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1 Introduction

Chang and Zadeh[2] introduced the concept of fuzzy number with the consideration of the
properties of probability functions.Since then a lot of mathematicians have been studying on fuzzy
number, and have obtained many results [1,3,4,5,7,9] .

In 2001 Voxman [6] introduced the concept of discrete fuzzy numbers, thediscrete fuzzy
number can be used to represent the pixel value in thecentre point of a window [8]Also he gave out
the canonical representation of discrete fuzzy numbers.

Guxiangwang and etal discussed the representationof cut-set form of the discrete fuzzy
numbers,and using the representation it is shown that the usual addition of two discrete fuzzy
numbers does not keep the closeness of the operation( at this point, discrete fuzzy numbers are not
like non- discrete fuzzy numbers since non-discrete fuzzy numbers keep the closeness of usual
addition[9] and defined a new addition for two discrete fuzzy numbers, which keeps the closeness of
the operation.

In this paper the support of a discrete fuzzy number is coined differently. Further
characterization properties regarding such representation are established. Also, the addition and
multiplication of discrete fuzzy numbers are defined using the newly coined representation.
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Definition 2.1 Let X be a universe of discourse, a fuzzy set is defined as A ={(x, z(x): xe X }
characterizedbyamembershipfunction4A(X):X—[0.1],where 1.5 (X)denotesthe degreeofmembershipofthe element
X to the set A.

Definition2.2Thea-cut, “A ofa setAisthe crispsubsetofAwithmembership gradesofatleastc.

Thatis, ¥ A={X|ua(X)>a}-
Definition 2.3A fuzzy set on the real line R is a fuzzy number if it atleast possess the following properties.
1. Amustbe anormalfuzzyset,

o
2.Thealphalevels A mustbe closed foreverya<[0,1].

3.ThesupportofA,O+Amustbe bounded.

Definition 2.4 A fuzzy subset uof R with membership mappingu: R — [0,1] is called discrete fuzzy

number (DFN) if its support is finite (ie) there are X1, X3, oo vvo veo.., X E R Withx; < xp <..... < Xy,
such that supp(u) = {x1, %2, ... e« ... ... Xp }, and there are natural numbers s,t withl < s <t <n
such that

(Du(x;) = 1 foranynaturalnumberiwiths <i <t

(iDu(x;) < u(x;)foreachnaturalnumbersi,jwith 1 <i<j<s

(iiu(x;) = u(xj)foreachnaturalnumberi, jwitht<i<j<n

3 New Representation of Support of a Discrete Fuzzy Number

Definition3.1For AcR denote maxA =max {x : x € A}, and min A= min { x : x € A},Let u be a fuzzy setof R,

and[u]’ be finite
For any re [0,1] and x,€ [u]0 denoteii (1) = max[u]r ,U (r)=min [u]r forr <1
where[u]rz{x/ u(x) =r}
Define the sets as
[l_,l]rsf{x e[u]/x= g(r)}
[u]i<=fre [u]' /x < u@)

Also [ U (T)'ﬁ(r)]rsﬁ{x e[u’/ um=x<u (r)}
Define[U] <=fxe[u] <1 x<x0}

mxe r<1={ XE [a] r<1 i X2Xo}

S0, [u(n). T2, = U 3O 11ty () < 4, < 202

Property 3.2Let u be a fuzzy set of R, and [u]0 be finite,

then[a]rgU [u].<.Ulum,am1.=[u]’

Proof

Let x E[U]rslu [U]rslu [ Q(r):ﬁ(r)]rﬂ

Thenx € [u] r<1(0r) x e[u] rc1 (ONXE[U (), u@)] <1

Supposexe [u] rs1 ={x € [u]o/x =Uu (r)} thenx € [u]oandx >UuU(@)= max[u]r
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Ifxe[u]rﬂ:{x € [u]0 /x < a(r)}thenxe [u]oandx < g(r)=min[u]r

Againif xe [ u (), 2] rs1={x e[u’/ um=x=<u (r)}thenx e[uandu <x<u@)
It follows that in the above cases x € [u]0 and eitherx > U () or x < U (r), G (r)<x <U (r)
Therefore x € [u]’and x = min[u]' (or) x < max[u]" (or) min[u] <x <max[u]'

