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ABSTRACT

Let R be a commutative ring with unity and let Z(R) be its set of zero
divisors. The zero divisor graph of R denoted by I'(Z,) is a graph which is
undirected with vertices Z(R)* = Z(R) — {0}, the set of non- zero divisors
of R, and for distinct X,y € Z(R)", the vertices x and y are adjacent iff xy =
0. In this paper we analyze the crucial point of behaviour of maximum
planarity in rectilinear crossing number of some zero divisor graphs, on
adding or removing the edges by which one can able to predict using this

behaviour that how far the graph retains its consistency.
.THI Keywords: Rectilinear Crossing number, planar graph, Zero Divisor Graph.
Subject Classification: 05C25, 05C10, 52C35.

Introduction

A graph which can be drawn in the plane in such a way that edges meet only at points
corresponding to their common ends is called a Planar graph, and such a drawing is called a Planar
embedding of the graph. Let G be a graph drawn in the plane with the requirement that the edges
are line segments, no three vertices are collinear, and no three edges may intersect in a point, unless
the point is a vertex. Such a drawing is said to be a Rectilinear drawing of G. The rectilinear crossing
number of G, denoted by cr(G), is the fewest number of edge crossings attainable over all
rectilinear drawings of G [3]. Any such a drawing is called optimal. The idea of a zero divisor graph of
a commutative ring was introduced by I. Beck in [2]. The zero divisor graph is very useful to find the
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algebraic structures and properties of rings. We mainly focus on D. F. Anderson and P. S. Livingston’s
zero divisor graphs.[1]

Definition - 1: If a and b are two non-zero elements of a ring Z,, such that a.b = 0, then ‘a’ and ‘b’
are the Zero divisors of commutative ring Z,,.

Definition - 2: If a graph G' = (V,E") is a maximum planar subgraph of a graph G = (V,E) such
that there is no planar subgraph G = (V,E") of G with |[E"| > |E’|, then G’ is called a maximum
planar subgraph of G.

An important consideration in the topological design of a network is fault tolerance. That is
the ability of the network to provide service even when it contains a faulty component or
components. The behaviour of a network in the presence of a fault can be analyzed by determining
the effect that removing an edge or a vertex from its underlying graph G has on the fault tolerance
criterion. It is often of interest to know how the value of a graph parameter is affected when a small
change is made in a graph, for instance vertex or edge removal and edge addition. In this
connection, we define the following six classes. We use acronyms to denote the following classes of
graphs. [7,8]

[C- represents Changing, U- Unchanging, V-Vertex, E- Edge, R- Removal, A- Addition, R-
Rectilinear, C- Crossing]

(CVRRC) cr(I'(Zy) —v) = cr(I'(Zy)),Yv e V(I'(Z,))
(CERRC) (I'(Zy) —e) = er(I'(Z,), Ve € E(I'(Zy))
(CEARC) a(I'(Zy) +e) # ar(I'(Zy), Ve € E(T'Zy)
(UVRRC) cr(I'(Zy) —v) = cr(I'(Zy),Yv e V(I'(Z,)
(UERRC) ca(I'(Z,) —e) = er(I'(Zy)), Ve € E(I'(Zy))
(UEARC) e (I'(Zy,) +e) = er(I'(Zy),Ve€E(I'(Zy,))

These six postulates have been approached individually in the literature with other
terminology and several related problems. Using the above changing and unchanging Rectilinear
crossing number terminology has been proposed in this chapter. It is useful to partition the vertices
of I'(Z,,) into three sets, according to how their removal affects the Rectilinear crossing number.

