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pen— ABSTRACT

: » Our aim in this paper is to find the convolution of Al-Zughair transformation.
And how we can use it to solve some linear ordinary differential equations
. BOMSR :

; (LODEsS) .

Introduction

We will use the new idea in [1] to find the convolution of Al-Zughair transformation which we will
define it by a new method and so it will give us the ability to find the inverse of Al-Zughair
transformation for some terms more easily than using the partition method. As well as the Al-Zughair
convolution is interest in solving some linear ordinary differential equations (LODES) by simpler way
without using extended partition method.

Preliminaries

Definition (1) [2]:

Let f is defined function at period (a, b) then the integral transformation for f whose it's symbol is

defined as:
b

F@) = [ k@0fdx
a
Where k a fixed function of two variables is called the kernel of the transformation, a and b are real

numbers or oo, such that the above integral is convergent.

Definition (2) [3]:
Al-Zughair transformation [Z(f(x))] for the function f(x) where x € [1,e] is defined by the
following integral:

e l »
2(7) = [ 2 fax = Fp)
1

Such that this integral is convergent, pis positive constant.
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Property (1) [3]:

Al-Zughair transformation is characterized by the linear property, that is,

Z[Af(x) £ Bg(x)] = AZ[f ()] £ BZ[g(x)]
Where A and B are constants, the functions f(x) and g(x) are defined when x € [1,e].

Al-Zughair transform of some fundamental functions are [3]

ID Function, e (In x)? Regional of
Function, f(x) Fip)= [ f(x)dx convergence
X
1
=Z(f(x))
1 k: k = constant k px-1
(p+1)
2 (nx)®, neER 1 p>-(n+1)
(p+(n+1))
-1
3 Inf{ln x) p=-1
(p +1)2
4 (In{llnx))*, ne z* (-1)"n! p>-1
(p+ 1)L
-a
5 sin{a In{ln x)) p>-1
p+ 1}2 . a is constant
p+ 1
6 cosla ln(ln x)) p=-1
(p+ 1}2 P a is constant
-a
7 sinhla In{ln x)) 5 3 lp+1] >a
(p+1)°-a a is constant
8 cosh{a In(ln x)) p+1 lp+1] > a
a is constant
(p+1)°-a?

Theorem (1) [3]:

IfZ(f (x)) = F(p)and a is constant, thenZ((lnx)“f(x)) =F(s+a).

Property (2) [3]: If Z71(F,(p)) = f1(x), Z7Y(F,(p)) = f(x),

w0 Z7Y(E,() = fo(x)anday ,ay , ...

a,are constants then,
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Z7ayFi(p) + a;F(p) + -+ + ay Fy(p)] = aq f1(X) + azfo(x) + -+ + ay £ (%).

Definition (3) [3]:
The equation

a,(In )"y ™ (x) + a; (I )"ty @D (x) + -+ + a1 (I 2)y () + ay(x) = f(x)
Where a,, a4, ..., a, are constants and f(x) is a function of x, is called Ali’s Equation.

Definition (4) [4]:

A functionf (x)is piecewise continuous on an interval|a, b] if the interval can be partitioned by a
finite number of points a = x5 < x; << x,, = bsuch that:

1.f (x)is continuous on each subinterval (x;, x;;1),fori =0,1,2,..,n—1.

2.The function f has jump discontinuity atx;,thus

|lim,_,, + f(x)| <o0,i=0,1,2,..,n—1;

[limy—p- f(X) | <o0,i= 0,1,2,..,n

Definition (5): Convolution of Al- Zughair Transform
The convolution of Al- Zughair Transform of two functions f(Inx) and g(Inx) is defined for
Inx € [1,e] by:

lnx dlnu

ln x) du
Inu

(f * 9)(nx) = f Famog ( f fanwg

lnu Inu ulnu

Where Inu # 0, f and g are piecewise continuous functlons on[1, e].