Conversely, suppose x € [u]0 ={ x: u(x) = 0} then by the definition of [u]O

[u]’ =t x/x < max[u]" (on) x = min[u] (or) min[u] <x <max[u]'}

={x/x < UE(Nx = U () (Nam=x<u(}

={x/x€ [ﬂ] ca(0Nx € [U] <1 (onx € [ U M), T@), <}

Therefore[u]O:[l_J] U u]sUlum,ama

Property 3.3 Let u be a fuzzy set of R, then [u]0 be finite and x,€ [u]0

then
M xefu]me[u] wze
() xe [ﬂ] ,SI@[U_]% @t
(i) e[ U@, a@l e [ur),an], e
Proof:
M xe[u]aofu] e
By definition,

[U] 1= {XE r<1x< %}

[u]m:{xe[u] /x=u(r)}

Suppose x, € [u] rel

= x,€[u]’ andx, = U ()
= U(X,) >0andx, > max [u]r
= U(X,) < 1andx,> max[u]r
=X, € [U_]Xo <t
Conversely, if MXO <1 F @thenxe MXO <1

By definitionx € [u] r<rand X < X

:xe[u]0 and x > u (r) and x < X,
:xe[u]o and (< x < X,

=X, € [U]rsl
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() xe[u]aou] wre
_ -
By definition[U]  <={xe[u],<1 1 x>%}

[u] = fxe[u]’/x< u(r)}

Suppose x, € [u] <1
=>xoe[u]0 and x, < U (r)
=U(Xp) > 0and X, < min [u]r
=U(X,) < 1andx < min[u]r

= XOE[T]XO r<1

Xo

Conversely, if [U_]X0 <17 @thenxe [u] <1

Soxe[a]rslandxz X
:xe[u]0 and x < G(r) and x = X,

=€ [u]0 and @(r)=x = X,

—x € [u].-,

(i) %E[ U@, a@] e [u(r),an)], e
By definition

[u(r) TO]L = U@L a@ sty ) < 5, < 2@
[U),a@) r51={x e[u’/ um=x< G(r)}
Suppose xo € [ U (r), u (Tl <1

=>Xoe[u]0and U@ <x< ﬁ(r)

= U(X,) >0andmin [u]r <X _<max[u]r

= U(X,) < 1 andmin [u]r <X _<max[u]r

=X,€ [u(r), o],

Conversely,if [u(r),a(r)]"

r<i

0
<1

# thenxe [g(r),U(r)]:
Sox €[ U (), u(r)) <1and i ()< X, <U (r)

=xE [u]oand T(r)<x <U (r)and & (1)< X, <U (r)
=XE [u]0 and & (r)< X, <u ()

= X%E€ [g(r)’u(r)]rﬂ

Property3.4 Let u be a fuzzy set of R, and [u]0 be finite then if X’ ’ x"e [u]0 , the following condition holds.

Q) X/_<X//=>[U] B rle[U]X,r51
—=X e
/ 11

i) X <sx'=[u] cicu] <

(i) x’_<x”=>[H(r),U(r)]:;lc[g(r)’a(r)]:;
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Proof

(i) By definition [i]xu,g:{xe [u_]rgl:xg X" }

[u]rg:{x € [u]o /x = a(r)}
Given X' <x”

= XOE[U] ”r51={XE Mr51.XSX }

= %€ [u]r<mand X, < X"

=%, € [u]r<rand < X' < x”

= X, € [U]rs1andX0S X

= X € Mx,r51
/ PR

(ii) Bydefinitionmxrslz{xe[U]rg:xz X'}

mr51={x € [u]o/x <u (r)}

Given X <X
/

= XOE[U]X r51={X€ [U]rgllxle}
= X, €[u] <rand %= X’
= Xy€[u],<iandx,= X' > X"

= xoe[u],slandxoz X!