LetV =VouV+tuV~ for,

Vo ={veV(rzy): aZ,)—v)= c(lZy))}
vt ={veV(rZzy): a(l'(Z,) —v) > cr(I'(Zy))}
V- ={veV(I(Zy): ae(I'(Z,) —v) < er(I'(Zy))}
Similarly, the edge set can be partitioned into,
E®={e € E(I'(Zy): cv(I'(Zy) —e) = ¥(I'(Zy))}
E-={e€E(r(zy): ao(I'(Zy) —e) < e (I'(Zy))}
Therefore any edge set in I'(Z,,) can be writtenas E = EC U E~
Similarly we can define another new edge set E* such that
Et={e € E(I'(Z,): er(I'(Zy) +e) > er(I'(Zy))}
Detection of planarity in any graph:
Property 1: By Euler’s Theorem, “A graph is planar iff 2e> 3f, where e is the edge and n is the
number of vertices.” We knowthate—n+2 =f ande < 3n+ 6.

Property 2: By Kuratowski’s theorem, a graph is planar iff it doesnot have any subgraph of K5 or
K3'3 .
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Observations of some general factors involving the change of graph into a planar graph:
The following are some techniques which is suggested for the possibility of the planarity in any
graph.
(i) The graph may have a vertex with highest degree, that is maximum clique which is involved in
maximum crossings, that may affect the planarity. So removal of any vertex with maximum clique in
any graph or else, removal of the edges incident with that vertex, can take us to make a minimum
planarity.
(ii) Any connected graph may contain one or many cycles. Removal of the vertex or the edges
incident with those vertices forming the cycle of maximum length and involving in maximum
number of crossings may help us to take the graph into planarity.
(iii) Removal of all the edges involving in crossings can finally lead us a way for the maximum
planarity.
Consistency of Rectilinear Crossing Number of '(Z3,,2):
In this section we evaluate the consistency of bipartite zero- divisor graph especially for I'(Z3,z).
From [4,5,6] we know that the complete graph I'(Z3,2)is planar when p = 2, 3. So we proceed by
finding the consistency for p > 5.
Theorem -1: If p = 5 are prime numbers in I'(Z3,2), then,
(i)There exist v € V(I'(Z3y2)) s.t, &7 (I (Z3y2) —v) = (I (Z5,2)), then I'(Z5,2) € UVRRC.
(ii)There exist v € V(I'(Z3y2)) s.t, &7 (I (Z5,2) — v) < e7(I'(Z3,2)) , then I'(Z3,2) € CVRRC.
(i) There exist e € E(I'(Z32)) s.t, &7 (I'(Z3y2) — €) = &7(I'(Z5,2)) ,then ' (Zs,2) € UERRC.
(iv)There exist e € E(I'(Z3,2)) s.t, &7(I'(Z3,2) — €) < &7(I'(Z32)) ,then I’ (Z3,2) € CERRC.
(v)There exist e € E(I'(Z3p2)) s.t, &7(I'(Z3p2) + €) = e7(I'(Z3,2)) ,then ' (Z5,2) € CEARC.
(vi) For any graph I'(Z5,2),V (F(Z3pz)) =Vou V-,
(vii) For any graph I“(Z3pz), E (F(Z3pz)) = E°U E".
Proof: The vertex set of F(Z3pz) is

V(r(Zsp2)) = (333,302 = 1),p, 2p,...p(3p — 1)}

|V (r(Zsp2))| =p? + 20— 1

The vertex set of F(Z3p2) can be partitioned into four vertex subsets namely, V;,V,,V3,V,
LetV, = {p?2p*},V, = {3p,6p,9p, ... ,3p(p — D}, Vs = {p,2p,4p, .., p3p — 1)}
And V, = {3,6,9,..,3(p? — 1)}.

The drawing of Rectilinear crossing of F(Z3pz) is same as in theorem [5], by imbedding
complete graph Ky, ; inside the complete bipartite graph K},_; 5(p—1), where E (K} ,1) is,

E(Kp+1) ={(®%2p%), (p%3p(p - 1)), (»? 3p), .. 2p?,3p(p — 1)} — (p?,2p?)
As all the vertices of V, are adjacent to each and every vertices of V3, which forms a complete
bipartite graph K; pp—1)-
Case (i): Let v be any vertex in V,. From the drawing of ¢r (F(Z3pz)), it is clear that the two vertices
p? and 2p? forms a complete bipartite subgraph H = Kz p-1) of F(Z3pz).

