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ABSTRACT 

In this paper we introduce vague α-translate and vague λ-multiplication 

operators on vague H- ideals in BCK algebras and characterized their 

properties.  
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1. Introduction 

BCK and BCI algebras are two classes of logical algebras. They were introduced by Imai and 

Iseki[7, 8] and have been extensively investigated by many researchers. BCI algebras are the 

generalization of BCK algebras. In 1991 Xi[15] applied the concept of fuzzy set to BCK algebra. After 

that Jun, Meng, Liu and several researchers investigated further properties of fuzzy BCK- algebras 

and fuzzy ideals[2,5,6,12]. The concept of fuzzy set was introduced by zadeh[16] in 1965. Lee et. al 

[10]  discussed fuzzy translations in algebras. Gau. W. L and Bueher D. J[4] have initiated the study of 

vague sets with the hope that they form a better tool to understand, interpret and solve real life 

problems. RanjitBiswas[14] introduced the study of vague groups and Ramakrishna. N[13],T. 

Eswarlal[3], have extended the study of vague algebra. The objective of this paper is to study the 

concept of translate operators on H- ideals in BCK- algebra and investigate their properties. 

2.Preliminaries:                                                                                                                                      

Definition 2.1:[6] An algebra X with a constant 0 and a binary operation “ ” satisfying the following 

axioms for all .,, Xzyx  : 

(i) 0)())()((  yzzxyx  

(ii) 0))((  yyxx  

(iii) 0 xx  

(iv) 0 yx and 0 xy  implies x=y. 
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We can define a partial ordering  “≤”  by  x ≤ y  if and only if 0 yx .   

If a BCI- algebra X satisfies 00  x , for all Xx , then we say that X is a BCK- algebra. Any BCK- 

algebra X satisfies the following axioms : 

(i) )()()( yzzxyx   

(ii) yyxx  )(  

(iii) xx   

(iv) x0  

(v) yx  and xy   implies x=y. where x ≤ y means 0 yx . 

Definition 2.2:[5] A non empty subset S of X is called a subalgebra of X if Syx  for any ., Syx   

Definition 2.3:[6] A non empty subset I of X is called an ideal of X if it satisfies                                           

                     (I1)   I0        and        (I2)  Iyx   and Iy imply Ix . 

Definition 2.4:[9] A non empty subset I of X is said to be an H- ideal of X if it satisfies(I1) and                   

                      (I3)     Izyx  )( and Iy imply Izx  , for all Xzyx ,, . 

Definition 2.5: [2] A vague set A in the universe of discourse U is characterized by two membership 

functions given by: 

(i) A true membership function ]1,0[: Ut A  and 

(ii) A false  membership function ]1,0[: Uf A  

where )(xtA is a lower bound on the grade of membership of x derived from the “evidence for x”, 

)(xf A is a lower bound on the negation of x derived from the “evidence for x”, and

1)()(  xfxt AA . Thus the grade of membership of u in the vague set A is bounded by a subinterval 

)](1),([ xfxt AA   of [0,1]. This indicates that if the actual grade of membership of x is µ(x), then, 

)(1)()( xfxxt AA   .The vague set A is written as   UuxfxtxA AA  /)(1),(, where 

the interval )](1),([ xfxt AA  is called the vague value of x in A, denoted by )(xVA . 

Definition 2.6:[2] Let A and B be VSs of the form   XxxfxtxA AA  /)(1),(,  and

  XxxfxtxB BB  /)(1),(,  Then 

(i) BA  if and only if )()( xtxt BA   and )(1)(1 xfxf BA  for all xX 

(ii) A=B if and only if BA  and AB   

(iii)  XxxtxfxA AA

c  /)(1),(,  

(iv)     XxxfxfxtxtxBA BABA  /)(1),(1min,)(),(min,  

(v)     XxxfxfxtxtxBA BABA  /)(1)(1,)()(,  

For the sake of simplicity, we shall use the notation AA ftxA  1,, instead of 

  XxxfxtxA AA  /)(1),(, . 