X//

= XOE[U] r<i

X
r

(iii) Bydefinition[g(r),U(r)]ﬂ={xe[g(r),a(r)]m;u(r)S W <z

[u@a@) e U/ um =x<u)

Given X' <x”

= %€ [U(N. TN =(xe[UEa@N w2y 1y < ¥ < 7@

= X €[ U, A(D)and TH)< X <U (1)

= X, €[ U@, aMl<and a@m)< X" <u ()

= %e[u(n)an],

Property3.5 Let u,ve DFN then

i {xe[u]'+[v] ;o= [u+v]x0r§1c [u+v]

—{xe [“]r_k["]r Lo [U +v]x0 <1 C [U+V]r}

(i)
IRORG
(iii)

%o r
s (R R UL

e [ul'+[v] o= [u+v]" 1o c [u+v]y

{xe [u]0+[v]0 :<p¢[g(r),U(r)]:;+[\_/(r),\_/(r)]zlc[u +v]'}

THANGARAJ BEAULA, JOHNSON.B

58



Vol.5.Issue.3.2017 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

—pxe [u] +[v] ;<p¢[g(r),u(r)]j;l+[\_/(r),\'/(r)]zlc [u+v]}
Proof
(i) Letxq€ [u]°+[v]0 where Xo=Yo.+2o Wherey, € [u]o,zoe[v]o

x€[U+V] r<1 ©x€[U+V] <1 andx < x
X - =

0
ox€ [U+V] %= [u+Vv] @
r r
&x€ [U+V], % =max[u +V]

oxe [u] +[v]  x=[u+v] () since[u+v] =[u] +[v]

(ii) Letxo€ [u]o+[v]° where Xo=Yo+2, Where y, € [u]o,zoe[v]o

XoE[u+V]X r<i1 @XoE[U‘i‘V] r<1 and Xg= X
exe [u +v]0,xo <[u+v]®
r r

&X€ [U+V]', %o <min [U+V]

oxe [u] +[v]  xo<[u+Vv]@® since[u+v] =[u] +[v]

(i) Let xo€ [u]0 + [V]0 where Xo=Yo+2o Where y, € [u]o, € [V]0
we[u(n),aO)], +[v.v |

SXE [g(r), LT(r)]rgl + [\_/(r),\_/(r)]r<l andu (n+Vv (O<X<U (D)+V (1)
SXE [u +V]O andmin [u +V]r _<x0_<max[u +V]r
SXE [u +V]r and [U +V]r <X < [U -I-V]r
ox € [u]r + [V]r, and [U + V] (N <%= [u+V](r), since[u +v]r =[u]r +[V]r
Property3.6Let u,ve DFN ,then

M txe[u]'[v] suchthat = [uv] .ic [uv]’)

= {xe[u]' [v] suchthat cp;c[uv]x e [uv]y
(ii) {xe [u]0 [V]0 suchthat = [U_V]XO i [uv]’}

= {xe [u]r [V]rsuchthat pF [U_V]X(J rs1C [uv]r}

Xo

i) fxe[u]’[v] suchthat o= [u(r),o(r], [\_/(r),\_/(r)]zlc [uv]'}

= (xe[u] +[v] suchthat @=[u(r),a(r)]", [\_/(r),\_/(r)]ilc [uv])
Proof

(i)Let Xo€ [u]°+ [v]O where o= Yo .2y Where yo€ [u]o, 20€ [v]0

xoe[uv] 1S X € [uv] rc1and X < X
—X _—
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@XOE[UV]O,XOZ [J/} (n
exe[uv] x> max[uv]

sxeu] [V]' xo=[ uv ] since [uv] = [u] [v]

(i) €[] <1 xE[UV] c1and x> x
=xe[uv]’, xs [u] )
sxe[uv], x<min[uv]

e [u] [v] <[] since [or] = [o] [

(i xoe[u(), TN, (W |

oxe [u(r),am)] [\_/(r),\_/(r)L1 and U (NV () <%<U @OV (1)

SXE [uv]r , Xo < min [UV]r <X < max[uv]r

oxe[uv], [uv] <x< [u_vJr
sxe[u] [v]' [uv] <%= [w ] since [uv] = [u] [v]
Definition 3.7Let uve DFN, r € [0,1] define addition “F ~ of [u] and[v]" as follows

