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_m ABSTRACT
A In this paper triple sequences and triple series method for finding a Cauchy,
BOMSR The Sandwich theorem triple sequences for proof the theorem. This method

finds a triple sequence and triple series in the feasible proof. In this method
T the number of allocation n, m, I is satisfied for all theorems for example

double sequence and double series method. This method does not require

the theorem. It is easy to understand and this theorem is very efficient for

those who are dealing with triple sequence and triple series. It can easily

adapt an existing theorem.

Keywords: Theorem of Limits, The Sandwich Theorem.

THEOREM OF LIMITS
In this section, we prove some results which enable us to evaluate the triple and iterated
limits of a triple sequence.
Theorem
If s(n, m, ) can be written as s(n,m,l) = a,a,,a; such that the limits
lim, e a, = l,limy, oy = 1y, limseeap = 13,limy, 0o Oy = 11 1y,

limm,l_m Am,1 = lz l3, liml,n_m Ain = l3 ll'

Then
Tlll_r)zlo {ml'llr_r}ms(n, m, l)} =r€l_r)£1° {ml,llr_r}ws(n, m, l)}
= limn_m{limmll_m s(n,m, l)}
=il
Proof:

Use hypothesis, we have
lim,, _oo{limy, eo[lim_eo s(n,m, D]} = limy,_{lim,, o[lim_e.(a,a,,a;)]}
=1lim,, oo Ay, iMoo Oy, liMy o0 q
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= Ll
Limy, Loo{lim Lo [limy, Lo s(n, m, D]} = lim,,, oo {lim;_, oo [lim, . (a, appa))]}
=1lim,, oo Ay, iMoo Ay, liMy 00 q
=l
limy_eoflim,, S o [limy, eo s(n, m, D]} = lim;_ o {lim,, Lo [limy, oo (@, app @)1}
=1lim,, oo Ay, iMoo Ay, liMy 00 q

=3l
Hence
limy, L oo{limy, o [lim;_c. s(n, m, D]} = lim,, _,o.{lim,, _,..[lim; .. (a, a,, )]}
= Ll

Next to show that limi,, e s(n,m, 1) = 111,13,
Let € > 0 be given, since [a,,] is bounded (being convergent), there exists
k € N such that |a,| < k,V n € N again let € > 0 be given, since [a,,] is
bounded (being convergent), there exists j € N such that |a,,| <j,VmEN
And since a,, = l,a,, = 1,3, = I3 There exists a natural number N = N(¢)
Such that |a,, — [;| < 8/319' la,, — ]| < £/3b' la; — I3] < 8/3b,\7’ n,m,l >N
Where b = max{k,j,|l1], |l3]}. Hence it follows that n,m,l > N.
ls(n,m, 1) — l11;13]
<l|stnm, ) —a,, an, 3| + |ay, an, 1z — i, an, 3| + |, an, I3 — 111 15]
<lay,,ana; —a,, ay, 3| +la,, an, lz =, a,, | + |, a,, 13 — LL5]
= |lapanlla — I + lap lla, = L] + [l z]lay, — L]
= layllamlla; = Bl + lan [i3lla, — LT+ 14 ]islan — L]
<KJ ¢/3p+] ulé/3p+ Llls1¢/3,

< b8/3p+ b/ 3, +bE/3y
<3b /3p <e

Example
1

n,m,l

Consider the triple sequence s(n, m,1) = n,m,l € N we claim that

= limy, e {limy_e [limy, e S(n, m, )]}
= lim,, e {limy, e [lim_, s(n, m,1)]}

=0.
. 1\ (1) (1
Indeed, write s(n,m,l) = a,,apa; = (E) (;) (T),V n,m,l € N.
Then
. : 1 1
lim,, e a,=lim, — == 0
. : 1 1
lim,, . a,=1lim,,_. — == 0
: . 1 1
lim; .. q; = llml_,.x,y = —=0

It follows form 4.1 that
. 1 . . . 1
lim,; 1 100 (%) =lim,,_,.. {llmm_m [llml_m %]}
. 1., 1., 1
=lim,,_, .. - lim,, — lim;_ e n

=0.
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Theorem
If s(n,m, ) can be written as s(n,m, )= a, + a,,+a; such that the limits

lim,_,.a, =[;,lim,_.a, =,lim,_.a, =3, then
lim {lim [lim s(n,m, l)]} = lim {lim [lim s(n,m, l)]}

n—eo m—oo Ll—>eo m—oeo U—oo ln—eo

=lim;,.{lim, _..[lim,, .. s(n,m, )]}

:ll+lz+l3.