Definition 2.7:[11] A vague set A on X is called a vague subalgebra of x if, for any Xx  , we have 

)}(),(min{)( ytxtxyt AAA   and )}(1),(1min{)(1 yfxfxyf AAA   

Definition 2.8:[11] A vague set A of a BCK- algebra X is called a vague ideal of X if the following 

condition is true: 

(i) )()),()0(( XxxVV AA   
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(ii) ),()}(),({min)(( XyxyVyxVixV AAA                                                                   

that is,         

),(1)0(1),()0( xffxtt AAAA   and

)}(1),(1{min)(1()}(),({min)(( yfyxfxfytyxtxt AAAAAA  for all Xyx ,  

Definition 2.9:[11] Let A be a vague set of a universe X with the true- membership function At  and 

the false- membership function fA. The (α, β)- cut of the vague set A is a crisp subset A(α, β)of the set X 

given by ]},[)(/{),(   xVXxA A . Clearly A(0,0)=X. The (α,β)- cut of the vague set A are 

also called vague cuts of A. 

Definition 2.10:[11] The α- cut of the vague set A is a crisp subset Aα of the set X given by Aα=  A(α,α) 

.ThusA0=X, and  if α ≥ β then  AA  and A(α, β)= Aα. Equivalently, we define the α-cut as

}.)(,:{   xtXxxA A  

3. Translation of vague H- ideal 

In this paper, we take T = }/)(sup{1 XxxtA  for any vague set VA = [tA,1-fA] of X. 

Definition 3.1: Let VA = [tA,1-fA] be a vague subset of X and let ],0[ T . An object having the form 

])1(,)[()( T

A

T

A

T

A ftV    is called a vague α- translation of A if   )()()( xVxV A

T

A  for all 

.Xx where (i.e.,)   )()()( xtxt A

T

A and   )(1)()1( xfxf A

T

A . 

Example 3.3: Let X = {0, 1, 2, 3} be a BCK- algebra with the following cayley table: 

* 0 1 2 3 

0 0 0 0 0 

1 1 0 1 0 

2 2 2 0 0 

3 3 3 3 0 

Define a vague set VA=[tA,1-fA] in X as follows: 

X 0 1 2 3 

VA [0.4,0.8] [0.3,0.7] [0.3,0.6] [0.3,0.6] 

Then VA  is a vague H- ideal of X and T = 0.6. If we take α = 0.12, then the vague α- translation 

])1(,)[()( T

A

T

A

T

A ftV    of VA is given by, 

X 0 1 2 3 
T

AV )(  [0.52,0.92] [0.42,0.82] [0.42,0.72] [0.42,0.72] 

Then T

AV )(  is also a Vague H-ideal of X.  

Theorem 3.4:If  VA=[tA,1-fA] is a vague H- ideal of X, then the vague α- translation of 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague H- ideal of X for all ],0[ T . 

Proof: Let VA=[tA,1-fA] be a vague H- ideal of X and ],0[ T , then 

)()()()0()0()( xVxVVV T

AAA

T

A    for all .Xx Now, 

ZzyxyVzyxV

yVzyxV

yVzyxVzxVzxV

T

A

T

A

AA

AAA

T

A







,,})()(,))(()min{(

})(,))((min{

)}()),((min{)()()(









 

Hence the vague α- translation of ])1(,)[()( T

A

T

A

T

A ftV   of A is a vague H- ideal of X. 
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Theorem 3.5: If VA=[tA,1-fA] is a vague subset of X such that a vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague H-ideal of X for some ],0[ T . Then VA=[tA,1-fA] is a 

vague H-ideal of X. 

