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ABSTRACT
Tensor product of third degree B-spline basis functions is used as basis

'it functions in collocation method for approximate solution of two-dimensional
: conduction heat transfer problems. Recursive form of B-spline function is
'om,n used as basis in this present method. This method is applied to find the
s approximate solution of heat transfer governing partial differential equations
. T. with Boundary conditions for different kinds of domains. The results show
efficiency and consistency of the present method. The easiness of the
method reduces the complexity and time consuming when compared with
other existed methods.

KeywordsB-Spline, Collocation, Perturbed Problems, Heat Transfer
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1. INTRODUCTION

Heat transfer problems play the important role in boilers, condensers, air pre-heaters,

economizers, electric motors, generators and transformers and in chemical reactions. The study of

heat transfer problems gives the solutions to optimize the usage of materials and their performance

in different systems [13] .Many numerical methods are developed to solve such type of Heat

transfer problems. Widely used such numerical methods are finite volume method and finite

element method [5, 6, 7, 8]. These methods depend on discretization of domains, conversion of

strong form into weak form of the governing equation and evaluation of integrals to obtain linear

system of equations. This process leads to errors like geometrical error, reduction in the continuity

requirement of the approximating function which demands the fine mesh for an acceptable solution.

In addition to these errors, mesh generation is more time consuming and costly.
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Owing to the above mentioned difficulties in the mesh based methods, various point wise
approximation techniques are developed like smoothed particle hydrodynamics (SPH) method, The
element free Galerkin (EFG), Collocation methods etc. In collocation method, an approximating
function is defined based on the nodal distribution only. In this method, many inter mediatory
evaluations such as conversion of strong form differential equation to weak form, evaluation of
integrals can be avoided.The use of B-Spline basis functions in collocation method improves the
smoothness and accuracy of the solution. In this manuscript, a methodology is developed for the
solution of Heat transfer problems using Bi-cubic B-spline Collocation method. Applicability and
convergence of the present method is tested by considering numerical heat transfer problems
2. B-Spline Surfaces
A B-spline surface is defined [1,2,3,4] as

m n
U y)=2> 2 Bj j Mijp() Njq(y) (1)
i=1j=1

where Bj j are the vertices of the polygon net called control points, M; p(x)iS the pth degree B-

spline basis function which is defined at the knot ‘x’ over the knot vector space KVx in X-direction
and N i.q (y)is the gth degree B-spline basis function which is defined at the knot ‘y’ over the knot

vector space KVy in Y-direction. The B-spline surface is also defined by rectangular array of control
points. This form permits local control of curve shape. The degrees of its basis functions are defined
independent of the control points.

3. B-Spline Collocation Method for 2D

Tensor product of B-spline basis function is used as basis function in collocation method to
find the numerical solution for second order partial differential equations. Recursive form of B-spline
function is employed as basis in normal collocation method. This method is developed based on the
assumptions that the knot vectors are associated with the computational nodal points and constants
in approximatesolution are treated as control points.

Considering the second order partial differential equation of the temperature distribution

U(X, y)which is the governing equation to the heat transfer problems over the region
a<x<b,c<y<d
U o

WJFW: f(x.y) (2)
With the boundary conditions
U( x,c)= g,(x), as<x<b
U(x,d) = g,(x).
U@ y)=h(y), c<y<d (2a)
and
Ub.y)=h,(), c<y<d
where a,b,c are constants, ¢,(X), d,(X) are functionsin X, and h (y),h,(y) are functionsin y .
Let
h m-1 n-1
UT(x,y)= >  2Bj j Mjp(X) Njq(y) (3)
i=—3j=-3
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Where Bi'j 'S are control points, M. _ is the pth degree B- spline basis junction in the X- direction

Lp

and Nj’q(y) gth degree B- spline basis junction in the Y- direction be the approximate solution of
heat distribution function U(X,y) for which the governing partial differential equation is equation

(3).The function U (X, Y) is the temperature distribution over the considered computational domain.

