai; 1 [ays”
o2l = <k2052],— . 20?,05”,—( > —z;3k2>052]>

i_* -

1 Aroy* \ iz
and 0[31] is any nonzero real number. It is clear that ng] not equal to zero provided that
conditions (24) and (25) hold in addition to condition (14), Now, consider:

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA S
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) af, of, of; afy\"
f :fas(X’a6)=( fl, fz, f3, f4)
dag dag 0dag dag Oag

=(0,-i;,0,0)7 .

S0, fas(E2,ag) = (0,—i7,0,0)"

and hence (U[Z])TfaG(EZ,aZ) = a7i§ng] # 0.

Thus, according to the Sotomayor’s theorem for local bifurcation the transcritical bifurcation
condition can’t occur. While the first condition of saddle-node bifurcation is satisfied.

Moreover, by substituting ARlin (18) we get:

2 aia
—2k, (A[32]) <k1 - 161910 +(1+ a3))

a 2 1 a,s”
_Zﬂ(Agz]) akq —_-*<Z§1k1 —A-L_>
D%f(E,,ag) (A, Al2]) = Qo azi; i

2 1/, AyS”
Z(A[32]) (a3k1 _i_*<231k1 - l* >

2
0

Hence, it is obtain that:

(O (025, i) (4, )] = 208 (o)’ ((1 +ag)ky + T )

ol]
aa a,s*| [ a 1
Kyl ey =2 )—[ ks = ]( 1.°*+:)
ag %) Aol Ly

So, according to conditions (22), (23)(24) and (25) we obtain that:
(01) [D2f (B, , ag) (A2, A121)] = 0
Thus, according to Sotomayor’s theorem system (2) has saddle-node bifurcation at E, with the

— *
parameter ag = ag

5 The Hopf bifurcation analysis of system (2)

In this section, the occurrence of a Hopf bifurcation near the positive equilibrium point E, of
system (2) is investigated, therefore an application to the hopf bifurcation theorem [14] for local
bifurcation is appropriate as shown in the following theorem.

5.1 Hopf bifurcation analysis near E,:
To discuss the occurrence of Hopf bifurcation , first we need to know that the Hopf bifurcation for
n =4 are constructed according to the Haque and Venturino methods [14]. Consider the
characteristic equation given by:

P(t) =1t*+ D13+ D12+ D31+ D, =0

here D; = —tr(J(x*)), Dy, =M;(J(x*)), D3=-M,(J(x*)) and D, =det(J(x*)) with
Ml(](x*)) and Mz(](x*)) represent the sum of the principal minors of order two and three of
J(x™) respectively.

Clearly, the first condition of Hopf bifurcation holds if and only if:

D;>0;i=13 ,A,=D;D,— D3>0, D3—4A,>0,A,=D3(D;D, — D3) —D?D, =0

D3(D1D2—D - .
Consequently, D, = % So, the characteristic equation becomes:
1

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA 10
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— (.23 D3\(. 2 A _
P,(7) = (‘L’ + Dl) (‘L’ + DT+ D1) =0 (26)
Clearly, the roots of equation (26) are:

_ D, 1 Y
T1‘2:+l D_'T3’4:E —D1+ D1_4_
1

Now, to verify the transversality condition of Hopf bifurcation, we substitute 7(p) =g, (1) +
ic,(u) into equation (26), and then calculating its derivative with respect to\ the bifurcation

parameter u, PJ_(‘L’(/J)) = 0 comparing the two sides of this equation and then e« |uating their real
and imaginary parts, we have:

() g (W) — W) (W) + (1) =0 >
(27)
D) ¢y (W) + P ¢y (W) +T(w) =0
Where
P =4 (6,(W)* + 3D () (s, (W)* + D3 (1) + 2D, (W)s, () )
=12 ¢, (1) 3 (W) — 3D1 (1) (g, (1))?
() = 12 (6, (10)26, () + 603 (1) 5, (W) 6, (0) +2 Do (), () — 4 (5, () (28)

0(w) = (¢, (m)*D1 (1) + D3(w) ¢, (W) + D3 (1) (g, (1)? + Da(w)
=3 D7) ¢, (s, (1))* = D (W) (s, (1))?

T(W) = 3 (¢, (1)) ?c,(w)D1 (1) + D3 (), (1) + 2D (1) 6, (1) 6, (1)
— D1 (s, (w))?

Solving the linear system (27) by using Cramer's rule for the unknowns ¢’ (1) and ¢, (1) , gives that:
_OWFW+TWIW ) = “TW¥PW + W\
@+ @)z @) + @)

g (W) =

Hence the second necessary and sufficient condition which is called (transversality condition) of
Hopf bifurcation

%Re(r) |u=ﬁ =¢ (W |u=ii is not equal to zero if and only if:

0P +T(WdW) #0 (29)
Moreover, according to the above results, the occurrence of Hopf bifurcation near the positive
equilibrium point E, is established as it shows in the following theorem.