Proof: Assume that ])1(,)[()( T

A

T

A

T

A ftV    is a vague H- ideal of X for some ],0[ T . Let 

., Xyx  We have    )()()()0()()0( xVxVVV A

T

A

T

AA  which implies ).()0( xVV AA 

Now we have 

 

 

 

 

which 

implies that })(,))((min{)( yVzyxVzxV AAA  for all .,, Xzyx  Hence VA=[tA,1-fA] is a 

vague H-ideal of X. 

Theorem 3.6: If the vague α- translation ])1(,)[()( T

A

T

A

T

A ftV   of A is a vague H-ideal of X for all

],0[ T then it must be a vague sub algebra of X. 

Proof:Let  the vague α- translation ])1(,)[()( T

A

T

A

T

A ftV    of A be a vague H-ideal of X. Then we 

have })()(,))(()min{()()( yVzyxVzxV T

A

T

A

T

A   for all .,, Xzyx  Substituting y for z we 

get 

})()(,)()min{(})()(,))0()min{(

})()(,))(()min{()()(

yVxVyVxV

yVyyxVyxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A








 

Therefore, T

AV )(  is a vague sub algebra of X. 

Proposition 3.7: Let VA=[tA,1-fA] be a vague subset of X such that a vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague ideal of X for ],0[ T .If 0)(  bax for all 

Xbax ,, , then })()(,)()min{()()( bVaVxV T

A

T

A

T

A   . 

Proof: Let Xbax ,, be such that 0)(  bax . Then 

)}()(},)()min{(

))()(})0()((sin)}()(},)()min{(

)}()(},)()(,)0()min{min{(

)}()(},)()(,))(()min{min{(})()(,)()min{()()(

bVaV

bVVceaVbV

aVbVV

aVbVbaxVaVaxVxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

















Theorem 3.8:  Let VA= [tA, 1-fA] be a vague subset of X such that a vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague ideal of X for ],0[ T . If it satisfies the condition 

)()()()( xVyxV T

A

T

A   for all Xyx , ,then the vague α-translation T

AV )( of A is a vague H-

ideal of x. 

Proof: Let the vague α-translation T

AV )( of A be a vague ideal of X. For any Xzyx ,, , we have

})()(,))(()min{(})()(,)))((()min{(

})()(,))()(()min{()()(

yVzyxVzyVzzyxV

zyVzyzxVzxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A









Hence the vague α-translation T

AV )( of A is a vague H-ideal of X for some ],0[ T . 





 







}))((,))()(min{(

})(,))((min{

)}()()),(()min{()()()(

yVzyxV

yVzyxV

yVzyxVzxVzxV

AA

AA

T

A

T

A

T

AA
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Theorem 3.9: Let VA is a vague subset of associative BCK- algebra X such that the vague α translation 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague ideal of X for ],0[ T .then the vague α translation  

T

AV )(  of VA is a vague H-ideal of X. 

Proof: Let the vague α translation T

AV )(  of VAbe a vague ideal of X. For any Xzyx ,, , we have     

)}()()),(()min{(

)}()(),)(()min{()}()(),)(()min{()()(

yVzyxV

yVzyxVyVyzxVzxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A








 

Hence the vague α translation T

AV )( of  VA is a vague H-ideal of X. 

Theorem 3.10: Let  VA=[tA,1-fA] be a vague subset of X such that a vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A is a vague H- ideal of X for ],0[ T , then the sets 

)}0()()()(/{ T

A

T

AAV VxVXxT   are H-ideals of X.  

Proof: Suppose that ])1(,)[()( T

A

T

A

T

A ftV    is a vague ideal of X. Then T

AV )(  is a vague H-ideal 

of X. Obviously
AVT0 . Let Xzyx ,, be such that 

AVAV TyandTzyx  )( . Then 

)()()0()())(()( yVVzyxV T

A

T

A

T

A   and so 

).0()(})()(,))(()min{()()( T

A

T

A

T

A

T

A VyVzyxVzxV   Since T

AV )(  is a vague H- ideal of 

X. We conclude that ).0()()()( T

A

T

A VzxV   This implies    )0()()()( T

A

T

A VzxV  so 

that 
AVTzx  . Therefore 

AVT  is a H- ideal of X.  