Theorem (2): Let f(Inx) and g(Inx) be two functions. Al-
Zughairconvolution of f(Inx) and g(Inx) denoted by Z[(f *
glnxis given by the relation

Z[(f * 9)(Inx)] = Z[f (Inx)]. Z[g(In x)]

Proof:

Z[f(nx)]. Z[g(Inx)]
e ] » e l »
J‘(n;) f(nu)du f(n;) g(nv)dv
1 1

f(ln w)? f(In u) — f(ln v)Pg(In v) —

e

ln wPf(nu)dInu f(ln v)Pg(Inv)dInv
1

e

=f f(lnu.lnv)pf(lnu)g(lnv)dlnv dlnu
1 \1

Letlnu.lnv =Inx
fr=1=Ihu.(0)=Inx=x=e=1
Andif v=e=Inu(lne)=Inx =lhu=hx=>u=x
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Where Inu is fixed in the interior integral = Inu.dlnv = dlnx

e

Z[f (n0)]. 2[g (In )] = f f ()P f(nw)g

dlnu

lnx)dlnx

Inu/ Inu

In x

If glnx) =0 for Inx <1 :g(lnu

)—Ofor (Inx <Ilnu) =>x <

u

Z[f(Inx)].Z[g(Inx)]

=f f (027 g (1) din
1 \1
:f f(lnx)pf(lnu)g(lnx>dlnu>dlnx

Inu/ Inu
1 \1

j lnx dlnu
(Inx)P jf(lnu)g ) T )dlnx
u

- 02 syt

Inu

dlnu

= Z[(f *g)(Inx)]

Proposition of the convolution are given as follows:
1) f*g =g = f,theconvolution is commutative
2) c(f*g)=cf+g=f=cg, cconstant;
3) f*(g=*h)=(f*g)*h,(associative property);
4) f*(g+h)=(f*g)+ (f *h), (distributive property).

Proof(1):

lnx dlnu
(f * 9)(nx) = f fanwg (p)

Inu/ Inu

fandg are piecewise continuous on [1,e].
1 1

Now, letlnv = 22 S nu=—-= ,Inv+0
Inu Inv

Inx=Inu.lnv=Ihu.dlnv+hv.dlnu=0

dinu dlnv

= — Inu # 0, Inv+#0
Inu Inv
Ifu=x=>lnv=ln—x=1=>v=e

In x
u=e = lhv=lhx = v=x

; Inx —dInv
~ (fxg)(Inx) =Jf<m>g(lnv) oy Inv#0

e

e

fg(lnv) F ()T = (g + F)(inx)

Inv

P roof(2):
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lnx dlnu
¢(f * g)(Inx) = ¢ f Fanwg ()

Inu/ Inu

e

= [ eranuwg (G

By the same method we can provec(f * g)(Inx) = f * cg(In x)
Proof (3):

Inx\dlnu
)T = (f =) x)

Inu/ Inu

Inx\dlnu
) —— lnu=#0

[f = (g * W1 x) —ff(lnu)(g*h)( -

Inu

‘ (lnx/lnu)dlnv dinu

- ff(lnu) fg(lnv)h Inv Inv Inu
x */u

,nu#0,Inv+#0

dlint

E' Inu=0

]
let Inv=—=dlnv =
Inu

u

; ln‘c lnx dint dinu
=ff(lnu) j )

lnu ln‘c Inu.lnv /| Inu

X X
jf(l ) lnr)dlnu h(lnx)dlnr
f(nu)g lnu Inu Int/ InT

lnx)dlnr

f  * n 0k (1) T = ((f * 9) * k) Inx)

lnx)dlnu
Inu

Int/ IntT

Proof (4):(f * (g +h))(lnx) —f fnu)(g +h)( —
Inx\dlnu Inx\dIlnu
ff(lnu) <lnu> Inu +h(ﬁ) lnu)

lnx dlnu lnx dlnu
f f(lnu)g f f(lnu)h )

Inu

= (f*g)(1r1X)+(f*h)(lnx)-

Example (1): To find 2! [——]

Firstly, we use the usual method

k __A B _Ap+24+Bp+B
P+D@E+2) @+ @+2) @+DE+2)
A+B=0
2A+B=k = B=-k, A=k

o rs) e (ox ) RE o

@+ Dp+2) @+DI »+2)
=k—klnx
Now, we will use the convolution method we get

k

(p+1)(p+2)] [(p+1) (p+2)]

=kx*x;Inx

ALI HASSAN MOHAMMED et al.,
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e Inxdlnu 5 (Inu)~1!
:fk— = k(lnx)f(lnu) dlnu = k(Inx)
Inu Inu
X
= —klnx +k
. ind7—1
Example (2): To findZ [(p+4)(p+6)]
We note that
1 A B Ap+6A+Bp+4B

