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l. INTRODUCTION

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are an
advanced tool which can handle over one linear model at a time. Bimatrices will be useful when
time bound comparisons are needed in the analysis of the model[6]. Unlike bimatrices can be of
several types.

We have to mincle to the bimatrices and con. s-knorml matrices. The concept of con.s-k
normal bimatrices are introduced [ 4]. In this paper we describe secondary k-normal generalized
inverse of a square bimatrix, as the uique solution of a certain set of equation. This secondary k-
generalized inverse exists for particular kind of square matrices. Which is also satiesfie the moore
penrose equation.

1. PRELIMINARIES AND NOTATIONS

First we wish to mention that when we have a collection of mxn bimatrices say Mg then Mg
need not be even closed with respect to addition. Further we make a defition as mxn zero
bimatrix[6].

Thus we make the following special type of concession in case of zero and unit mxm
bimatrices. Appropriate changes are made in case of zero mxnbimatrix.

We first illustrate this by the following example: that in general sum of two bimatrices is not
a bimatrix.
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Let C.x, denote the space of nxn complex bimatrices. We deal with secondary k-generalized
inverse of con. s-k normal bimatrices [2]. Some of the condition and properties used in this paper.
11l. DEFINITIONS AND THEOREMS
DEFINITION:1

A bimatrix Ag is defined as the union of two rectangular or square array of numbers
AiandA, arranged into rows and columns. It is written as follows Ag=4; U A,
whereA{#A4,with

-1 1 1 -
a11 a12 sss sasw aln
1 1 1
az1. A22. viv vun Aon.
A=l : :
1 1 1
Lam1 Amz Amn
- 2 2 2 9
all alz aas waew aln
2 2 2
azlll azuzl ...... aZ?’l.
As ' |
2 2 2
Ldm1 Am2 " Amn

‘U the notational convenience (symbol) only.

DEFINITION 2
Let Az = A UA, be a bimatrix. If both A; and A, are square matrices then Az is called the square
bimatrix.

If one of the matrices in the bimatrix Az =A;UA, is square and other is rectangular or if both
A;and A, are rectangular bimatrices say m;xn; and m, x n, with m; #m, or n; #n, then we say A; is a
mixed bimatrix.

The following are example of a square bimatrix and the mixed bimatrix.
DEFINITION:3
A bimatrix AgEC,xn is said to be con. K-normal (s-k normal )bimatrix if
AB(KBVBAB*VBKB):(KBVBA*BVBKB)AB
(A1K1V1A1*V1K1)U(A2K2V2A2*V2K2):(K1V1A’;V1K1A1) U(K> VZAZVZKZAZ)
DEFINITION:4
A bimatrix Ag€C,, is said to be con.s-k-unitary if
AB(KBVBAB*VBKB):(KBVBAEVBKB)AB:E?
(A1 K1 VAT, K1) U(AKNVLALVK)=(K, V1 ATV K1 Ay) U(KRV2A5 VKR A)
=I_|UI_2
DEFINITION:5
Let AgEC,xn. The unique solution of

AsXpAg = El
XaAgXp = X_B,

KsVs(AsXs) VeKe = Ag Xz and
KBVB(XBAB)*VBKB = m is called con. secondary k-generalized inverse of Ag is written as A
SOME OF THE THEOREMS

In this section the concept of con. Sk-normal bimatrices is introduced for complex square

bimatrices as a special case of Generalised inverse of con.sk-normal bimatrices verified. Which is
also satiesfie the moore penrose equation.

Dr.N.Elumalai, Prof.R.Manikandan, G.Kalpana 112



Vol.5.Issue.1.2017 (Jan-Mar.) Bull.Math.&Stat.Res (ISSN:2348-0580)