Proposition 3.11: Let the vague α-translation ])1(,)[()( T

A

T

A

T

A ftV   of A be a vague H-ideal of X 

for ],0[ T . If yx  . Then )()()()( yVxV T

A

T

A   , that is T

AV )( is order-reserving. 

Proof: Let Xzyx ,, be such that yx  . then 0 yx and hence

)()()}()(),0()min{()}()(),()min{(

)}()()),0(()min{()0()()()(

yVyVVyVyxV

yVyxVxVxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A

T

A









 

Theorem 3.12: Let ]1,[ AAA ftV  be a vague subset of X such that the vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A be a vague ideal of X for ],0[ T ,then the following assertions 

are equivalent: 

(i) T

AV )( of A be a vague H-ideal of X, 

(ii) ))0(()()()( yxVyxV T

A

T

A   for all Xyx , , 

(iii) ))(()())(()( zyxVzyxV T

A

T

A    for all Xzyx ,,  

Proof: (i) (ii) Let ])1(,)[()( T

A

T

A

T

A ftV    be a vague H- ideal of X. Then for all Xyx ,  we 

have ))0(()()}0()()),0(()min{()()( yxVVyxVyxV T

A

T

A

T

A

T

A   . Therefore, the 

inequality (ii) is satisfied.  

(ii)  (iii)Assume that (ii) is satisfied. For all Xzyx ,, , we have 

0)0()0()0())((

)0())(()0()))(()(())(())0()((





zzzzyy

zyzyzzyxyxzyxzyx
 

It follows from proposition 3.11 that )0()())(())0()(()( T

A

T

A VzyxzyxV   . Since 

T

AV )(  are vague H- ideal of X, Therefore, we have 
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)0()())(())0()(()( T

A

T

A VzyxzyxV   . Using (ii)

))(()())}(()(),0()min{(

))}(()())),(())0()((()min{(

))0()(()())(()(

zyxVzyxVV

zyxVzyxzyxV

zyxVzyxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A













 

Therefore, inequality (iii) is also satisfied . 

(iii)   (i) Assume that (iii) is valid. For all Xzyx ,, , we have

)}()()),(()min{(

)}()(),)(()min{()}()(),)(()min{()(()(

yVzyxV

yVzyxVyVyzxVzxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A








 

Therefore, ])1(,)[()( T

A

T

A

T

A ftV    is a vague H-ideal of X. Hence, the assertion (i) holds. 

Theorem3.13: Let ]1,[ AAA ftV  be a vague subset of X such that the vague α-translation 

])1(,)[()( T

A

T

A

T

A ftV   of A be a vague ideal of X for ],0[ T ,then the following assertions 

are equivalent: 

(i) T

AV )( of A be a vague H-ideal of X, 

(ii) ))0()(()())(()( yzxVyzxV T

A

T

A   for all Xzyx ,, , 

(iii) )}()()),0()(()min{()()( zVyzxVyxV T

A

T

A

T

A    for all Xzyx ,,  

Proof: (i)   (ii) is obvious.  

(ii)   (iii) Assume that (ii) is valid. For all Xzyx ,, ,we have 

satisfied. is (iii) ,Therefore)}.()()),0()(()min{(

)}()(),)(()min{()}()(),)(()min{()(()(

zVyzxV

zVyzxVzVzyxVyxV

T

A

T

A

T

A

T

A

T

A

T

A

T

A








 

(iii)   (i) Assume that (iii) is valid. Therefore, for all Xzyx ,,  , we have 

)}()()),0()(()min{()()( zVyzxVyxV T

A

T

A

T

A   Putting  Z=0 we get 

))0(()(

)}0()()),0(()min{(()}0()()),0()0(()min{()()(

yxV

VyxVVyxVyxV

T

A

T

A

T

A

T

A

T

A

T

A








 

Hence the proof. 

