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ABSTRACT 

Our aim in this paper is to find the convolution of Al-Zughair transformation. 

And how we can use it to solve some linear ordinary differential equations 

(LODEs) . 

 

 

Introduction 

We will use the new idea in [1] to find the convolution of Al-Zughair transformation which we will 

define it by a new method and so it will give us the ability to find the inverse of Al-Zughair 

transformation for some terms more easily than using the partition method. As well as the Al-Zughair 

convolution is interest in solving some linear ordinary differential equations (LODEs) by simpler way 

without using extended partition method. 

Preliminaries  

Definition (1) [2]: 

Let 𝑓 is defined function at period (𝑎, 𝑏) then the integral transformation for 𝑓 whose it′s symbol is 

defined as:  

𝐹 𝑝 =  𝑘 𝑝, 𝑥 𝑓 𝑥 𝑑𝑥

𝑏

𝑎

 

Where 𝑘 a fixed function of two variables is called the kernel of the transformation, 𝑎 and 𝑏 are real 

numbers or ±∞, such that the above integral is convergent. 

 

Definition (2) [3]: 

Al-Zughair transformation  𝑍 𝑓 𝑥    for the function  𝑓(𝑥)  where  𝑥 ∈  1, 𝑒  is defined by the 

following integral:  

𝑍 𝑓 𝑥  =  
 ln 𝑥 𝑝

𝑥

𝑒

1

𝑓 𝑥 𝑑𝑥 = 𝐹(𝑝) 

Such that this integral is convergent, 𝑝is positive constant. 
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Property (1) [3]:  

Al-Zughair transformation is characterized by the linear property, that is,  

𝑍 𝐴𝑓(𝑥) ± 𝐵𝑔 𝑥  = 𝐴𝑍 𝑓(𝑥)  ± 𝐵𝑍 𝑔 𝑥   

Where A and B are constants, the functions 𝑓(𝑥) and 𝑔 𝑥   are defined when  𝑥 ∈  1, 𝑒 . 

 

Al-Zughair transform of some fundamental functions are [3] 

 

 

ID 

 

Function, 

Function, 𝑓(𝑥) 

 

 

 

Regional of 

convergence 

 
 

 

Theorem (1) [3]:  

If𝑍 𝑓(𝑥) = 𝐹(𝑝)and a is constant, then𝑍  ln 𝑥 𝑎𝑓 𝑥  = 𝐹 𝑠 + 𝑎 . 

 

Property (2) [3]: If  𝑍−1 𝐹1 𝑝  = 𝑓1 𝑥 , 𝑍−1 𝐹2 𝑝  = 𝑓2 𝑥 , 

… , 𝑍−1 𝐹𝑛 𝑝  = 𝑓𝑛(𝑥)and𝑎1 , 𝑎1 , … 𝑎𝑛are constants then, 
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𝑍−1[𝑎1𝐹1(𝑝) + 𝑎2𝐹2(𝑝) + ⋯ + 𝑎𝑛𝐹𝑛(𝑝)] = 𝑎1𝑓1(𝑥) + 𝑎2𝑓2(𝑥) + ⋯ + 𝑎𝑛𝑓𝑛(𝑥). 

 

Definition (3) [3]:  

The equation 

𝑎𝑜 ln 𝑥 𝑛𝑦(𝑛) 𝑥 + 𝑎1 ln 𝑥 𝑛−1𝑦 𝑛−1  𝑥 + ⋯ + 𝑎𝑛−1 ln 𝑥 𝑦′ 𝑥 + 𝑎𝑛𝑦 𝑥 = 𝑓 𝑥  

Where 𝑎𝑜 , 𝑎1 , . . ., 𝑎𝑛  are constants and 𝑓(𝑥) is a function of 𝑥, is called  Ali’s Equation. 