THEOREM 1:
If Ag€ECnxn,then we assume that if Az # 0. Therefore A;UA,#0 then,
As(KsVeAs VKs) %0
(AU A7) (K UK2) (V1UV,)(A; UA, ) (V1UV,)(K;UK,) #0
(A1K1V1A; ViK1 U(AKVoA, VoK) #0
PROOF:
Suppose
As(KsVeAs VKs)=0
Az=0
(AU A,)=0
KeVs (As+Cs) VK =(K5Vp ARV Kp) + (KsV5CiVsKp)
KeVa(A Ag) VeKs = A(Kg VA5 VKp)
KsVs (A Ag) VeKe = A(Kg VAR VEKE)
KaVa(Cahe) VeKa= (KpVp ARV Kp) (KgVpCiVpKp)
Now, if
CoAg(KsVeAg VeKs) = DpAp (KpVs A5 VsKp )
CeAe(KaVeAs VeKe) —DpAp (KgVpApVgKp ) =0
CsPa(KeVeAg VeKe) —DgAp (KpV AV Ky )(KaVe(Ca—Dg) VeKa) = 0
(CBAB_m)(KBVB(CBAB_DBAB)*VBKB) =0
(CBAB_M) =0
CoAs= DpAp
(CUG,)(A1U Ay) = (D1 U D) (A1 U 45)
(CLA1)U(CA,) = (D141) U (D24,)
Therefore
CaAg (KgVoAs VeKs) = DA (KpVpAVsKp )
CeAs= DgAp
(GUG,)(A1U Aj) = (D U D3)(A U Ay)
(CLA)U(GA,) = (D1A1) u (DZAZ)
Similarly,
CB(KBVBAB*VBKB)AB = DB (KB VBA*BVBKB)AB
Ca(KeVeAs VeKs) = D (KpVpAgVsKp)
(CLUG,)(KiUK,) (V1 UV,) (Ar UA, ) (V1UV,) (K1 UK,)
=(D; U D2) (K1 U K3)(V; U V) (A7 U A3)(V, U V3) (K U K;)

(C1K1AL V1K ) U(CKoA, VoK,) =(D1 K, Vi ASVi Ky U (Do KoV, A5V, K)
Therefore Agis inverse exist.
Hence proved
THEOREM 2:
For any AgEC,xn,
AeXsAs=Ap
XeAeXs = Xp
KBVB(ABXB)*VBKB :m
KBVB(XBAB)*VBKB = m
have a unique solution for any AgEC.xn.
PROOF:
Let
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S
x=x=(1 o
Ki=Ky= ( (1))=K_1 =K,

)T X,

1
0
Vi=V, =((1) 1)=I71 =72
From (1)
ApXpAg = E
(A1U Az)(X1UXo)(A1U Az) = (A1 U Ay)
(AX1A1)U(AX,A;) = (A1 U Ay)
1/2 0 1/2 0
(1 D (1?2 0) G D v G 1) (1?2 0) (1 D= (1 D v (1 D
G Vv DG DG D)
Therefore AgXsApg=Ap
From (2)
XgApXa = X_B
(X2UX2)(A1U Ay)(X1UX;) = (X1 U X3)
(X2A1X1)U(XoAX,) = (X1 U X3)

(12 oG DG 0o (2 oG DA 0)=(r o) (s o
(12 0v(z o)=(72 o)z o

Therefore XgAgXa= Xg

From (4)

KsVa(XsAs ) VeKs = XpAg

(K3UK2)(V1U Vo) (X3 UX, ) (Ar UA, )(V,U Vo) (KiUK;)=(X; U X3) (A1 U 4y)
(KiVaX: Ay ViK)U(KVaX Ay VoK) =(X141) U (X247)

G D6 0 G DG 96
oG DG 90z oG DE 96
(172 )G Dv(z oG D
(72 0)u(i2 0)=(72 o)u (2 o)
Therefore KgVs(XsAs ) VeKs = XgAgp
First, we shall show that equation (2) and (3) are equivalent to the single equation.
XsKaVa(AsXe) VeKs=Xs e (5)
(X2UX3) (K1 UK,)(VaU Vo) (A; UA, ) (X1 UX, ) (VAU Vo)(K UK,) = (X7 U X5)

(X:K1V1AL X5 ViKUK, VHA, Xo VoKy) = (X7 U X5p)
From equation (2) and (3),(4) follows. Since it is merely (3) substituted in (2) conversely, equation (5)

implies,

AsXsKaVa(AeXs) VeKs = ApXp

(A1UA,) (X;UX2) (K3 UK,) (V51U V) (A UAL) (X1 UX, ) (V41U Vo)(KLUKS) =(A; UAy)(X1 U Xy)
(AX1KiVaA; Xy ViKe) U(AXKo VoA, X, VKs) = (A1 X7) U (42X7)
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Since the left hand side is con. s-k hermitian, (3) follows. By substituting (3) in (5) we get XgAgXp =
Xgwhich is actually (2). Therefore (2) and (4) are equivalent to (5). Similarly, (1) and (4) are
equivalent to the equation.

XsAs(KeVeAs VeKs) = (KgVEARVEKE) s (6)
(X2:A1K: V1A V1K) U(XoAKoVHA, VoKo) = (K Vi ASV, Ky U (KR V,A5V,K,)  Thus to find a solution for
the given set of equations, it is enough to find an x satisfying (5) and (6). Now the expressions
((KeVoAs VeKs)As), ((KeVsAs VeKs)As)”,((KeVsAs VKe)Ag)..