Theorem (4): Assume that conditions (10),(14),(15),(17),(23) and (24) with the following
conditions are satisfied:

a, < — 2811~ a9i)zs1 (30)
4 A9Z11
D3

Proof: Consider the characteristic equation of system (2) at E, which is given by (4.6) in [13], now to
verify the necessary and sufficient conditions for Hopf bifurcation to occur we need to find a
parameter say (a:) satisfy that:

AZHAR ABBAS MAIEED, INAAM IBRAHIM SHAWKA 11
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Di(a¥) >0;i=1;3, A(al) >0, D3(ai) —4A,(at) > 0 and A,(az) = 0.

Where D;; i = 1,3 represent the coefficients of characteristic Straightforward computation gives
that: Dj(az) >0; i=1,3 and A;(a:) > 0 provided that conditions (14) and (15) hold, While
D3(a%) — 4A;(at) > 0 provided that condition (31) holds.
On the other hand, it is observed that A,= 0 gives:

a:R,+asR,+ Rz =0 (32)
Where
Ry = 23,2511
R, =—(1+az)s"Ry— n,
R;=(1+az)s"n, +n,

with
N, = 231(Z22[(1 + a3)s z31 4 — Z33pa D1 — Zogus + palty — Zzzpa] — Halpa e + popts — Z33p7])
+ 24,Df (231224 — 221234)
N, = (Z33u1D1 + Z2u3) (Ui lta + Utz — Z33h7) — iy (Mo i3 — Z3347)
+ z33pta (U1 (14 + 207) + popts) + 234DF (212231243 + 211233242)

it is easy to verify that, the equation (32) has a unique positive root

.1
at = 2R1( R, + /R2—4R1R3)

provided that conditions (23), (24) and (30) are hold, in addition to conditions (10), (14), (15)
and (17).
Now, at ag = az the characteristic equation given by equation (4.6) in [13] can be written as:

A

( %+—)(/1%+ Dlﬂz+D—1)=0 :
1

= +i

/ and /1234_—(—011 /03—4%11).

Clearly, at as = a: there are two pure imaginary eigenvalues ( 1,1 and 4, , ) and two eigenvalues

which has four roots 4, 4,

which are real and negative. Now for all values of asin the neighborhood of aZ, the roots in
general of the following form:

. . 1 2 Al
Aa1=¢ tic, , Az, =¢ — g, '/123,4=E —D; + |Df _4D_1

Clearly, Re (/12 1,2(615)) ‘a5=a§ = ¢, (a5) = 0 that means the first condition of the necessary and

sufficient conditions for Hopf bifurcation is satisfied at ag = az. Now, according to verify the
transversality condition we must prove that:

0(at) P(at) + T(as) ®(at) #0 ,

D3

where ©,%, T and @ are given in (28). Note that for as = a5 we have ¢, =0andg, = =,
1

substituting into (28) gives the following simplifications:
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¥(a5) = -2 Ds(a3) ,
c,(az)
D

1

P (a 5)—2

(D:D; —2D3) ,
Y 1% D3 I
0(as) = Dy(as) — _D D;(as) ,

1

_ Ds
Fad) = o, (a2) (Dg(ap _ D—lD{(a§)> |

where

D; = 321 |a5=a§ =0,

D, = ZZZ |a5:a; =—12Z31 ,
D; = 223 | = 222731

dD |

4

!

== =qf = Z31 U3 — Z21234 242
4 da5 as=asg 3143 3

Then substituting into (29) we get that:

ey * 7 * 'l * N * Z22
0(a5) P(az) + I'(ag) P(a5) = 2 (242 Di[—231Z34 + 231234 |- 231 — D [D3 — (4, — Ds)]) #0
1 D,

provided that conditions (23),(24) and (31) are hold. So, we obtain that the Hopf bifurcation
occurs around the equilibrium point E, at the parameter a5 = ai and the proof is complete.

6 Numerical Simulation of system (2) [13]

In this section, the dynamical behavior of system (2 ) is studied numerically for different sets
of parameters and different sets of initial points. It is observed that, for the following set of
hypothetical parameters that satisfies stability conditions of the positive equilibrium point, system
(2) has a globally asymptotically stable positive equilibrium point as shown in Fig. (1) .

a;=05,a,=03 ,a3=03 ,a,=03,a3 =02 ,a4 =0.3, (33)
a7 = 05 ,ag = O.Z,ag = 0.5,a10 = 0.4‘,a11 = 02

s started at 1.1 i1 started at 0.4
s started at 0.5 [] 07 i1 started at 0.6 ||

started at 0.4 i1 started at 0.8
s started at 0.8 [] i1 started at 0.5

o o
®

o
> S
Infected prey-1 population
o
2

Susceptible prey population

o
o

o
=

o
@

0.2 -

: n T T 0 : : : : : L : : :
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time Time
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©

@

0.5

Infected prey-2 population

i2 started at 0.4
i2 started at 0.7
i2 started at 0.5 ||
i2 started at 0.7

y started at 0.6
y started at 0.7
y started at 0.5 [ |
y started at 0.8

Predator population

03
|
0.2+

0.1

Time

: : : : : : : : : 0 : : : : : : : : :
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Time

Fig.1: Time series of the solution of system (2) that started from four different initial point
(1.1,0.4,0.4,0.6),(0.5,0.6,0.7,0.7),(0.4,0.8,0.5,0.5) and (0.8,0.5,0.7,0.8) for the data
given in (33). (a) trajectories of s as a function of time, (b) trajectories of i; as a function of time,

(c) trajectories of i, as a function of time and (d) trajectories of y as a function of time .