[u] ¥ [v] =txe [u] +[v] : o= MXO <ic[u+v]

X
Ugxe [u] +[v] :o= [u+v] <ic[u+v]
_ o - %o
Ugxe [u] +[v] :=[u(r),a(n)]e,+ [\_/(r),v(r)}rSl c [u+v]}
Definition 3.8Let u,ve DFN, r € [0,1] ,define multiplication “ X ” of [u]r and [V]r as follows
r ~ r r r r
[u] % [v] =fxe [u] [v] :e= [U_V]XOrglc [uv] 3
—f
Ugxe [u] [v] : o= [uv] " c [uv]'
_ 0 - %o
Utxe [u] [v] o [u),am]e, [vnvin | e [w])
Theorem3.9Let u,veDFN and A= [u]r + [v]r for any r € [0,1],A, is a finite set and satisfying the conditions.
(i) ThereexistX,., Y, .(X,.Y,) € Aywith X. <(X.,Y,)<Y,
suchthatA, ={ze Aj:X. <z<Y,}
(ii) A c A foranyrre[01]with0<n<r<1
(iii) For any roe [0,1], There exists real number I‘ol with 0 < I’Ol < I such that AZ = Arl (i.e.
/
A=A foranyre[r,, 1,1

then there exists a uniquewe DFN such that[co]r =[u]r T [V]r for any r € [0,1].
Proof

Forany r € [0,1],it is clear that[u]r ,[v]r are finite . sinceu,veDFN and by the definition of [u]r F [V]r
It is obvious that A, is a finite set. It asserts to show that [u]r F [V]r satisfies condition (i)

Letre[0.1], X, =min([u] ¥ [v]' ).y, =max([u] ¥ [v])

THANGARAJ BEAULA, JOHNSON.B 60



Vol.5.Issue.3.2017 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

(X, y,)=[u(r),u(r)] ¥ [\_/(r),\_/(r)} then it is obvious that

X, Y, (X, Y,) € Ajand X <(X. ,Y,)<Y, By the definition of [u]r ¥ [V]r and by property 3.2,
x, e{xe [u] +[v] : o= [u +v]x0 <ic[u+v]y
and Y, e{xe [u] +[v] : = [u +V]X0 icfu+v]'
and (X, . Y,) €{xe [u] +[v] :cpqt[g(r),U(r)]:‘;1+[\_/(r),\_/(r)]:;c [u+v]y

so[u+v] =icfu+v] [u ] [u+v] and[u+v](xr'yr)rSl c [u+v]}

—X, ,
Now to show that { ze [u]o F [v]0 suchthat X <z<Yy, }= [u]r F [V]r
Let X' €{ ze [u]0 ¥ [v]O suchthatX <z <Y, }
then X' € [u]0 ¥ [v]0 =[u+ v]0 and such that X <x’' <y

By property 3.2,X €[u+V] <1 (or) X' €[u+V] <i(or) X’ e[g(r),U(r)]rﬂ+[\_/(r),\_/(r)}

r<i

/

By property 3.3, [u + V]X, r<1#@(or) [u + V]X r<17@ (or) [g(r), U(r)]f; + [\_/(I‘),\_/(I’)}:(Sl #

In addition by property 3.4it is clear that

/

[u +V]X/r51C[U +V]X =1, [u +v]X <icfu +v]yr

r

r<i1

Apofu) TP [ 30T el Y,

[u +V]X,r51c [u+v] [u +v]X r<1c [u+v] and [g(r),U(r)]fgﬁ [\_/(r),\_/(r)}:i1 c [u+v]