(K1V1A1 ViKiALU(KoV2A, VaKoA,), ((KaVaA; ViKiAL U(KoVaA, VaKaA)),
(K1 V3A; VKA UK VLA, VoKGA,) Y.,
Cannot all be linearly independent (i.e) there exists a relation.
M ((KeVeAs VeKe)As)tAs((KeVeAs VeKe)As)+ ... +Ac((KaVeAs VeKg)As) =0 wcovsseeesesssmsenssssssnnnns (7)
)\1((K1V1A1*V1K1A1)U(KZVZAZ*VszAz))”\z((K1V1A1*V1K1A1)U(K2V2A2*V2K2A2))2+ ------ +
A((KaV1AL ViKiAL U(KoVoA, VoKA,)) =0
Where Ay,A,,....Aare not all zero. Let A.be the first non-zero A. (i.e ) A;=A,=As=.....A, ;=0
Therefore (7) implies that

M{(KsVaAg VeKe)Ag)'=—{A,+1 (KsVsAsVsKp)Ap) 1 + -+ + A (KpVsAVsKp)Ap)™}

A(KiViA; ViKiA) UK VLA, VKGA,)) =
—{Ar 41 (K V1 ATVIK AL) U (KR VR ARV KR AR))THE + oo+ Ay (K V1 ATV KAL) U (KR Vo ASV, KR AR)) ™)
If we take
Co=—A7 A1 1 + Ay 2 (KpVeARVsKp )Ap) + -+ + Ay (KpVp ApVpKp )Ap)™ "1}
Co-— A7 {411+ Ao (K V1 ATV K A) U (KR Vo A5V, K5 A)) .ot
Am ((K1V1ATVIK; Ay) U (K VR A5V, K, Ap))™ 713
Then,
CB((KBVBAB*VBKB)AB)le
A7 {1 (KpVpARVeKp )A) ™+t + -+ + Ay (KpVp ApVpKp )Ap)™)
VeAg VeKe)Ag) =((KVp A3 VpKp ) Ap)™
Col(KaVaAs ViKiAU(KoVA VokoA)) = (K1 VAT V1 K1 A U (Ko VA3 V2 Kz A2))7)

By using (2) and (3) repeatedly, we get
Co(KeVeAs VeKe)As(KeVeAs VeKe)As=KpVaARVEKE ecceeeeccessssssssssssssss 8)
Now if we take Xg=Cp (KgVpAgVpKp) then (8) implies that this X satisfies (6) implies (4), we have
KeVs(XsAs) VeKs)(KeVeAs VeKe)= K5V ApVpKp
CB(KBVB(XBAB)*VBKB)(KBVBAB*VBKB)z Cp (KBVBA*BVBKB )
Therefore
Xe=Cp(KpVpApVpKpg) satisfies (5),
(X1UX;)=(C1 K1V, ATV Ky) U (C KoV, A5V5K))
Thus Xg=Cp(KgVgAxV5Kp ) is a solution for the given set of equations.
Now let us prove that this Xz is unique. Suppose that Xz and Y; satisfy (5) and (6). Then by
substituting (4) in (2) and (3) in (1), we obtain.
(KBVB(XBAB)*VBKB)XB=E
(KyVaXs Ar V1K Xq)U(KoVoX, Ay VoKoX0)=X; UX,  and
(KBVBAB*XB*VBKB)AB:E
(KaV1AL X1 ViKiAU(KoVA, X, VaKoA)= Ay U 4,
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Also,

Yo= (KpVg (YpAp)*VpKp)Ye

YUY, = (K{V YT ATVIK Y) U (KL VLY ALV, KL YS)
and,

KsVeAs VeKe = (KgVg AVpKp)Ag Yy
(KaV1A; V1K) U(KVoA VoK) = (K Vi ATV K Y)) U (KR Vo A5V KYy)
Now,

Xs =Xp(KpVpXgVpKp)(KpVpX5VpKp)

= Xp(KgVpXpVpKp)(KgVpXgVpKp)ApYp
=Xp (KVp(ApXp)*VpKp)ApYs

=XpApYs

=XpAp(KgVp(YpAp) VpKp)Ys
=XpAp(KgVpApVpKp) (KpVpYgVpKp)Yp

=(KBVBA*BVBKB)(KBVBYEVBKB)YB
=(KpVs(YpAp) VpKp)Ys

Xg=Yp
Therefore Xz is unique.