Theorem3.14: Let ]1,[ AAA ftV  be a vague subset of X and ],0[ T , then the vague α-

translation ])1(,)[()( T

A

T

A

T

A ftV   of VA be a vague H ideal of X if and only if A is a H- ideal of 

X, for all )Im( AVt with t > α. 

Proof: Suppose that T

AV )(  is a vague H- ideal of X and  )Im( AVt with t > α. Since 

)()()0()( xVV T

A

T

A   , for all Xx , we have 

txVxVVV A

T

A

T

AA    )()()()0()()0(  for .Ax Hence A0 . Let Xzyx ,,

such that Ayzyx  ),( . Then  tzyxVA ))((  and  tyVA )( I.E., 

tzyxVzyxV A

T

A   ))(())(()( and .)()()( tyVyV A

T

A   Since T

AV )(  is a vague 

H- ideal. So, we have tyVzyxVzxVzxV T

A

T

A

T

AA  )}()()),(()min{()()()(  that 

is,  tzxVA )(  so that .Azx  Therefore, A is a H- ideal of X.                                                                                           

Conversely, suppose that A is a H- ideal of X, for all )Im( AVt with t > α. If there exist  Xa

such that  )()()0()( xVV T

A

T

A    , then  )(aVA  but  )0(AV . This shows that 
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Aa and .0 A This is a contradiction, and )()()0()( xVV T

A

T

A   , for all Xx .    Now we 

assume that there exist Xcba ,, such that 

)}()()),(()min{()()( bVcbaVcaV T

A

T

A

T

A    . Then   ))(( cbaVA  and 

 )(bVA but   )( caVA . Hence, Acba  )( and Ab but Aca  which is a 

contradiction. Thus, )}()()),(()min{()()( bVcbaVcaV T

A

T

A

T

A   , for all Xcba ,, . 

Consequently, T

AV )(  is a vague H- ideal of X. 

Definition 3.15: Let ]1,[ AAA ftV  be a vague subset of X and ]1,0[ . An object having the 

form  ])1(,)[()( S

A

S

A

S

A ftV   is called a vague  multiplication of VA if   )()()( xVxV A

S

A for 

all Xx . 

Example 3.16: Let X = {0, 1, 2, 3} be a BCK- algebra which is given in example 3.3 and consider a fuzzy 

subalgebra VA of X that is defined in example 3.3. If we take λ = 0.1, then the vague λ- multiplication 
S

AV 1.0)( of VA is given by, 

X 0 1 2 3 
S

AV 1.0)(  [0.04,0.08] [0.03,0.07] [0.03,0.06] [0.03,0.06] 

Therefore, clearly S

AV 1.0)(  is a Vague H- ideal of X. 

Theorem 3.17: If AV  is a vague H-ideal of X, then the vague λ- multiplication of AV  is a vague           

H- ideal of X, for all ]1,0[ . 

Proof: Straightforward. 

Theorem 3.18: Let AV  be a vague subset of X. Then AV  is a vague H- ideal of X if and only if the 

vague λ- multiplication S

AV )(  of AV  is a vague H- ideal of X, for all ]1,0[ . 

Proof: Necessity follows from the above theorem. Let ]1,0[  be such that S

AV )(  be a vague       

H-ideal of X. Then     )()()()0()()0( xVxVVV A

S

A

S

AA which implies that )()0( xVV AA 

, for all Xx . Also, for Xzyx ,, , we have, 



 









)}()),((min{})(,))((min{

)}()()),(()min{()()()(

yVzyxVyVzyxV

yVzyxVzxVzxV

AAAA

S

A

S

A

S

AA

which implies that )}()),((min{)( yVzyxVzxV AAA  , for all Xzyx ,, . Hence, AV is a 

vague H- ideal of X. 
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