Therefore by the property3.5,
X e{xe [u] +[v] i = [u+V] (<1 c[u+v]
X

(or) X' efxe [u] +[v] : = [u +V]Xrsl c [u+v]}
(on) X' e{xe [u] +[v] :(p¢[g(l’),LT(I’)]:Sl+|:\_/(I’),\_/(I’)]:SIC [u+v]}
sox' e {[u] +[v]'}
On the other hand, if X € [u]r ¥ [V]r it asserts that X. < X < Y, by the definition of X_ and Y,
itisclear that X € [u]’ +[v]” =[u]’ ¥ [v] by the definition of [u]" ¥ [v]
So Xe{ze [u]0 ¥ [V]0 suchthatX, <X <Y, }
—{ze [u] ¥ [v]’suchthat x, <x<y, }=[u] ¥ [v]
so[u]’ ¥ [v]' satisfies the condition (i)
Gi)  Toprove [u]* ¥ [v]* c[u]* ¥ [v]" holds for anyT,, T, €[0,1]with 0< T, < T, <1
Let X' €[u]” ¥ [v]” by the definition of [u]” ¥ [v]”

x e{xe [u]*+[v]" : o= [u +v]Xr51 c [u+v]*)
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X

(or) X efxe [u]*+[v]" s % [U+V] ;=1 c [u+v]*)
(or) X' e{xe[u]”*+[v] :(pqt[g(l’),U(l’)]:ﬂ+[\_/(I’),\_/(I’)rﬂc [u+v]*}

Thatis X' € [u]”+[v]" [u +v]X,r51¢<p,[u +V]x”S1C [u+v]®
! /

(N x' e [u]*+[v]* [u +v]X r=1#¢,[U +v]x =1 [u+V]

P}

@ [l + " [u),8OP ()70 2o

[u(r).a (r)]f;{\_/(r),\?(r)]i;c [u+v]"

since [u]” < [u]" and[v]* <[v]" itis clear that[u]” +[v]* <[u]" +]V]

L

so X' € [u]' +[v]* [u+v] ;i< [u+V] i<ic [u+v]*

/ /

©nx e [u]*+[v]* [u +v]X <17¢,[u +v]X c<ic Ju+v]’
X e [l +[V]* [ur). g+ [ <o

), GO+ v [ < [

(i) X' e{ xe [u]* +[v]* : @= [u +v]XrS1 c [u+v]*y

h

(on X' e{xe [u]* +[v]* : o= [u +v]xrsl c [u+v]*y

— - x 1
(on x' ef xe[u]" +[v]" : (p;e[g(r),u(r)]:ﬂ+[\_/(r),v(r)lﬂc [u+v]'y
Therefore X' € [u]r1 +[V]rl so [u " i [v]rz c[u " [v]rl holds.
Now to show that [u]r F [V]r also satisfies condition(iii)
Let I, €[0,1] fromu,veDFN then there exists I, € R with 0< I, <,

such that [u] =[u]® and [v] =[v]"so[u] +[v] =[u]"+[v]® holds.

Therefore [u] + [V]r ={xe [u+v] :[u+ v]'o [u +V]Xr51 ¢}

U{xe [u+v]’ :Ju+v]s[u +V]Xrsl £}
Ugxe [u+v] :[u+v]> [g(r),U(r)]:ﬂ+[\_/(r),\_/(r)]:Slrgl £¢)

={xe [u +v]O Ju+v]®s[u+v] <1 =0}

X

U {xe [u +v]0 Ju+v]®o[u+v] <1 20}
Uxe [usv] Ju+v]*s[u (r),U(I’)]:ﬂ+|:\_/(r),\_/(r)};1r§1¢(p}

(ie) [u]r F [V]r also satisfies the condition (iii) there fore there exists a unique w€& DFN such that [a)]r :[u]r

T [V]r for any r € [0,1].
Hence the proof.
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Theorem3.10 Let u, v EDFN and A= [u]r X [v]r for any r € [0,1],A, is a finite set and satisfy the conditions.

(i) ThereexistX., Y, (X, Y,) € Aywith X <(X., Y, )<Y,
such thatA, = {ze Ay: X, <z<Y, }
(i) AZ c Arl forany rr,€ [0,1]with0 <r; <r,<1
(iii) For any ro€ [0,1], There exists real number I’O/ with 0 < I’O/ <rsuchthat A =A

(ie. A= Arl foranyre [ro’,ro])

then there exists a unique we DFN such that [a)]r =[u]r % [v]r forany r € [0,1].

Proof: Owing to the similarity with the proof of theorem 3.9, we omit it.
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