Particularly, the approximate solution is assumed based on the third degree B-spline basis function
that is employed in the collocation method. In order to have the B-spline property which is partition
of unity, three additional knots should be taken both sides of knot vector space

as<x<bc<y<d

Let the computational domain be =A=MBbv=J=Y" the nodes in X-direction are
{a=x,%,%,. . .,X, 4, X, =b}andthe nodes in Y-direction
{C:ypyz’ys!- . . ’yn—l’yn:d}'

Assuming that the knot vectors in each direction are nodes in each direction respectively and control
points are treated as constants or unknowns in equation (3)

The first and second order partial derivatives of approximate function with respect to X are derived
by differentiating the component function Mj D (X) with respect to x. i.e.

auh(x, m-1nl oM ( )
22U (x,y) m-1 n-1 Mi, p(x)
2 - XX Bi’jiNJq() (5)
OX i=—3j=-3 ox?

Similarly, the first and second order partial derivatives of approximate solution with respect to y is

given as
h 1n oN a2uh m-1 n-1 02N (v)
ey mz > BIJMID()ijq(y) gXY) = X X BijMjpx J'q
ay i=-3j=-3 6y , 3}’ |——3j——3 8y (6)
Similarly,
o2uh(x,y) B m-1n=l M p(x) Nj q(y)
dyox IR P} B oy 7

4. Collocation Method

Collocation method is a numerical technique. It is used to establish the relations among
control points which are used to express the linear combination of the base functions. This method
converts assumed approximate solution in the form of system of linear equations and become a
powerful tool in developing various approximate methods because of its point based and discrete
nature. Residue is the difference between the exact solution and the approximate solution. The
residue is made to zero at some discrete nodal values in order to get the constraints among the
control points. General working procedure of collocation method.

If B-spline functions are used as basises in approximate solution [10, 11, 12] and the
collocation procedure is followed to obtain the system of linear equations in control points of
approximation solution then this method is known as B-spline collocation method.

Substituting the equations (3)-(7) in governing differential equation (2). Then we have

m—1 n—1 2\ m—1 n—1 52N i

> 3 om0 e s S B M peo T dY iy

i—3 j=— ox i=—3j=——3 oy (8)
Let (Xr YS) be the any nodal point in the computational domain and expanding the equation (9)

then we have
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M1 2M iy (xr)
y P

)2 [B i-3 N -3q(ys)+Bj-aN-2q(¥s)+Bj-1N_1q()+. . .+ Bi,n—an—Lq(Ys)]
i=-3 X
(9)
m-1 02N_3q(ys)  PN_gqys) 82N _q() 02N g q(ys)
+ XM p(x)|Bi-3 ; +Bj -2 zq +Bij-1 2q o -+Bi,n-17’2q= f(xr ys)
-3 oy dy oy oy

Expressing the above formulation in matrix form,

[Aca ]=[B] = f(xr ys) (10)

[Acal=|as Ay A . Apyy

1x(M+2)*(n+2)

[B] = [573. -+ B(m-1) ]'(m+2)*(n+2)><1

IERY (x,) N, (y.)
(m-1), r -3, s
axlz . N—3,q (ys) +M (m-1),p (Xr) ang
A(m—l) =
0*M (x,) 2N, (Y.)
(m-1), r n-1, s
B(m —1),—3
B(m-1)=

B(m—D,. (0D lnioy=<a
[Aca]=[B] = [f(xr ys) ] (11)
Equation (11) is the matrix form of equation (10) at single computational domain node point
(Xr ys )-It is the equation in (M+2)x(n+2) control points which is the result of assumption

that the approximate solution (3) satisfies the governing partial differential equation (2) at the
computational domain point Xr Vs )-The computational domain consists (m)*(n) node points . The

equation (10) should be evaluated at each these computational domain node and assumed that
these node points are collocation points also. Then the equation (11) becomes system of (m)*(n)
linear equations in (m+3)*(n+3) control points which are unknowns.
The Matrix form of above system of (m)*(n) linear equations is given below as

[Acd Inen x(M+2)*(n+2) «[B] (M+2)*(N+2)x1 = lf (Xr ,Ys )Jm w sl (12)
The Matrix Asq is not square matrix and yet Boundary conditions are not applied to approximate

solution. Applying Boundary conditions to approximate solution (eg3)
The total number of nodal points on boundary is (2m + 2n — 4) and the assumption is that the

approximate solution satisfies the boundary conditions then applying equation (3) for given
boundary conditions (2a),we have