Hence proved
THEOREM 3:
For AgECxn,
() (A" =4y
(i) (KBVB(AB*)TSkVBKB) = (KgVp (AESk)*VBKB)
(iiiy  If Agis non singular, then Ag™= 431
f sk_ sk
(iv)  (AA)"= Atskals
(V) ((KeVeAg VeKg)Ag) ™= AESk(K B VBAESkVB Kgp)*
PROOF:
Let AgECrxn,
(1) By the definition of con. s-k-g inverse, we have
ABTSkABABTSk: A-l]-;kand
ABTSk(ABTSk)TSkABTSk:ALSk
These two equation imply that
AB‘rsk‘rsk: %
(A]_TSkUAZTSk)TSk:Al U AZ
(i)  From the definition of A™ we have
ABABTSkAB =E
(KeVeAs VaKs)(KsVa(As ™) VeKe)(KeVeAs VeKs) =(KpVp ApVsKp)
Also,
(KBVBAB*VBKB)(KBVB(AB*)JrSkVBKB)(KBVBAB*VBKB) = (KB VB A*BVBKB)
From these two equations, we have
(KeVa(As ™) VeKe)= (K Vi (AL™)*V5Kp)
(K1Va (A1 ™) Viky)U(KoV5 (A2 ™) VoK) = (K Vy (ADTkV) U (KLY, (AISk)*Vsz)

(iii) Since Ag is non singular, Ag " exists
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Now
AgAsAg = A (By definition of sk)
Pre multiplying and post multiplying by A'we have
As'=A5!
Al’fskquTsk =AI1 U A2—1
(iv) The equations,
ABABTSkAB :E and
(Mg)(AAg) ™ (MAg) = 245 imply that
MAAg) F=ATSK
(\Ag)™*= AtskATKWhere A=)t
(MAU A2))= atsk(alsk y ATk
(V) The equation,
Ag"(KaVa(As™) VeKe) (KeVaAs VeK)= A5
A (KaVa(As™) VaKe) (KeVeAs VaKe)= AFE
Also
ABABTSkAB = E
Therefore
AsAs"™ (KaVe(As™) VeKe)(KeVeAs VeKe)As=A5

Substitute this in the right hand side of the defining relation, we get
((KVsAs VeKs)Ae) ™ = AL™ (Vi (A5) 15KV Kip)

(KaVaA; VaKiAL) M U(KVoA, VSKGA,) ™
k * k *
=(ATRK, Vi (AD TSRV, Ky ) U (AT KLV, (A5) TSKV,K,)
Hence proved

THEOREM 4:
A necessary and sufficient condition for the equation AgXzCz=Dp to have a solution is
AsAs**DsCs " Cs =Dy in which case the general solution is
Xe=ALKD CIK 4 vy — ATS®Ap v Cp S
Where Ygis arbitrary.
PROOF:
Let us assume that X; satisfies the equation ABXBCB=m, Then
Dfm
=Ap AT A X Cp ¥ Cy
:ABA};SKDB C;SKCB (By the definition of Tsk)
Conversely if Dg= ABALSKDB C;FSKCB
Then,
X = AESKDB C;SK
Then it is a particular solution of AgXgCq :m

Since,AgXeCs =Ap AL D C 1% Cp =Dy

If Ys€Cqxn, then any expression of the from Xg =A£SKDBC;SK + Y5 — AESKABYBCBCESK is a solution

of AgXsCs=Dy and conversely, if X is a solution AgXzCg=Djg, then
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Xe=AL KD 15K + X — ATS¥ A X5 CS¥ €y satisfies AgXpCo=Dj.
(AX:1C1)U(AXoCo)=(D; U D)
Hence proved
THEOREM 5:
The bimatrix equation ABXB=GCB and XzDg=E have a common solution if and only if each equation
has a solution and AgEg=Cz D
PROOF:
It is easy to see that the conditions is necessary, conversely As*Cs and EgDg™* are solution of
AgXz=Cg and XsDs=E5 and hence,
AgAs**Ca=Cy and
EsDs De=Ep
Also,
Aﬁfm
By using these facts it can be prove that
Xe= ALSKCp + EgDIS¥ — AlS¥ A B, DJSK
X.UX,=(A1%%¢y) u (4135 ¢,) + (ELDI¥¥) U (E,DI®X) — (A1% A, E,D%%) u (AT%% 4, E, DI)
is a common solution of the given equation.

Hence proved

CONCLUSION: Some of the characterization and propertices of con.secondary k- normal bimatrices

can be verified. The secondary k-generalized inverse exists for particular kind of square matrices

and also satiesfie the moore penrose equation.
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