Suppose p=5, then we get H = K,,,. Therefore, by Euler’s Theorem the condition
e < 3n+ 6 should be satisfied. Since, (V(H)) = 22,n(E(H)) = 40 implies 40 < 3(22) + 6 = 72

. Therefore the condition e < 3n + 6 is satisfied, which implies that H = K; ,,»—1) is a planar

subgraph of F(Z3pz). Therefore the removal of p(p-1) vertices of V, from cr (F(Z3p2))
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Doesnot affect the rectilinear crossing number of F(Z3p2) . Therefore ﬁ(I“(Z3pz)—v) =
7 (I'(Z3p2)),- which implies I'(Z3,2) € UVRRC.

Case (ii): As the centre point of F(Z3pz) are p2 and 2p? in, V; which involves maximum number of
crossings in C_T'(F(Z3p2)). So removal of any vertex in V; gives drastic changes in the rectilinear
crossing number. Therefore c_r(F(Z3pz) - v) < c_r(I“(Z3pz)), Vv € V; which implies I'(Z3,2) €
CVRRC.

Case (iii): Since using case (i), the removal of the vertex in the subgraph of c_r(Kzrp(p_l)) induced
within c_r(I’(Z3pz)) doesnot affect the rectilinear crossing number of c_r(F(Z3pz)). Similarly the
removal of any edge from the crossings ﬁ(szp(p_l)) doesnot affect the c_r(F(Z3pz)). Similarly
from the figure it is clear that the lower boundary of the complete graph K,;H has edges, which
doesnot involve in crossing of c_r(I“(Z3pz)). So the removal of any edge

e € E(Ky,) from the lower boundary doesnot change any crossings. Therefore, c_r(I“(Z3pz) - e) =
c7(I'(Zs,2)) , where e € E(Kpy1) € ¢7(I'(Z3,2)) Then, I'(Z3,2) € UERRC.

Case (iv): From case (ii), we know that the centre point p? and 2p? of I'(Z3y2) in Vy contributes
maximum number of crossings in c_r(F(Z3pz)).AIso, any vertex in Kz,9+1 has a maximum clique,
which is an induced subgraph of F(Z3pz). Therefore removal of the edge other than the edge in
lower boundary from c_r(Kr’,H)) in c_r(F(Z3pz)), decreases the rectilinear crossing number of
I'(Z3,2). Therefore, c_r(F(Z3pz) - e) < c_r(F(Z3pz)) , Where e € E(Kp,4) S c_r(F(Z3pz)) where
‘e’ is an edge other than the edge in lower boundary. Then, F(Z3p2) € CERRC

Case (v): Let ‘e’ be an edge in m. Then addition of one edge between p? and 2p? in Vj,
doesnot affect the crossing. Also addition of an edge between two consecutive vertices in Vg,
doesnot increase the rectilinear crossing of I'(Zs,2). Therefore any edge e € E(I'(Z3p2)). In
particular, e € V; or V3, such that,

T (I'(Z3p2) + €) = c7(I'(Z5,2)) , Ve € Vy or Vs........... (1.1)

Then I'(Z3,,2) € UEARC.

Otherwise addition of an edge between non-consecutive vertices of either V;orV, from
& (Kp-1,200-1y) Or c7(Kzpp—1)) respectively or else crossing between V and V, itself leads to
drastic changes in the rectilinear crossing number of F(Z3pz). Therefore for any edge e €
E(I'(Z3p2)), in particular, e € V3 or V, or V3 U V,, such that,

7 (I'(Z3p2) + €) > c7(I'(Z3,2)), Ve € VyorVzorVy U Vs .............(1.2)

Then I'(Z3,,2) € CEARC.