Proof
Use hypothesis, we have

lim {lim [llims(n, m,1[) } = lim {lim [llim(an +a,, + al)]}

n—ee Aim—oo Li—eo n—oe Um—oeo L[500

=lim, . a, +1lim,;, . a, +1im;_,. q
= l1 + lz + 13
lims(n,m,1) } = lim {lim lim(a, + a,, + al)]}

m—oo {—oo ln—eo

Y {im [
=lim, .. a, +lim,, . a,, +lim,_. q
= l1 + lz + l3
fim {tim [ tim s, m, D]} = Jim {im | im (a + @ + 2]}
=lim, . a, +lim,_.a, +1lim;_. q
= l1 + lz + l3
Next, to show that limi,, ;.. s(n,m, 1) = l; + 1, + I3 let € > 0 be given,
use hypothesis there exists a natural number N = N(¢) such that
|Cln - lll < 5/3,|am —lzl < 5/3,|al - l3| < 8/3, vV nml>=N
Hence, We have
vnm,l=>N |[s(nm)— 4+, +13)| =la, +a, +a — (1=l — 13)|
< |an - l1| + |am - l2| + |al - l3|
<f3+E3+%/3
< 38/3
<E.

Example
Consider the triple sequence s(n,m,l) = % + % + %n, m,1 > N we showed in
example 1.8 that
LMy 1seo S(, M, 1) = LMy oo (% n % " %)
= limy e % + limm_m% + liml_m%
Lyl

oo

=0.
Theorem (The Sandwich Theorem)

Statement
Suppose that x(n,m, ), s(n,m,l) and y(n, m, 1) are triple sequence of

real numbers such that x(n,m,l) < s(n,m,l) < y(n,m,)Vn,m,l < N and that
limy, ;1500 X(M, M, 1) = limy, 1 1500 Y(, M, [) then s(n, m, ) is convergent and

lim x(nm )= lim s(nm )= lim y(mnml)
n,m,l—ooo n,m,l—oo n,m,l—ooo
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Proof
Leta =limy, 1 j5eo X(M, M, 1) = limy, 1, 100 Y(n, M, 1) , then given € > 0,
there exists a real number N such that
nml>N =|x(nm)—a|l<e and |x(n,m, ) —a| <e
Since the hypothesis implies that
x(nm,l)—a<snml)—a<ymnml) —avnml<N
It follows that —e < s(n,m,l) —a < evVn,m,l < N since € > 0 was arbitrary,
this implies that lim,, , ;.. S(n,m, 1) = 0.
Conclusion
In this paper, a new triple sequence and triple series were introduced. Cauchy sequence
and monotone sequence proof the theorems. The double sequences and double series while
comparing to triple sequences and triple series. It is easy to proof and we get the required proof of
theoremes.
References
[1]. T. M. Apostol, Mathematical Analysis, Second edition, Addison Wesley,1974.
[2]. R. G. Bartle and D. R. Sherbert, Introduction to Real Analysis, Second edition, Wiley and Sons,

1992.
[3]. W. W. L. Chen, Fundamentals of Analysis, Published by W. W. L. Chen vialnternet, 2003.
[4]. A. Garcia-Martinez, Webbed spaces, double sequences, and the Mackey convergence

condition, Internat. J. Math. and Math. Sci., Vol 22, No. 3(1999),521-524.
[5]. S. L. Gupta and N. Rani, Principles of Real Analysis, Vikas Publishing House, New Delhi, 1998.
[6]. W. Rudin, Principles of Mathematical Analysis, Third Edition, McGraw-Hill,1976.
[7]. K. R. Stromberg, An Introduction to Classical Real Analysis, Wadsworth, 1981.

UMAPATHI M, Dr.N.SRINIVASAN 62