 

Definition (4) [4]: 

A function𝑓 𝑥 is piecewise continuous on an interval 𝑎, 𝑏  if the interval can be partitioned by a 

finite number of points  𝑎 =  𝑥0 < 𝑥1 <···< 𝑥𝑛  =  𝑏such that: 

1.𝑓 𝑥 is continuous on each subinterval  𝑥𝑖 , 𝑥𝑖+1 ,for𝑖 = 0 , 1 , 2 , … , 𝑛 − 1 . 

2.The function f has jump discontinuity at𝑥𝑖 ,thus 

 𝑙𝑖𝑚𝑥⟶𝑥𝑖
+ 𝑓(𝑥)  < ∞, 𝑖 =  0 ,1 , 2 , … , 𝑛 − 1; 

 𝑙𝑖𝑚𝑥⟶𝑥𝑖
− 𝑓(𝑥)  < ∞, 𝑖 =  0 ,1 , 2, … , 𝑛 . 

 

Definition (5): Convolution of Al- Zughair Transform 

The convolution of Al- Zughair Transform of two functions 𝑓 ln 𝑥  and 𝑔(ln 𝑥) is defined for  

ln 𝑥 ∈ [1, 𝑒] by: 

 𝑓 ∗ 𝑔  ln 𝑥 =  𝑓 ln𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

=  𝑓 ln𝑢 𝑔  
ln 𝑥

ln 𝑢
 

𝑑𝑢

𝑢 ln 𝑢

𝑒

𝑥

 

Where  ln 𝑢 ≠ 0, 𝑓 and  𝑔 are piecewise continuous functions on [1, e]. 

 

Theorem (2): Let 𝑓 ln 𝑥  and 𝑔(ln 𝑥) be two functions. Al-

Zughairconvolution of  𝑓 ln 𝑥  and 𝑔(ln 𝑥) denoted by 𝑍  𝑓 ∗

𝑔ln𝑥 is given by the relation 

𝑍  𝑓 ∗ 𝑔  ln 𝑥  = 𝑍 𝑓 ln𝑥  . 𝑍 𝑔 ln 𝑥   

Proof: 

𝑍 𝑓 ln𝑥  . 𝑍 𝑔 ln 𝑥  

=   
 ln 𝑢 𝑝

𝑢
𝑓 ln 𝑢 𝑑𝑢

𝑒

1

   
 ln 𝑣 𝑝

𝑣
𝑔 ln 𝑣 𝑑𝑣

𝑒

1

  

                                         

=    ln 𝑢 𝑝𝑓 ln 𝑢 
𝑑𝑢

𝑢

𝑒

1

    ln 𝑣 𝑝𝑔 ln 𝑣 
𝑑𝑣

𝑣

𝑒

1

  

                                

=    ln 𝑢 𝑝𝑓 ln 𝑢 𝑑 ln 𝑢

𝑒

1

    ln 𝑣 𝑝𝑔 ln 𝑣 𝑑 ln 𝑣

𝑒

1

  

                  =     ln 𝑢 . ln 𝑣 𝑝

𝑒

1

𝑓 ln 𝑢 𝑔 ln 𝑣 𝑑 ln 𝑣 𝑑 ln 𝑢

𝑒

1

 

Let ln 𝑢 . ln 𝑣 = ln 𝑥 

If 𝑣 = 1 ⟹ ln 𝑢 .  0 = ln 𝑥 ⟹ 𝑥 = 𝑒0 = 1 

And if  𝑣 = 𝑒 ⟹ ln 𝑢  ln 𝑒 = ln 𝑥 ⟹ ln 𝑢 = ln 𝑥 ⟹ 𝑢 = 𝑥 
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Where  ln 𝑢 is fixed in the interior integral ⟹ ln 𝑢 . 𝑑 ln 𝑣 = 𝑑 ln 𝑥 

𝑍 𝑓 ln 𝑥  . 𝑍 𝑔 ln 𝑥  =     ln 𝑥 𝑝𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑥

ln 𝑢

𝑢

1

 𝑑 ln 𝑢

𝑒

1

 