Using (1.1) and (1.2), we get,

c_r(I"(Z3pz) + e) > c_r'(F(Z3pz)) ,Ve€ ViorV;orV, U V;

Case (vi):Using case (i) and case (ii), removal of any vertex in I'(Z3,2) either decreases or increases
the rectilinear crossing number of F(Z3p2). Hence every vertex in F(Z3pz) belongs to either VO if,
c_r(F(Z3pz) - v) = c_r(F(Z3pz)), orin V™ if, c_r(I“(Z3pz) - v) < c_r(F(Z3pz)). Therefore for any
graph I'(Z3,2), V (r(z3pz)) =Vou V-,

Case (vii): Using case (iii) and case (iv), removal of any edge in I'(Z3y,2) will either decreases or
increases the rectilinear crossing number of F(Z3p2). Clearly, an edge ‘e’ in F(Z3p2) is in either E©,
if c_r(F(Z3pz) - e) = c_r(I’(Z3pz)), orin E~ if, c_r(I“(Z3pz) - e) < ﬁ(F(Z3pz)). Therefore for any
graph I'(Z3,2), E (I'(Z3,2)) = E°U E~.
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Theorem -2: For any graph F(Z3p2), p > 3, the consistency of Rectilinear crossing of c_r(I"(Z3pz)),
(i) when removing the edges, the edge planarity is,
d-1
p+1d—-2
P[E(r(Z52))] = 20— D? = [2(0 - D* = 5(p ~ 1) + 21} - {f -n

n=2
(i) When removing the edges involved in crossings is, P[c7(I'(Z5,2))]
2p-3

= cr(% )—ZZn %(3( +1)d — 6d — 2d? + 2)

n=1
d(d-1)

- 1Zn+2 Zn+ +(d-2) Z

Proof: The vertex set of I'(Z3,2), is V (F(Z3p2)) =1{3,6,9,..3(p*> - 1),p,2p,..p(3p — 1)},
Then, |V (1(Zs,2))| =p?+2p—1. The vertex set, V(I'(Z3,2)) can be partitioned into,
Vi = {p%2p*},V, = {3p,6p,9p,..3p(p — 1)},
Vs ={p,2p,4p,..pBp — D}V, = {3,6,9,..3(p* — 1)}
The Edge set, E (I"(Z3pz)) is given by,

( ®%3),..(p%3(p* — 1)), (2p%3),..(2p%3(P* - 1)),
(p%3p),..(p% 3p(p — 1)), (2p%,3p),.. (2p?,3p(p — 1)), !
E(I(Zy2)) = { @ 3p) (p, 3p(p — 1)) (2p. 3p),. (2p,3p(p - 1)) }

I .

\ (p(3p—1),3p), . (PG~ 1),3p(p — 1) )
The Rectilinear drawing of F(Z3p ) is followed from the theorem in [5], where we find the
Rectilinear crossing of ¢ (E(Kp41))- That is the complete graph, whose edge sets are,

e (E(Kp11)) = {®%3p),..(p%3p(0 — 1)), 2p%,3p),.. (2p% 3p(p — 1)} — (»*, 2p).
Similarly placing K3 ,p-1), @ complete bipartite graph, between the vertices p? and 2p?, becomes
planar. But the vertices of /5 are placed on or below the crescent. Because splitting the vertices and
placing them on both on top and bottom of the crescent , as in finding the rectilinear crossing of
c_r(F(Z3pz)), doesnot help in reducing the crossing for attaining the planarity. Therefore all the
vertices of V3 are placed below the crescent (for convenience), hence forming a Kj,i1,0p-1)
complete bipartite graph. Now we are left with finding the planarity of complete and complete
bipartite graph, an induced subgraph of F(ngz).

