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1.Introduction

In this paper, an extension of S. Ramanujan’s 1 Y ; bilateral basic hypergeometric summation formula
(1.1) was established, in nice form. The motivation primarily come from unfulfilled claim of W. N.
Bailey [4] to get 21, bilateral basic hypergeometric summation formula. G. E. Andrews [2] has given

21p, summation formula.

_ CYaY 4p) _ CYp/ap)
1 [e) kK (_m\k _ 1y N /07 fab’k o Nk —
a Zk:() (_C/a,_d/a)k+1 ( b) b Zk:O (_C/br_d/b)k+1 ( a)

, b ,d,
(q aQ/b,q Q/ac d Cd/ab)oo
—-a,-b,~C%/y—c/ —_g, —
( /a /=Y d/b)oo
which is considered as an extension of Ramanujan’s 11, summation formula (1.1).

We shall follow the notation and terminology in [8], and throughout this paper, we assume | q | < 1.
The g-shifted factorial is defined by

(O (1.1)
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(@ q):=1
(@i = (3 PDoo=Ig=o (1 —aqg"),

(@)oo

The bilateral basic hypergeometric series is defined by

al, azz"" aT: . oo (an,(@2)n-(Ar)n, 7
“ps(bl, by, ... by, q'x):zngfw B0, BInbsIn,

In his ‘lost” notebook [?], Ramanujan has given ‘remarkable’ 1 {1 summation formula:

q b

1 (% z) - 3 @ g = OO,

bl T Hk=—00 (b) (Z)°°(b)°°(b/az)oo(q/a)oo ’
where |b/al<|z|< 1.

There are many of proofs of summation formula (1.1), for more details one may refer the book by B.

, kiis an integer.

(1.2)

C. Berndt [5]. Further, (1.1) has been influential in the development of Ramanujan’s theory of theta
and elliptic functions.

In recent paper, Somashekara, Narasimha murthy, and Shalini [12], the authors have given a new
bilateral summation formula for 22 hyper geometric series.

20 (@ bC/anl (@)oo (@eo(Yaz)eo /gy /ey, azq),,
yZ | =
2N, oM @ea®0 @oo Py, azy, (Va)_

Where max {|§

, (1.3)

JEl) <tzi<, 1al<1,

and its applications, was established on using well-known Ramanujan’s 11 summation formula and
the method of parameter augmentation and some applications to obtain g-gamma, g-beta function
identities, eta-function identities and partition theoretic identities.

In the chapter 16 of his notebook [10], Ramanujan defines the general theta function

f (a' b) = Z}?:—oo a(n+1)/2bn(n—1)/2’

The special cases of f (g, b) are
© 2_(-¢=Dwo
9@ = f (4.9 =Ti—wq" =52, (14)
n(n+1)/2 _ (qz:qz)zc>0

V(@) = f(4,9°) =Xn—wq =——= (15)

(CH
f0) =1 (=09" = Zp—o(=D)" q"C"V/?_(g;q)e0, (16)
Ramanujan also defined the function x(q) as
2
P N C LS
x(@) =(q;4%)e T (@D (@50M)2, {1.7)
Using elementary g-analysis, one can easily verify

) = CH
lp( q) (qz;qz)oo(q4;q4) o 1(1'8)
_ (@)%,
X( Q) - (qz;qz)ool (1'9)

In his paper [7], W. Chu has shown how the basic hypergeometric series identities can be studied
systematically on apply of modified Abel’s lemma on summation by parts, which in fact, was given by
Norwegian mathematician N. H. Abel [1].

For an arbitrary complex sequence {z «}, define the backward and for- ward differences operator Q
and A respectively as

Vzy =z —zp_rand Az, — Zpyq

Then Abel’s lemma on summation by parts may be formulated as

Yk=-wBk VAr=XK=—w Ar 4By ,(1.10)

provided that the series on both sides convergent and there exists limits,
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[AB],:= lim A, B,
- n— +oo

For the proof one may refer paper by Chu [7]. Further, the Dedekind eta-function is defined by

n(e)i= em/12[ (1 - e2me) = g'24(q; g)en, (1.11)
k=0
Where q = 2™¥7 and Im(t) > 0.