If  𝑔 ln 𝑥 = 0  for  ln 𝑥 < 1 ⟹ 𝑔  
ln 𝑥

ln 𝑢
 = 0  for   ln 𝑥 < ln 𝑢 ⟹ 𝑥 <

𝑢 

⟹ 𝑍 𝑓 ln 𝑥  . 𝑍 𝑔 ln 𝑥  

=     ln 𝑥 𝑝𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 𝑑 ln 𝑥

𝑒

1

 
𝑑 ln 𝑢

ln 𝑢

𝑒

1

 

=     ln 𝑥 𝑝𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

1

 𝑑 ln 𝑥

𝑒

1

 

=   ln 𝑥 𝑝   𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

𝑒

1

𝑑 ln 𝑥 

=  
 ln 𝑥 𝑝

𝑥
  𝑓 ln 𝑢 𝑔  

ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 𝑑𝑥

𝑒

1

 

= 𝑍  𝑓 ∗ 𝑔  ln 𝑥   

 

Proposition of the convolution are given as follows: 

1) 𝑓 ∗ 𝑔 = 𝑔 ∗ 𝑓, the convolution is commutative 

2) 𝑐 𝑓 ∗ 𝑔 = 𝑐𝑓 ∗ 𝑔 = 𝑓 ∗ 𝑐𝑔,   c constant;  

3) 𝑓 ∗  𝑔 ∗ 𝑕 =  𝑓 ∗ 𝑔 ∗ 𝑕,(associative property); 

4) 𝑓 ∗  𝑔 + 𝑕 =  𝑓 ∗ 𝑔 +  𝑓 ∗ 𝑕 , (distributive property). 

 

 

Proof(1): 

 𝑓 ∗ 𝑔  ln 𝑥 =  𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

𝑓and𝑔 are piecewise continuous on [1,e]. 

Now, letln 𝑣 =
ln 𝑥

ln 𝑢
 ⟹ ln 𝑢 =

ln 𝑥

ln 𝑣
 , ln 𝑣 ≠ 0 

ln 𝑥 = ln 𝑢 . ln 𝑣 ⟹ ln 𝑢 . 𝑑 ln 𝑣 + ln 𝑣 . 𝑑 ln 𝑢 = 0 
𝑑 ln 𝑢

ln 𝑢
= −

𝑑 ln 𝑣

ln 𝑣
, ln 𝑢 ≠ 0, ln 𝑣 ≠ 0 

If  𝑢 = 𝑥 ⟹ ln 𝑣 =
ln 𝑥

ln 𝑥
= 1 ⟹ 𝑣 = 𝑒 

𝑢 = 𝑒 ⟹   ln 𝑣 = ln 𝑥   ⟹      𝑣 = 𝑥 

∴  𝑓 ∗ 𝑔  ln 𝑥 =  𝑓  
ln 𝑥

ln 𝑣
 𝑔 ln 𝑣 

−𝑑 ln 𝑣

ln 𝑣

𝑥

𝑒

, ln 𝑣 ≠ 0 

=  𝑔 ln 𝑣 . 𝑓  
ln 𝑥

ln 𝑣
 
𝑑 ln 𝑣

ln 𝑣

𝑒

𝑥

=  𝑔 ∗ 𝑓  ln 𝑥  

Proof(2): 
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𝑐 𝑓 ∗ 𝑔  ln 𝑥 = 𝑐  𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

=  𝑐𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

=  𝑐𝑓 ∗ 𝑔  ln 𝑥  

By the same method we can prove𝑐 𝑓 ∗ 𝑔  ln 𝑥 = 𝑓 ∗ 𝑐𝑔(ln 𝑥) 

Proof (3): 

 𝑓 ∗  𝑔 ∗ 𝑕   ln 𝑥 =  𝑓 ln 𝑢  𝑔 ∗ 𝑕  
ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