I.To find the complete planarity of E(K,, 1) by removal of edges:

@ — 1, denoted by n[E(Kz’,H)]. Now removing the

The total number of edges in E(K;'a+1) are
edges one by one from each vertex , we obtain a planar graph. We observe that drawing of all the
edges incident with 3p doesnot disturbs the planarity. But the edges which are incident from the
remaining vertices, disturbs the planarity of E(Kz’,ﬂ). That is the removal of (d — 1) edges incident
with 6p, (d — 2) edges incident with p?, (d — 3) edges incident with 2p?, (d — 4) edges incident
with 9p, and continuing this process until removal of 1 edge from 3p(p — 2). Therefore summing up
we get removal of ,Y3-1n =1+ 2+..+(d — 2) + (d — 1) edges makes the subgraph E(K;';+1)
planar. Since there is no edge between p? and 2p?, subtracting that one edge we get, Zﬁ;%n -1
edges to be removed, denoted by, n[E; (KI')+1)]- Therefore planarity of E(Kz’,ﬂ) by removal of edge

is given by,
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PE(Kp+1)] =n [E(Kz'm) - "[El(Kz'm)]]

d-1 a-1
=[(p+21)d—1]—2n—1 =W‘Z"‘1

n=1 n=1

Whered = (p+1)—1=p
I1.To find the complete planarity of ¢i-[E(K .1 )] by removal of edges:

The total number of edges crossings, n [c_r (E(K,;H))] is given by,

n|er (E(kpsr))| = (p+ PEA s 1)d—6d — 247 +2)

Now removing all the edges involved in crossmgs, we can make the edge crossing zero. That is
removing all the edges incident with the vertex 6p, Zf{‘fn crossings is removed. Similarly, removal
of the edges incident with vertex p? we get 2 Z 3 n crossings removed. Continuing this process for

d(d)

{2p?,...3p(p — 3)}, finally we reach at removing (d — 2) D= n crossings removed from the n

vertex 3p(p — 3). Summing up we get
d—(d—1)

1Zn+22n+ +(d - 2) Z

Crossings removed and is denoted by P [c_r (E(Kl’,ﬂ))] =n [c_r (E(Kl’,ﬂ))] -n [c_r (E1 (KI;H))]

d—(d-1)

= (p ) ———@B{p+1)d—-6d- 2d2+2)—12n+22n+ +(d - 2) Z
ll.To find the complete planarity of K, 1 2(,-1) by removal of edge crossings:

As all the 2(p — 1) vertices in V3 are placed at the bottom of the crescent vertically, the total
number of edges incident with these 2(p — 1) vertices are denoted by n[E(KpH’Z(p_l))] and is
given by, n[E(Kp+120-1y)] = 2(p — 1)%. The edges incident from the vertex ‘p’ to K;., doesnot
affect the planarity. Similarly the remaining vertices incident to the vertices 3p and 3p(p — 1) that
are placed on the two ends of the crescent also doesnot disturbs the planarity. Therefore removing
the rest of the edges, a complete planar graph is obtained. The number of edges that are removed is
denoted by n[E1 (Kp+1,2(p_1))] and is given by, n[El (Kp+1,2(p_1))] =2(p—1)*-5(p—-1)+2
Therefore planarity obtained after removal of the edges from E (Kj41,2(p—1)) is given by,
P[E(Kp+1,2(p—1))] = n[E(Kp+1,2(p—1))]' n[E1 (Kp+1,2(p—1))]

=20-D*-R@-1)°-5@-D+2]=5p-D-2=5p-7
IV.To find the complete planarity of CT(KPH,Z(,,_I)) by removal of edge crossings:

As the vertices in V; are non-adjacent to all the vertices of V3, so modifying ¢7(Kp41,2(p-1)) @s

cr (w) E (cr (W)) The total crossing is denoted by n [E (c_r (W))]

and is obtained by using Zarankewicz conjecture. That is,

ol

n
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Now removing the crossings from the vertex other than ‘p’, we obtain the planarity by removal of

K1 405
crossings, which is denoted by n[E1 (c_r (%M))] Removal of the edges incident to

6p, 9p,..3p(p — 2) from all the vertices in V3 — p we obtain the planarity which is given by,