PIHP+6) ptd @16 GrHE+6)
A+B =0
-1
2

1
6A+4B=1 = A_E'

B
37 [oral- %Z‘l [o+ol
=3 (ln x)3 — % (Inx)°

Now, we will use the convolution method we get

“[oraeTel-

1
_ 71
[(p FO@ T 5= (p+4)'(p+6)]
(Inx)°dlnu
(Inw)5 Inu

= (Inx)3 %, (Inx)> = f(lnu)3

(lnx)3 (Inx)°
2 2

(Inu)~?
-2

= (Inx)® f(lnu) 3dInu = (Inx)°>

Example (3): To find the solutlon of the ordinary differential equation

(Inx)y (Inx) + 3y(Inx) = (Inx)"2(n(Inx))?,  y(1) =0
Take Z to both sides
Z[(Inx)y (Inx)] + Z[3y(Inx)] = Z[(Inx)~2(In(In x))?]

2
y(1) = (@ +DZly(nx)] + 3Z[y(nx)] = G-1°
2
—(p+ DZ[y(Inx)] + 3Z[y(Inx)] = G-1?
2 -2
—(p—2)Zly(nx)] = =17 = Z[y(Inx)] = @ -13(p-2)

Take Z~! to both sides

y(nx) =Zz71 [ 2 ]

r—13@-2)
Now we will get the solution by the convolution method
1 —2 1 — _ -2 2 4 -3
y(nx) =2 [(p — 1)3'(}9 — 2)] = —(nx)"*(In(Inx))* *; (Inx)
y(lnx) = f —(Inw)~"?(In(Inw))? ( ) dl:luu

= —(lnx)3 j(ln(ln w)?dlnu

= —(lnx)3 [—(ln x)(In(Inx))? — 2 f In(Inu) dIn u]
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= —(Inx)3[-(nx)(In(Inx))? + 2(Inx)(In(Inx)) + 2 — 2In x]
= (Inx)"?2(In(Inx))? — 2(Inx)2(In(x)) — 2(Inx) =3 + 2(In x) 2

Example (4): To find the solution of the ordinary differential equation
(Inx)%y”" (Inx) + Inxy (Inx) = 6(In(Inx))*, y (Ine) = y(lne) =0
Take Z to both sides
Z[(Inx)%y" (Inx)] + Z[Inx y (Inx)] = Z[6(In(In x))*]
6 X 4!

Yy (D)= +2)y()+@+2)@+DZ(y(Inx) +y1) - (p + DZ(y(Inx)) = CEE

+ 2 p+1Z Inx)) — p+1Z Inx _——X !
(P )( ) (}’( )) ( ) (y( )) (p_|_1)5
(p | 1)22(})(111)6)) __X !

(P 1)5

o 6x4l 6 X 4!
AOI) = Gy ~ G P T 1

Take Z~1 to both sides
6 X 4!

(Inx) =271 [ ] =671 [ ! :
Y @+ D2(p + DS P+1)2 (+1)°

e

41

] = —6(In(Inx)) *; (In(In x))*

Inx\\dInu

y(Inx) =f—6(lr1(lnu))4 (ln (m)) Inu

X

e

= f —6(In(Inw))* (In(Inx) — In(In w))

dlnu
Inu

X
e

= —6(In(Inx)) f(ln(ln u))A‘% + 6f(ln(ln u))®° dlnu

Inu
X

= g (In(Inx))® — (In(Inx))® = % (In(Inx))®

Example (5): To find the solution of the ordinary differential equation
(Inx)2y" (Inx) + Inxy (Inx) + y(Inx) = —sinIn(lnx),
y'(ln e)=y(ne)=0
Take Z to both sides
Z[(Inx)2%y" (Inx)] + Z[Inxy (Inx)] + Z[y(Inx)] = Z[—sinIn(In x)]
Yy -@+2yD)+@+2)@+DZ(y(nx) +y1) — (¢ + DZ(y(nx)) + Z(y(Inx))
1
C(+D2+ 1)
) 1
(p+1D)°+ 1)Z(y(ln x)) = m

Z(y(nx)) = ! Inx)=2z"" -
(vn0) =z = yIn0 = [((p+1)2+1)-((P+1)2+1)]