, ln 𝑢 ≠ 0 

=  𝑓 ln 𝑢   𝑔 ln 𝑣 𝑕  
ln 𝑥

ln 𝑢 

ln 𝑣
 

𝑒

𝑥
𝑢 

𝑑 ln 𝑣

ln 𝑣
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

, ln 𝑢 ≠ 0, ln 𝑣 ≠ 0 

Let   ln 𝑣 =
ln 𝜏

ln 𝑢
⟹ 𝑑 ln 𝑣 =

𝑑 ln 𝜏

ln 𝑢
,   ln 𝑢 ≠ 0 

=  𝑓 ln 𝑢   𝑔  
ln 𝜏

ln 𝑢
 𝑕  

ln 𝑥

ln 𝜏
 

𝑑 ln 𝜏

ln 𝑢 . ln 𝑣

𝑢

𝑥

 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

=    𝑓 ln 𝑢 𝑔  
ln 𝜏

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝜏

 𝑕  
ln 𝑥

ln 𝜏
 
𝑑 ln 𝜏

ln 𝜏

𝑒

𝑥

 

=   𝑓 ∗ 𝑔  ln 𝜏 𝑕  
ln 𝑥

ln 𝜏
 
𝑑 ln 𝜏

ln 𝜏

𝑒

𝑥

=   𝑓 ∗ 𝑔 ∗ 𝑕  ln 𝑥  

Proof (4): 𝑓 ∗  𝑔 + 𝑕   ln 𝑥 =  𝑓 ln 𝑢  𝑔 + 𝑕  
ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥
 

=  𝑓 ln 𝑢  𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢
+ 𝑕  

ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢
 

𝑒

𝑥

 

=  𝑓 ln 𝑢 𝑔  
ln 𝑥

ln 𝑢
 
𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

+  𝑓 ln 𝑢 𝑕  
ln 𝑥

ln 𝑢
 

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

=  𝑓 ∗ 𝑔  ln 𝑥 +  𝑓 ∗ 𝑕  ln 𝑥 . 

 

Example (1): To find  𝑍−1  
𝑘

 𝑝+1  𝑝+2 
  

Firstly, we use the usual method 

𝑘

 𝑝 + 1  𝑝 + 2 
=

𝐴

 𝑝 + 1 
+

𝐵

 𝑝 + 2 
=

𝐴𝑝 + 2𝐴 + 𝐵𝑝 + 𝐵

 𝑝 + 1  𝑝 + 2 
 

𝐴 + 𝐵 = 0 

2𝐴 + 𝐵 = 𝑘 ⟹   𝐵 = −𝑘 , 𝐴 = 𝑘 

∴ 𝑍−1  
𝑘

 𝑝 + 1  𝑝 + 2 
 = 𝑍−1  

𝑘

 𝑝 + 1 
 − 𝑍−1  

𝑘

 𝑝 + 2 
  

= 𝑘 − 𝑘 ln 𝑥 

Now, we will use the convolution method we get 

𝑍−1  
𝑘

 𝑝 + 1  𝑝 + 2 
 = 𝑍−1  

𝑘

 𝑝 + 1 
.

1

 𝑝 + 2 
  

= 𝑘 ∗𝑍 ln 𝑥 
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=  𝑘
ln 𝑥

ln 𝑢

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

= 𝑘 ln 𝑥   ln 𝑢 −2𝑑 ln 𝑢

𝑒

𝑥

= 𝑘 ln 𝑥  
 ln 𝑢 −1

−1
 
𝑥

𝑒

 

= −𝑘 ln 𝑥 + 𝑘 

Example (2): To find𝑍−1  
1

 𝑝+4  𝑝+6 
  

We note that 

1

 𝑝 + 4  𝑝 + 6 
=

𝐴

 𝑝 + 4 
+

𝐵

 𝑝 + 6 
=

𝐴𝑝 + 6𝐴 + 𝐵𝑝 + 4𝐵

 𝑝 + 4  𝑝 + 6 
 

𝐴 + 𝐵 = 0 

6𝐴 + 4𝐵 = 1 ⟹  𝐴 =
1

2
, 𝐵 =

−1

2
 

∴ 𝑍−1  
1

 𝑝 + 4  𝑝 + 6 
 =

1

2
𝑍−1  

1

 𝑝 + 4 
 −

1

2
𝑍−1  

1

 𝑝 + 6 
  

          =
1

2
 ln 𝑥 3 −

1

2
 ln 𝑥 5 

Now, we will use the convolution method we get  

𝑍−1  
1

 𝑝 + 4  𝑝 + 6 
 = 𝑍−1  

1

 𝑝 + 4 
.