F.H.Jackson [9] defined the q - analogue of the gamma function by

) = (q Doo 1—x
rq @D 1-¢q) 0<q <1 (1.12)

In his paper [3] on the g-gamma and g-beta function, Askey has obtained g-analogues of several
classical results about the gamma function. Further, he has given the definition for g-beta function as

- (qn+1)oo

Bq®) = (1 - ) Xiemw(@™ (0 (113)
rg®rg®»

Bq&) ="~ (L14)

In this paper, we give proof of (1.3), on using well-known Ramanujan’s 11 summation formula and
Abel’s lemma on summation by parts. In Section 2, we prove the summation formula (1.3). In Section
3, we show application of (1.3), namely sums of squares and some theta function identities. In Section
4, some identities deduce from (1.3) and partition theoretic interpretation of identities. In Section 5,
some identities of g - Beta and q - Gamma functions.

2.Proof of the summation formula (1.3)

Proof. Define the two sequences by

(*/az), at (@ ¢

b—k and By := ©r ak -

We can easily find two extreme values

[AB], = [AB]_ = 0 with max{|§| , |§|} <|z| <1, and the finite differences

Ak:=

(=g (P%/azq), akzk (1= /) @k c*
A= 0sqy b (1-0) (ca)e aF

By means of the modified Abel’s lemma on summation by parts for bilateral series, we can manipulate

VA,:= and A By :=

the bilateral - series as
bc _
2y, <a /azq |q;z> i (1-"%/azq) Yo B, VA,
b Z

c C/ az)
_ (1‘bc/azq) o
_m Zk:—OO Ak A Bk
_ - C/a)(l_bc/an) Zoo (@k (bc/az)k Zk
T (1-00-%an  “KET* Blca
Iterating this n-times, we find recurrence relation

bc (C/a)n(bc/azq) bcq"‘l/
2 a /azq Ly | = LEnt Vazd)y _— -
lpz <b C |q’ Z) ( ) (C/a)n ll)Z b an |q:Z r( )

Letting n = o= in (2.1) and then applying (1.2), we obtain (1.3).
3 Some Application of (1.3)

Corrolary 1. if | g | <1,then

% (9:4%),
L+ 2 o, 4 = @, (31)

(-a:-a%),(-a%-a°),_, ( a;-a°),(-a*-a%),_, g3n=

[ole] Tl n
14220 (-a%-a3)n(a%-q%)n 225 (1) 2;-4%)(a%;-%)n =% (@), (3.2)
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o (a;9%), w  (=0%:4%),_
Lt 2 g T A B g, 4 0 (@) e (33)
- (q:q“)n2
Zn=omqn = x(x(—=q), (3.4)
o (@),
anomq" = Y(@Y(—q), (3.5)

Proof. Puttinga=-1,z=q, b=-¢?% c=q?and then changing g to

g% in (1.3), and on some simplification using (1.4), we obtain (3.1).

Similarly puttinga =-1, z=g, b = -g> ¢ = ¢° and then changing q to g3 in (1.3), and on some
simplification using (1.4), we obtain (3.2). Finally putting a =1, z=q, b = c = - g%, and then changing q
to g2in (1.3), and on some simplification using (1.4), we obtain (3.3). Puttinga=q¢"*=z, b=gq, c=g**
and then changing g to g% in (1.3), using (1.7) and (1.9) with some g-analysis simplification, we obtain
(3.4). Similarly, putting a = g¥%, z= g% b = g, c = g”° and then changing q to q° in (1.3), using (1.5) and
(1.8) with some g-analysis simplification, we obtain (3.5).

4 Some Partition Identities and theoretic interpretation

A partition of a positive integer n is a non-increasing sequence of positive integers, called parts, whose
sum equals n. For example, n = 3 has three partitions, namely,

3,2+1,1+1+1.

If p(n) denote the number of partitions of n, then p(3) = 3. The generating function for p(n) due to
Euler is given by

0 1
Y=o Pr(n)q" = @D ™ 4.1)

Ramanujan [11] established following beautiful congruences for : p,.(n)

p(5n +4) =0 (mod5),

p(7n +5) =0 (mod7)

and

p(11n+6)=0(modi1)

A part in a partition of n has r colours. For any positive integers n and r, let p,-(n) denote the number
of partitions of n where each part may have r distinct colours.