) )\ o
n=1 n=1

Therefore planarity obtained after the removal of crossings is given by,

oo (=) )| - (o (o)) N (@ <%>)]

5 2p-a
:{%lp 2 1J lp 2 ZJ l4(p2 DJ l4p2 : }_ iznz;" ; n}
Case (i): Letp =5

The vertex set of I'(Z;5),is V(I'(Z;5)) = {3,6,9,..72,5,10,..60},
Then, |V(I'(Z75))| = 34
The vertex set, V(I'(Z;5)) can be partitioned into, V; = {25,50},V, = {15,30,45,..,60},
Vs = {5,10,20,35,40,55,65,70},V, = {3,6,9,..72}
The Edge set, E(F(Z75)) is given by,
¢ (25,3),..(25,72),(50,3),..(50,72),
(25,15),..(25,60), (50,15),..(50,60),
E(I'(Z;5)) =4 (5,15),..(5,60),(10,15),..(10,60),

P

(70,15), .. ves cev vee eve ... (70,60)
Therefore ¢r (E(K¢)) = {(25,15),..(25,60), (50,15),..(50,60)} — (25,50).
I.To find the complete planarity of E(K¢) by removal of edges:
Total number of edges in E(K¢) = 14 = 32—0 -1= @ -1
The removal of edges in E (K{) are as follows:
Removal of 4 = (d — 1) edges incident with 6p = 30,
Removal of 3 = (d — 2) edges incident with p? = 25,
Removal of 2 = (d — 3) edges incident with 2p? = 50,
Removal of 1 = (d — 4) edges incident with 3p(p — 2) = 45,

Summing up and subtracting the edge (25,50) we get,
4 d-1

n[E(Kg,)]=9:(1+2+3+4)—1=zn—1=zn—1

n=1 n=1

Therefore planarity of E(K¢) by removal of edges is,

30
P[E(K)] = n[EKY)] —n[E;(K)]=5=14—-9 = (7 — 1) —(1+2+43+4)-1)

2 n=1

I.To find the complete planarity of cr[E(Ky)] by removal of edges:
Total number of edge crossings is given by,
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Rl EED]] = 15 = 22 B6)(5) — 6(5) — 2(25) +2)

- %(3@ +D(d) - 6(d) —2(d*) +2)

The removal of crossings in ¢ [E (K¢ )] are as follows:
Removal of 1(1 4+ 2+ 3) = 1 Y3 _, n = Y422 n crossings incident with vertex 30 = 6p

Removal of 2(1 +2) = 2¥2_, n = 2¥%23n crossings incident with vertex 25 = 6p?

Removal of 3(1) = 3Y2_; n = 2 Y923 n crossings incident with vertex 50 = 6p?
Summing up we get,

n[er[Ey (KDl =15=6+6+3 = 1(6) + 2(3) +3=1(14+2+43)+2(1+2) +3(1)
d—(d-1)

1Zn+22n+ +(d —2) Z

Therefore planarity obtained after the removal of crossings is given by,
Plcr(E(Kg))] = nler (E(Kg))] — nler(E1(Kg))] = 0=15—-15

N 2_5(3(6)(5) —6(5) — 2(25) +2) — [1(6) + 2(3) + 3]

d—(d-1)
= (p ) ——@B{p+1)d—-6d- 2d2+2)—12n+22n+ +(d - 2) Z
lll.To find the planarity of K4 g by removal of edge crossings:
n[E(Keg)] = 32 = 2(p — 1)?
n[E;(Kgg)| =14=32-20+2=2(p—1)?-5(p—1) + 2
Therefore planarity obtained after removal of the edges from E (Kg g) is given by,

P|E(Keg)] = n|E(Keg)] — P[E1(Keg)] = 18 = 32 — 14
=25-1)%?-{2(6-1)?-5(5-1)+2}
=2(p-1)*-Q2(p-1*-5(-D+2}=5p-7
IV.To find the complete planarity of c_r(Kc,,g)) by removal of edge crossings:

() st
[

%Hwﬂﬁ?wmwﬂﬂé

(el (2 B ()G

n

n=1

=2(1)(1+2+3+4+5+6+7)=2(28) =56
Therefore Planarity obtained for I'(Z;5) after the removal of crossings is given by,

ple(er ()| - (o (552)
E <c_r< 4’216))>] _— (c—r( 4;‘”))] =0="56-"56
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={%l5;1H5 H4(4)H20_5}—2(1)(1+2+3+4+5+6+7)

3 2p-3
el [ [ Z Z
2l 2
The complete Planarity obtained for I'(Z,5) after the removal of edges is given by,
PIE(I'(Z75))] = PIE(K{)] + p|E(Keg)] =23 =5+ 18 = (14— 9) + (32 — 14)

=(32—0—1)—((1+2+3+4)—1)+[2(5—1)2—5(5—1)+2]
d-1
CaLENE Q.m0 -1 561+ 2

The complete Planarity obtained for I'(Z;5) after the removal of crossings is given by,
Pler(ECTZ3s)))] = Pler(ECT(KD))] + P (( >>]
=0+4+0=(15-15)+ (56 — 56)
= %(3(6)(5) —6(5) — 2(25) + 2) — (1(6) + 2(3) + 3)

[5_1H5_2H4(5_1)“4(5)_5J_2(1)[1+2+3+4+5+6+7]

d-2 d—(d-1)
=(p )(3( +1)d — 6d — 2d2+2)—12n+22n+ +(d-2) Z

B 2p-3
T TR TR T nl

n=1 n=1

Case (ii): Letp =7
The vertex set of I'(Zy47),is V(I'(Z147)) = {3,6,9,..144,5,10,..140}, Then,
The vertex set, V(I"(Zl47)) can be partitioned into, V; = {49,98},V, = {21,42,63,..,126},
V; ={5,10,20,35,..,140},V, = {3,6,9,..144}
The Edge set, E(I'(Z147)) is given by,
(49,3),..(49,144), (98,3),..(98,144),
(49,21),..(49,126),(98,21),..(98,126),
E(F(Z75)) =< (521),..(5, 126) (10 21) .(10,126),

=62

(140 21) (140 126)
Therefore c¢r (E(Kg)) = {(49,21),..(49,126), (98,21),..(98,126)} (49,98).
I.To find the complete planarity of E(Kg) by removal of edges:
Total number of edges in E(Kg) = 27 = % —1= @ -1
The removal of edges in E (Kg) are as follows:
Removal of 6 = (d — 1) edges incident with 6p = 42,
Removal of 5 = (d — 2) edges incident with 9p = 63,
Removal of 4 = (d — 3) edges incident with p? = 49,
Removal of 3 = (d — 4) edges incident with 2p? = 98,
Removal of 2 = (d — 5) edges incident with 3p(p — 3) = 44,
Removal of 1 = (d — 6) edges incident with 3p(p — 2) = 105,
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Summing up and subtracting the edge (49,98) we get,

6 d-1
n[El(Ké)]:20=(1+2+3+4+5+6)—1=Zn—1=2n—1
n=1 n=1
Therefore planarity of E(Kg) by removal of edges is,
56
P[E(Kg)] = n[E(Kg)] —nl[E1(Kg)] =7 =27—-20 = (7— 1) - ((1 +2+3+4+5+6)— 1)
@+ 1d <
1S S DX
2
n=1

I.To find the complete planarity of cr[E(Kg)] by removal of edges:
Total number of edge crossings is given by,

8.7
n[er[E(Ke)]] =70 = - B(8)(7) — 6(7) — 2(49) + 2)

= P2 2600+ D@ - 6@) - 2 +2)

The removal of crossings in ¢ [E (Kg)] are as follows:

Removalof 1(1+2+3+4+5)=1Y>_n= 12;11_%11 crossings incident with vertex 42 = 6p
Removal of 2(1 4+ 2+ 3 +4) = 2Y%_, n = 2Y%23n crossings incident with vertex 63 = 9p
Removal of 3(1 4+ 2 + 3) = 2¥3_, n = 2 Y %% n crossings incident with vertex 49 = p?