Along the boundary points, we have

m—1 n-—1
Uy)=Uly)= 3 3Bjj Mi,p(d) Nj.q(¥)
i=—3j=3

Applying all the boundary conditions to approximate solution, we get
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. Taking the boundary along y=c ,we have
y=c,U"(x,y)=9g,(x)
m—-1 n-1

> > B M, ()N ,(©)=9,(%

LUy Bi sN_;,(c)+B; ,N_,,(c)+B; ;N ,(c)+. ..
_ZMi,p(x)L'B_ W e e }zgl(x)

Expressing the above equation into the matrix form , we have
Ap *B=0g1(x) (13)

M_3 p(X)N_3 qg(c)

M_3 p (X)N (n—1),q ©)
M_2 p(X)N_3 g(c)

where
M_2 p(X)N—1),q(c)

M_1, p(XON_3 g (c)
M_1, p CON(h—1),q ()
M(m—-1),p CIN_3,q(c)
M(m—1),p(XIN_2 g(c)

[M(m-—1),p CON-—1),9(® |1, (i 2)w(n+2)
The matrix form (13) is extended to all nodal points along the line y=c, then the system of m-linear
equations are obtained in (m+3)*(n+3) control points and its matrix form is given as

(Ao mx(m+2)x(n+2) * B =1[91()Imx1 (14)
where ‘X’ takes the m-nodes along the line y=c;
Similarly along the remaining boundary lines, we have along the above line i.e y=d

(Aa) mx(m+2)*(n+2) * B =[92(X)Imx1.- (15)
where x takes above boundary line nodes.
Along the left boundary nodal point

(A nx(m+2)*(n+2) * B=[(y)lnx1 (16)
Along the right boundary nodal points, we have the linear system of n- equations, so we have
(Ar)nx(m+2)*(n+2) * B =[2(y)Inx1 (17)

Assembling all the systems of linear equations which are generated over the computational domain
boundary points i.e combining all the equations (14) (15), (16) and (17), then we have

Ap 91(x)
Aq « 8] _ g2(x)
A (M+3s(n+3-1= | (o (18)
Ar lgi h2(Y) Jom+2n-a)x1
where SI=(2m+2n-4)x(m+2) *(n+2)
Assembling all the matrices in order to form the global matrix, they are (13) and (18)
[Acd ]m*nx(m+2)*(n+2) * [B] (m+3) *(n+3) x1 = lf (Xr,¥s) Jm*nxl
49
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and

Ay 91(x)

a * [B](m+3)*(n+3)><1: 9209

A by (y)

Ar Isi h2(Y) Jom+2n-a)a
where ST = (2M+2n—4) x(m+ 2) *(n+ 2)

i.e.The number of equations generated in the computational domain are m*n and the number of
equations obtained by using boundary conditions are 2m+2n but corner nodes are used two times
therefore deducting these repetitions then we have 2m+2n-4 boundary conditions are only included
in constructing the global matrix. The repeated evaluations at corner nodes are neglected

[Acq | [ (xrYs |
A 91(x)
Aa * [Blmi2)snizpa=| 9209
A M (y)
LAr J(m*n+2m+2n-4)x(m+2)*(n+2) [h2(y) J(m*n+2m+2n-4)x1
This can be written in the simplified matrix form, we have
[Al+[B]=[c] (19)

where

Ay

a))
A=|Ag

A

LAr J(m#n+2m-+2n-4)x(m+3)*(n+3)

[ (xrys |

91(x)
C=|92(x

hi(y)

7h2(y) J(m#n+2m+2n—-4)x1

[B.3-3 B3 Bj3-1. . . Bgpi]
[B]=

|Bm-1-3  Bm-1-2  Bm-1-1. - -Bm—l,n—l_(m 343

Solve the equation 19 for unknown constants (control points). Replacing these values with
unknowns in equation 3 then the approximation solution becomes known approximate solution to
the equation 2.

The whole assembly of matrices and its solution is obtained by coding in Matlab as based on
the implementation procedure given below.
5. Numerical Example

In this section two dimensional numerical experiments are considered as in the part of
testing of applicability of bi-cubic B-spline collocation method to various kinds of boundary value
problems.