1

 𝑝 + 6 
  

=  ln 𝑥 3 ∗𝑍  ln 𝑥 5 =   ln 𝑢 3
 ln 𝑥 5

 ln 𝑢 5

𝑑 ln 𝑢

ln 𝑢

𝑒

𝑥

 

=  ln 𝑥 5   ln 𝑢 −3𝑑 ln 𝑢

𝑒

𝑥

=   ln 𝑥 5
 ln 𝑢 −2

−2
 
𝑥

𝑒

=
 ln 𝑥 3

2
−

 ln 𝑥 5

2
 

Example (3): To find the solution of the ordinary differential equation 

 ln 𝑥 𝑦′ ln 𝑥 + 3𝑦 ln 𝑥 = (ln 𝑥)−2 ln ln 𝑥  2 , 𝑦 1 = 0 

Take Z to both sides 

𝑍  ln 𝑥 𝑦′ ln 𝑥  + 𝑍 3𝑦 ln 𝑥  = 𝑍  ln 𝑥 −2 ln ln 𝑥  2  

𝑦 1 −  𝑝 + 1 𝑍 𝑦 ln 𝑥  + 3𝑍 𝑦(ln 𝑥) =
2

 𝑝 − 1 3
 

− 𝑝 + 1 𝑍 𝑦 ln 𝑥  + 3𝑍 𝑦(ln 𝑥) =
2

 𝑝 − 1 3
 

− 𝑝 − 2 𝑍 𝑦 ln 𝑥  =
2

 𝑝 − 1 3
  ⟹  𝑍 𝑦 ln 𝑥  =

−2

 𝑝 − 1 3 𝑝 − 2 
 

Take 𝑍−1 to both sides 

𝑦 ln 𝑥 = 𝑍−1  
−2

 𝑝 − 1 3 𝑝 − 2 
  

Now we will get the solution by the convolution method 

𝑦 ln 𝑥 = 𝑍−1  
−2

 𝑝 − 1 3
.

1

 𝑝 − 2 
 = − ln 𝑥 −2 ln ln 𝑥  2 ∗𝑍  ln 𝑥 −3 

𝑦 ln 𝑥 =  − ln 𝑢 −2 ln ln 𝑢  2

𝑒

𝑥

 
ln 𝑥

ln 𝑢
 

−3 d ln 𝑢

ln 𝑢
 

          = − ln 𝑥 −3   ln ln 𝑢  2

𝑒

𝑥

d ln 𝑢 

= − ln 𝑥 −3  − ln 𝑥  ln ln 𝑥  2 − 2  ln(ln 𝑢) 𝑑 ln 𝑢

𝑒

𝑥
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= − ln 𝑥 −3 − ln 𝑥  ln ln 𝑥  2 + 2 ln 𝑥  ln ln 𝑥  + 2 − 2 ln 𝑥  

=  ln 𝑥 −2 ln ln 𝑥  2 − 2 ln 𝑥 −2 ln 𝑥  − 2 ln 𝑥 −3 + 2 ln 𝑥 −2 

 

Example (4): To find the solution of the ordinary differential equation 

 ln 𝑥 2𝑦′′  ln 𝑥 + ln 𝑥 𝑦′ ln 𝑥 = 6 ln ln 𝑥  4 ,    𝑦′ ln 𝑒 = 𝑦 ln 𝑒 = 0 

Take Z to both sides 

𝑍  ln 𝑥 2𝑦′′  ln 𝑥  + 𝑍 ln 𝑥 𝑦′ ln 𝑥  = 𝑍 6 ln ln 𝑥  4  

𝑦′ 1 −  𝑝 + 2 𝑦 1 +  𝑝 + 2  𝑝 + 1 𝑍 𝑦 ln 𝑥  + 𝑦 1 −  𝑝 + 1 𝑍 𝑦 ln 𝑥   =
6 × 4!