Removal of 4(1 4+ 2) = 2Y2_, n = 2 Y923 n crossings incident with vertex 98 = 2p?

Removalof 5(1) =5Y1_n = 3Zd (a-1)
Summing up we get,

n[cr[E(K¢)]] =70=15+20+ 18+ 12+ 5 = 1(15) + 2(10) + 3(6) + 4(3) + 5

=1(1+2+3+4+5)+2(1+2+3+4)+3(1+2+3)+4(1+2)+5(1)
d—(d-1)

_1Zn+zzn+ +5 Z

Therefore planarity obtained after the removal of crossings is glven by,
Plcr(E(Kg))] = nler(E(Kg))] — nler(E1(Kg))] = 0=70—-70

n crossings incident with vertex 105= 3p(p — 2)

_ ﬂ(B(S)U) — 6(7) — 2(49) + 2) — [1(15) + 2(10) + 3(6) + 4(3) + 5(1)]
d—(d-1)

( ) ———@B{@+1)d—-6d - 2d2+2)—12n+22n+ +5 Z

lll.To find the planarity of Kg 1, by removal of edge crossings:
n[E(Kg12)] =72 =36 %x2=2(p — 1)?
n[E;(Kg12)| =44=2x36-5%x6+2=2(p—-1)*-5(p—1) +2
Therefore planarity obtained after removal of the edges from E(Kjg 1) is given by,
P[E(Kg2)] = n|E(Kg12)] — P[E1(Kg12)] = 28 = 72 — 44
=2(7-1)?-{2(7-1)?-5(7—-1)+2}

=20- 1)’ -Q2(p-1D*-5(@-1)+2}=5p—7

IV.To find the complete planarity ofﬁ(K&lz) by removal of edge crossings:

n|E| & <(K6 24)) _ %lp ; 11p ; ZJ l4(P2— 1)J l4p2— 5

= I=IEIE
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2[2“2“ “ ="<3><2><12><11—396

() (o) ()28

n=1 n=1

=2(1+2)1+2+3+4+..+11) = 2(3)(66) = 396
Therefore Planarity obtained for I'(Z;5) after the removal of crossings is given by,

oz (o2
=n [E <c_r (K62'24)>] —n [El (c_r (Kﬁz’“))] =0 =2396—-396

= {% [7 ; 1J l7 ; ZJ [4(26)J lzz—gj} —2(14+2)(1+ 243 +4+..+11)
e O S MO

The complete Planarity obtained for I'(Z;4-) after the removal of edges is given by,
PIE(I'(Z147))] = PIE(K{)] + p[E(Kg12)] = 35 =7+ 28 = (27 — 20) + (72 — 44)

P

=(52—6—1)—((1+2+3+4+5+6)—1)+[2(7—1)2—5(7—1)+2]

(1) - (Bkin - 1) + 20 - D? - 20 — D? = 5(p — 1) + 2}]

The complete Planarity obtained for I'(Zy4) after the removal of crossings is given by,
P[er(E(T (Z147)))] = Plc(ECT(K))] + P [c_r (E ( K62'24 ))]
=040 = (70 — 70) + (396 — 396)
= 82X—47(3(8)(7) —6(7) —2(49) + 2) — (1(15) + 2(10) + 3(6) + 4(3) + 5(2))
1[7 _ 1] [7 _ 2J l4(7 _ 1)J l4(7) _ SJ —2(D)[1 + 2+ 3+..+11]

d-2 d—(d-1)
=(p )(3( +1)d — 6d — 2d2+2)—12n+22n+ +d-2) z

P e - Iz X

n=1 n=1
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