Clearly, figure (1) shows that the solution of system (2) approaches asymptotically to the
positive equilibrium point E, = (0.212,0.251,0.174,0.059) starting from four different initial
points and this is confirming our obtained analytical results, see [13].

Moreover system (2) is solved numerically for the data given in (33 ) with varying one

parameter at each time and the obtained results are given in table (1), for more details see [13].

TABLE 1: NUMERICAL BEHAVIORS OF SYSTEM (2) FOR THE DATA GIVEN IN (33 ) WITH VARYING ONE PARAMETER AT

EACH TIME

Range of parameter

Numerical behavior of system (2)

0< a4 <147
147 < a4

Approaches to the positive equilibrium point E,

Approaches to the predator free equilibrium point E;

0.001 < a, < 0.51
051 < a, < 0.84

Approaches to the positive equilibrium point E,
Approaches to the predator free equilibrium point

Ey

0.89 < a, Approaches to the vanishing equilibrium point E,
0< az; <157 Approaches to the positive equilibrium point E,
1.57 < as Approaches to the predator free equilibrium point E;
0.004 < a, < 0.54 Approaches to the positive equilibrium point E,
054<a,<14 Approaches to the predator free equilibrium point E;
1.5< a4 Approaches to the vanishing equilibrium point E,
0< a5 <0.04 Approaches to the predator free equilibrium point E;
004< a;<1 Approaches to the positive equilibrium point E,
0< a5 <0.64 Approaches to the positive equilibrium point E,
064< ag<1 Approaches to the predator free equilibrium point E;
0< a9<0.3 Approaches to the predator free equilibrium point E;
03< ag<1 Approaches to the positive equilibrium point E,

0< ay < 0.09
0.09 < a;0 < 0.5

Approaches to the predator free equilibrium point
Approaches to the positive equilibrium point E,

0.017 < a,; < 0.256
0.256 < aqq < 1

Approaches to the positive equilibrium point E,
Approaches to the predator free equilibrium point
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susceptible prey (s)
infection prey (i1)
infection prey (2) ||
predator (y)

Population

0 : : c
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig.2: Time series of the solution of system (2) approaches asymptotically to the predator free
equilibrium point E; = (0.099,0.217,0.08,0) for the data given in (33) with a, = 0.55.

Clearly, figure (2) shows that system (2) has a bifurcation since varying the first external infection
rate in the range 0.51 < a, < 0.84 keeping other parameters as data given in ( 33) observed that
system (2) approach the predator free equilibrium point Ej.

14

susceptible prey (s)
infection prey (i1)
infection prey (2) ||
predator (y)

12

1

o
®

Population
°
>

o
=

0.2

‘s
-

0 : . : : : : : : :
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig.3: Time series of the solution of system (2) approaches asymptotically to the positive equilibrium
point £, = (0.24,0.17,0.16,0.242) for the data given in (33) with a;; = 0.15.

Also, figure (3) shows that system (2) has a bifurcation since varying the death rate of the predator in
the range 0.017 < a;; < 0.256 keeping other parameters as data given in (33) observed that
system (2) approach asymptotically to the positive equilibrium point E,.

14

susceptible prey (s)
infection prey (1)
infection prey (i2) ||
predator (y)
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1
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S S
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
Time

Fig.4: Time series of the solution of system (2) approaches asymptotically the predator free
equilibrium point E; = (0.24,0.12,0.22,0) for the data given in (33) with agz = 0.7 .

Finally, figure (4) shows that system (2) has a bifurcation since varying the death rate of the infected
prey by first disease in the range 0.64 < az < 1 keeping other parameters as data given in ( 33)
observed that system (2) approach the predator free equilibrium point E; .

7 Conclusion
In this paper , we studied the effect of varying the parameter values on the dynamical

behavior of the system (2) around each equilibrium points , as well as some sufficient conditions of
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the occurrence of local bifurcation such as (saddle- node, transcritical and pitchfork) are presented,

moreover the Hopf bifurcation near positive equilibrium point conditions are also derived of eco-

epidemiological mathematical model with ( SI and SIS ) infectious diseases in prey which is

transmitted within the same species by contact and external source. Further, it is observed that:

1) For the set of hypothetical parameters value given in (33), system (2) do not have a periodic
dynamics, while still has possibility to have a periodic dynamics for other set of parameters,
especially Hopf bifurcation existing analytically.

2) For the parameters value (a; and ag ) given in (33) there is no any kind of bifurcation, since
they do not have any effect on the dynamical behavior of system (2).

3) For the parameters value ( a;, a,, as, a4, as, g, 0o, 019, ;1) given in (33), system (2) has one
bifurcation .

4) The parameters value a, given in (33) has no bifurcation occur near E, , While still has has
possibility to have a bifurcation for other set of parameters, especially transcritical bifurcation
existing analytically near E,.
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