 𝑝 + 1 5
 

 𝑝 + 2  𝑝 + 1 𝑍 𝑦 ln 𝑥  −  𝑝 + 1 𝑍 𝑦 ln 𝑥   =
6 × 4!

 𝑝 + 1 5
 

 𝑝 + 1 2 𝑍 𝑦 ln 𝑥  =
6 × 4!

 𝑝 + 1 5
 

𝑍 𝑦 ln 𝑥  =
6 × 4!

 𝑝 + 1 7
=

6 × 4!

 𝑝 + 1 2 𝑝 + 1 5
 

Take 𝑍−1 to both sides 

𝑦 ln 𝑥 = 𝑍−1  
6 × 4!

 𝑝 + 1 2 𝑝 + 1 5 = 6𝑍−1  
1

 𝑝 + 1 2
.

4!

 𝑝 + 1 5 = −6 ln ln 𝑥  ∗𝑍  ln ln 𝑥  4 

𝑦 ln 𝑥 =  −6 ln ln 𝑢  4

𝑒

𝑥

 ln  
ln 𝑥

ln 𝑢
  

𝑑 ln 𝑢

ln 𝑢
 

=  −6 ln ln 𝑢  4

𝑒

𝑥

 ln ln 𝑥 − ln(ln 𝑢) 
𝑑 ln 𝑢

ln 𝑢
 

= −6 ln ln 𝑥    ln ln 𝑢  4

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
+ 6   ln(ln 𝑢) 5

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
 

=
6

5
 ln(ln 𝑥) 6 −  ln ln 𝑥  6 =

1

5
 ln ln 𝑥  6 

 

Example (5): To find the solution of the ordinary differential equation  

 ln 𝑥 2𝑦′′  ln 𝑥 + ln 𝑥 𝑦′ ln 𝑥 + 𝑦 ln 𝑥 = − sin ln ln 𝑥 , 

𝑦′ ln 𝑒 = 𝑦 ln 𝑒 = 0 

Take Z to both sides 

𝑍  ln 𝑥 2𝑦′′  ln 𝑥  + 𝑍 ln 𝑥 𝑦′ ln 𝑥  + 𝑍 𝑦 ln 𝑥  = 𝑍 − sin ln ln 𝑥   

𝑦′ 1 −  𝑝 + 2 𝑦 1 +  𝑝 + 2  𝑝 + 1 𝑍 𝑦 ln 𝑥  + 𝑦 1 −  𝑝 + 1 𝑍 𝑦 ln 𝑥  + 𝑍 𝑦 ln 𝑥   

=
1

  𝑝 + 1 2 + 1 
 

  𝑝 + 1 2 + 1 𝑍 𝑦 ln 𝑥  =
1

  𝑝 + 1 2 + 1 
 

𝑍 𝑦 ln 𝑥  =
1

  𝑝 + 1 2 + 1 2
 ⟹ 𝑦 ln 𝑥 = 𝑍−1  

1

  𝑝 + 1 2 + 1 .   𝑝 + 1 2 + 1 
  

= 𝑍−1  
−1

  𝑝 + 1 2 + 1 
.