-1 -1
— 71 o :
= T D2+D (rD2+ 1)] sinln(Inx) *; sinln(In x)
" . . Inx\dInu : . ) dinu
= f sinIn(Inu) sinln (—) = fsm In(Inu) (sm(ln(ln x) — Ini{in u)))
Inu/ Inu Inu
X X
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e
dl
= f sinIn(Inu) (sinln(In x)cosln(Inu) — cosIn(In x) sinIn(Inu)) l i

X

dlnu

dlnu
= sinln(In x) f sinIn(In u) cosln(ln u) g S In(In x) f(sm In(In u))2

(cosln(ln u.))2
2

_ 1—cos2 ln(lnu) dlnu
= —sinln(Inx)

Inu

— cosIn(In x)f

X

_ 1 (cosln(ln x)) 1 1
= —sinln(lnx) |- ————2| — - oS In(In x) (ln(ln w)|é — - sin 2In(In u)lfc)

= — %sin In(Inx) + %ln(ln x) cosIn(In x).

Example (4): To find the solution of the ordinary differential equation

(Int)?uy (x,Int) + Intu,(x,Int) = 3xIn(Int), u,(x,Ine) = u(x,Ine) =0

Take Z to both sides

Z[(nt)%uy (x,Int)] + Z[Int u, (x,Int)] = Z[3x In(Int)]

u (e, D)= (s+2ulx, D)+ (s +2)(s+ 1)Z(u(x, In t)) +u(x,1)—(s+ 1)Z(u(x, In t))

=3
C (s +1)?
—3x
(s +2)(s + DZ(ulx,In0) = (s + DZ(u(x,Int)) = W
-3
(s +1)? Z(u(x,Int)) = GrDe = Z(u(x,Int)) = —( T

Take Z~! to both sides
—3x -1 -1
u(x,Int) =2~ [( ] —3xZ~ [ ] —3xIn(Int) *; In(Int)

+ 1)* ( +1)2" (s + 1)2

Int\\dInu
u(x,Int) = f —3xIn(Inu) (ln( ))
Inu// Inu
. t
dlnu

_ f ~3xIn(inw) (n(int) - In(in )

t

= —3x(In(In t))fln(ln u) vy 3xf(1n(1nu))2 Inu
= —3x(In(In t))M M
t ; ¢
B 7x (In(n1))* - x(In(In £))* = w

Example (7): To find the solution of the ordinary differential equation

(Int)%u, (x,Int) + Intu,(x,Int) — u(x,Int) = —e* sinhIn(In t),

u;(x,Ine) =u(x,Ine) =0

Take Z to both sides

Z[(nt)*uy (o, Int)] + Z[Int u, (x,In t)] — Z[u(x,Int)] = Z[—e* sinhIn(In x)]
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u (e, 1) —(s+2ulx, )+ (s+2)(s+ 1)Z(u(x, In t)) +ulx,1)—(s+ 1)Z(u(x, In t))

X

+Z(u(x,Int)) = &

((s+1)2-1)
(s +2s+1-DZ(u(xInt)) = ——
((s+1)2-1)

X

—e” -1 ]

= uxInt) =2z~ [((s 121D (G+D2—1)

Z(u(x, In t)) = GTDZrD)?
= e* sinhIn(Int) *, sinhIn(Int)

e

Inty\dInu
=fex sinh In(Inu) sinh In (—)

Inu/ Inu
t

f e* sinhIn(ln u) (sinh(ln(ln t) — Inifln u)))

t

dinu

Inu

e

= j e*sinhIn(In ) (sinhln(In t)coshln(In u) — coshIn(In t) sinh In(In u))
t

dinu

Inu

dlnu

dlnu
u

Inu

e
e* sinhIn(Int) f sinh In(In u) coshln(In w) o
t

e
—e* coshIn(Int) f(sinh In(Inu))?
t

= e”* sinhIn(Int)

(coshln(In u))2 ‘
2
t

e
cosh2In(lnu) —1\dIlnu
—e* coshln(lnt)f( (nw) )
t

2 Inu

. 1 (coshln(ln t))2 1 1
= e”* sinhIn(Int) R m— Eex coshin(Int) (E sinh 2 In(Inw)|§ — In(In u)|§)

(coshln(ln 1:))2 e*

1
=3 e* sinhIn(Int) — e* sinhIn(Int) > + 7sinh In(Int) (coshIn(Int))?

ex
—~In(In¢) coshIn(Int)

ex

= sinln(Int) — éln(ln t) coshin(Int).
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