The generating function of p,.(n) Berndt and Ranking [6] is given by
o n _ 1
_ = . 4.2

Zn—O pT (n)q (q'q)r)oo ( )

For positive integers k, mand r
1
@*a™

is the generating function of the number of partitions of a positive integer with parts congruent to k

(4.3)

modulo m and each part has r colours. Similarly
1 1
= 4.4
(ak,q4™) 2 (a%2q™) 2, (d¥uqkzqm™ 2’ (4.4)

is the generating function of the number of partitions of positive integer with parts = k; or k2 (modm)

and each part has two colours.

Given a partition 1, let e(rr) denote the number of parts in p. Define Pm(n) to be the set of partitions
of n in which all parts are less than or equal to m. Let gm(n) be the number of partitions of n in which
all parts are less than or equal to m. Define

P(n) = Lne p,y(—1)™- (4.5)

- 1
Zn=0 Pm(M)q" = CaDm (4.6)
1

(@GDm :

Yn=0 Gm(M)q™ = (4.7)
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Define P,,m(n) to be the set of partitions of n in odd parts and all parts are less than or equal to 2m.
Let ge,m (n) be the number of partitions of n into even parts in which all parts are less than or equal to
2m. Define

Pom(n) = T p o m()(— 1™ (4.8)
so that
(-24:9%)m

Z;.lo=0 Pom (n)qn = (4.9)
1

Enzo dem(Mq" = (75— (4.10)
We shall begin with the following definitions.

Define Ps,tk(n)to be the number of partitions of n in which parts are only of the form km + s or km +
t. Ps_tk'o (n) denote number of partitions of n in which parts are of n in the form km + s and km + t
taken together appear odd number of times. Psltk'g(n) denote number of partitions of n in which
parts are of the form km + s and km + t taken together appear even number of times.
Theorem 4.11 If Ps_tk(n) denotes the number of partitions of n in which parts are only of the form km
+sorkm+tand Ps‘tk'o (n) and are Ps'tk'g(n) as defined above, then
P[1;(n) — Pz‘f'zo n) + P;f'zs(n) =1+Y0 PY(n—m) — Pf‘lo (n—m)+ Pf{g (n—-m); @4.12)
Proof. Puttinga=qg"*=z b=g, c=g**and then changing q to q*
in (1.3), we obtain

(a:q),” n (209

Zn=0 Fann@an? = Gahe@ane 413)

Using the definitions as defined above in (4.13), we obtain

[oe]

Z P§4(n—m)—Pf'1°(n—m)+P1‘f'10(n—m)q”
n=0

m=1

= > Pl - P () + B0 " (4.14)
n=0

By comparing the coefficients of ", we obtain (4.12).

Theorem 4.15

If Ps‘tk(n) denotes the number of partitions of n in which parts are only of the form km + s or km +t
and Ps’tk'o (n) and are Ps’tk’s(n) as defined above, then

and) are as defined above, then

1+ Y04 [PE(n—m) — Py (n—m) + Py (n—m]) = PPs(n) — Pyy (n) + Py (n)...... (4.16)
Proof. Putting a=q%%,z=q*%, b=q, c=qg”°and then changing q to

g°in (1.3), we obtain

Z (9% 9%)3 o = (@*9%% 417)
£ (a%9n(@% 90 (44%(0% 90
Using the definitions as defined above in (4.17), we obtain
c© n=1
D D Ptn—m) = P (= m) + PEE (- m)la”
n=0m=1

T o[PEs(n) — Py () + +Pyy (W)]q” ...4.18
By comparing the coefficients of q", we obtain (4.16).
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5. Some applications of the main identity
Corollary5.1f0 < ¢ < 1,0 < x,y < 1land 0 < x + y < 1, then

U@k

C (q
B . =T I (1-
J(y) = Ty(y)Ty( y)kZO o

Proof. Puttinga = q'”>?=¢g*, and b = ¢ = g, we obtain (3.12).
Corollary 6. If0<x,y<land1<x+y<2,then

Ty +Dl(x+y+2)

..(5.1)

O (K +y + Dy

2
ey rOINC +) L 0t
v + D
e T TN I

Proof. Lettingg — 1in(3.9), we obtain (3.11).
Corollary7.1f0 < x,y < 1and0 < x + y < 1,then
F(1-x + YT -y) [ @0 + y)k Yk
y? A+yE L xyk

B3(x.y) =

Proof. Letting g —1 in (3.8), we obtain (3.10).
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