−1

  𝑝 + 1 2 + 1 
 = sin ln ln 𝑥 ∗𝑍 sin ln ln 𝑥  

=  sin ln ln u 

𝑒

𝑥

sin ln  
ln 𝑥

ln u
 
𝑑 ln 𝑢

ln 𝑢
=  sin ln ln 𝑢 

𝑒

𝑥

 sin ln ln 𝑥 − ln⁡(ln 𝑢)  
𝑑 ln 𝑢

ln 𝑢
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=  sin ln ln 𝑢 

𝑒

𝑥

 sinln ln 𝑥 cosln ln 𝑢 − cos ln ln 𝑥 sin ln ln 𝑢  
𝑑 ln 𝑢

ln 𝑢
 

= sin ln ln 𝑥  sin ln ln 𝑢 

𝑒

𝑥

cosln ln 𝑢 
𝑑 ln 𝑢

ln 𝑢
− cos ln ln 𝑥   sin ln ln 𝑢  2

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
 

= − sin ln ln 𝑥   cosln ln 𝑢  
2

2
 

𝑥

𝑒

− cos ln ln 𝑥   
1 − cos 2 ln ln 𝑢 

2
 

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
 

= − sin ln ln 𝑥  
1

2
−

 cosln ln 𝑥  
2

2
 −

1

2
cos ln ln 𝑥   ln ln 𝑢  𝑥

𝑒 −
1

2
 sin 2 ln ln 𝑢  𝑥

𝑒  

= −
1

2
sin ln ln 𝑥 +

1

2
ln ln 𝑥 cos ln ln 𝑥 . 

 

Example (4): To find the solution of the ordinary differential equation 

 ln 𝑡 2𝑢𝑡𝑡  𝑥, ln 𝑡 + ln 𝑡 𝑢𝑡 𝑥, ln 𝑡 = 3𝑥 ln(ln 𝑡),    𝑢𝑡 𝑥, ln 𝑒 = 𝑢 𝑥, ln 𝑒 = 0 

Take Z to both sides 

𝑍  ln 𝑡 2𝑢𝑡𝑡  𝑥, ln 𝑡  + 𝑍 ln 𝑡 𝑢𝑡 𝑥, ln 𝑡  = 𝑍 3𝑥 ln(ln 𝑡)  

𝑢𝑡 𝑥, 1 −  𝑠 + 2 𝑢 𝑥, 1 +  𝑠 + 2  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡  + 𝑢 𝑥, 1 −  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡  

=
−3𝑥

(𝑠 + 1)2
 

 𝑠 + 2  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡  −  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡   =
−3𝑥

 𝑠 + 1 2
 

 𝑠 + 1 2  𝑍 𝑢 𝑥, ln 𝑡  =
−3

 𝑠 + 1 2
⟹ 𝑍 𝑢 𝑥, ln 𝑡  =

−3𝑥

 𝑠 + 1 4
 

Take 𝑍−1 to both sides 

𝑢 𝑥, ln 𝑡 = 𝑍−1  
−3𝑥

 𝑠 + 1 4 = −3𝑥𝑍−1  
−1

 𝑠 + 1 2
.

−1

 𝑠 + 1 2 = −3𝑥 ln ln 𝑡 ∗𝑍 ln ln 𝑡  

𝑢 𝑥, ln 𝑡 =  −3𝑥 ln ln 𝑢 

𝑒

𝑡

 ln  
ln 𝑡

ln 𝑢
  

𝑑 ln 𝑢

ln 𝑢
 

=  −3𝑥 ln ln 𝑢 

𝑒

𝑡

 ln ln 𝑡 − ln(ln 𝑢) 
𝑑 ln 𝑢

ln 𝑢
 

= −3𝑥 ln ln 𝑡   ln ln 𝑢 

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
+ 3𝑥   ln(ln 𝑢) 2

𝑒

𝑥

𝑑 ln 𝑢

ln 𝑢
 

= −3𝑥 ln ln 𝑡   
 ln ln 𝑢  2

2
 
𝑡

𝑒

+ 3𝑥  
 ln ln 𝑢  3

3
 
𝑡

𝑒

 

=
3𝑥

2
 ln ln 𝑡  3 − 𝑥 ln ln 𝑡  3 =

𝑥 ln ln 𝑡  3

2
 

 