Laplace equation with the non—zero boundary conditions is considered under the numerical
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Vol.5.Issue.1.2017 (Jan-Mar.) Bull.Math.&Stat.Res (ISSN:2348-0580)

experiment 1 and compared the obtain solution with the well established numerical technique Finite
Element Method by 64 nodes. This problem is solved by the present method considering the 2 sets
of control points 7 X 7 (49 control points)and?7 X 9(63 control points) where the first digit represents
the number of control points in X-direction and the second digit represents the number of control
points in Y-direction. The results are presented in table 1.
Governing differential equation [13] for the temperature distribution U (X, y) is

U oU

+

X2 8y2
With the boundary conditions

u@,y) =100C ;U (%, O)=100°C; Uy =100C; U (x,1) =500"C

Given computational domain [0 1]x[0,1]and boundary conditions are shown in below Figure 1.

!

100°%C 100°C

'

Case (i) : Partition of the domain for 7x7

=0 0<x,y<1

«— 500°C

«—100%C —» ¥
Figurel. Computational domain [0 1]x[0,1]

Dividing each side 7 uniform parts of the interval [0, 1] gives the total 49 collocation points for the
square computational domain. A third degree B-spline basis function is employed in collocation
method to obtain the numerical solution for the numerical examplel. Knot vectors associates the
nodal points in each direction. So, the knot vectors in X-direction are Kvx={0 0.1667 0.3333
0.5000 0.6667 0.8333 1.} and the knot vectors in Y-direction KVy={0 0.1667 0.3333 0.5000
0.6667 0.8333 1}.Three additional knot vectors are added both side of the knot vector space for
both directions in order to maintain the partition of unity property of B-spline basis function. These
additional knots are considered only to find the weights of knots at inside the knots in computational
domain. These knots are not treated as collocation points because these knots are outside of the
domain. The equation 4.4 is approximate solution with the assumption that the cubic degree B-
spline is used as the basis function in collocation method. The computational domain for 7x7
partition has 49 nodes which are treated as knots to find B-spline base function.
The nodes in the computational domain are taken as the collocation points and the assumption that
the approximate solution satisfies governing differential equation at these collocation points. This
gives the system of 49-linear equations in control points (unknowns).24 nodes are boundary points.
The boundary conditions are given for the given governing differential equation. The approximate
solution is the solution to the governing differential equation as the assumption in collocation
method.Therfore; the equation4.4 should satisfy the boundary conditions also.
Based on the implantation procedure which is given below for this numerical examplel is
implemented in Matlab
. Implementation procedure of the method is given below
. Assumption of approximate solution as the Cartesian product of B-spline basis function
ineach direction (3)
. Substuiting the approximation solution (eq3) in governing differential equation (eq2)

RAJASHEKHAR REDDY .Y >1
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. System of linear equations is developed (eq.12)
. Imposing the boundary conditions (eq.14, eq. 15, eq. 16 & eq.17)
. Assembling all the equations (eq.13, eq. 14, eq. 15, eq.16&eq.17)
J Solve (eq.19) for control points [B]
. Substitute these control points (constants in eq.3) in eq.3
Table 1. Gives the different type of solution values at node (.5, .5)
Present method Finite
Element )
Analytical
Node | 7X7 7X9 Method .
. - Solution
partition partition (8X8
partition)
(.5,.5) | 200.7047°C | 200.1005°C | 200°C 200.11°C
100 200 300 400 500
[ .

N B~ O\ 0

1 2 3 4 5 6 7
Figure 2.Temperature contours by the present method
6. Results and Discussion
Laplace 2-D heat conduction problem with the boundary conditions is illustrated to
demonstrate the present method. Tested the method by changing the number of collocation
points.Intially, computational domain is made into 7x7 partitions and estimated the temperature at
the node (.5,.5) in the computational domain. These estimated values are shown in Tablel.The
temperature at mid-point (.5, .5) is 200.11°C.When increased the number of partitions of
computational domain 7x7 to 7x9 , it is observed that temperature at the mid (.5, .5) is improved
from 200.7047°Cto 200.1005°C.This shows the convergence of the present method.
7. Conclusions
Bi-cubic B-spline collocation method is demonstrated in this paper to solve heat conduction

transfer problems by taking the numerical example. The obtained results are good agreement with
the exact values. Adaptability and convergence of the present is tested for the same problem by
increasing the number of nodal points. This method can be applied more problems for different
types computational domains and for different types of heat conduction problems.
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