Example (7): To find the solution of the ordinary differential equation  

 ln 𝑡 2𝑢𝑡𝑡  𝑥, ln 𝑡 + ln 𝑡 𝑢𝑡 𝑥, ln 𝑡 − 𝑢 𝑥, ln 𝑡 = −𝑒𝑥 sinh ln ln 𝑡 , 

𝑢𝑡 𝑥, ln 𝑒 = 𝑢 𝑥, ln 𝑒 = 0 

Take Z to both sides 

𝑍  ln 𝑡 2𝑢𝑡𝑡  𝑥, ln 𝑡  + 𝑍 ln 𝑡 𝑢𝑡 𝑥, ln 𝑡  − 𝑍 𝑢 𝑥, ln 𝑡  = 𝑍 −𝑒𝑥 sinh ln ln 𝑥   
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𝑢𝑡 𝑥, 1 −  𝑠 + 2 𝑢 𝑥, 1 +  𝑠 + 2  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡  + 𝑢 𝑥, 1 −  𝑠 + 1 𝑍 𝑢 𝑥, ln 𝑡  

+ 𝑍 𝑢 𝑥, ln 𝑡  =
𝑒𝑥

  𝑠 + 1 2 − 1 
 

 𝑠2 + 2𝑠 + 1 − 1 𝑍 𝑢 𝑥, ln 𝑡  =
𝑒𝑥

  𝑠 + 1 2 − 1 
 

𝑍 𝑢 𝑥, ln 𝑡  =
𝑒𝑥

  𝑠 + 1 2 + 1 2
 ⟹ 𝑢 𝑥, ln 𝑡 = 𝑍−1  

−𝑒𝑥

  𝑠 + 1 2 − 1 
.

−1

  𝑠 + 1 2 − 1 
  

= 𝑒𝑥 sinh ln ln 𝑡 ∗𝑍 sinh ln ln 𝑡  

=  𝑒𝑥 sinh ln ln u 

𝑒

𝑡

sinh ln  
ln 𝑡

ln u
 
𝑑 ln 𝑢

ln 𝑢
 

=  𝑒𝑥 sinh ln ln 𝑢 

𝑒

𝑡

 sinh ln ln 𝑡 − ln⁡(ln 𝑢)  
𝑑 ln 𝑢

ln 𝑢
 

=  𝑒𝑥sinh ln ln 𝑢 

𝑒

𝑡

 sinhln ln 𝑡 coshln ln 𝑢 − cosh ln ln 𝑡 sinh ln ln 𝑢  
𝑑 ln 𝑢

ln 𝑢
 

= 𝑒𝑥 sinh ln ln 𝑡  sinh ln ln 𝑢 

𝑒

𝑡

coshln ln 𝑢 
𝑑 ln 𝑢

ln 𝑢
− 𝑒𝑥 cosh ln ln 𝑡   sinh ln ln 𝑢  2

𝑒

𝑡

𝑑 ln 𝑢

ln 𝑢
 

= 𝑒𝑥 sinh ln ln 𝑡   coshln ln 𝑢  
2

2
 

𝑡

𝑒

− 𝑒𝑥 cosh ln ln 𝑡   
cosh 2 ln ln 𝑢 − 1

2
 

𝑒

𝑡

𝑑 ln 𝑢

ln 𝑢
 

= 𝑒𝑥 sinh ln ln 𝑡  
1

2
−

 coshln ln 𝑡  
2

2
 −

1

2
𝑒𝑥 cosh ln ln 𝑡  

1

2
 sinh 2 ln ln 𝑢  𝑡

𝑒 −  ln ln 𝑢  𝑡
𝑒  

=
1

2
𝑒𝑥 sinh ln ln 𝑡 − 𝑒𝑥 sinh ln ln 𝑡 

 coshln ln 𝑡  
2

2
+

𝑒𝑥

2
sinh ln ln 𝑡  cosh ln ln 𝑡  2

−
𝑒𝑥

2
ln ln 𝑡 cosh ln ln 𝑡  

=
𝑒𝑥

2
sin ln ln 𝑡 −

𝑒𝑥

2
ln ln 𝑡 cosh ln ln 𝑡 . 
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