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m ABSTRACT
7 8 In this paper, we prove several logarithmically completely monotonic results
BOMSR involving k-gamma function, and deduce some inequalities related to k-
S multinomial coefficient and k-multinomial beta function. These results can
i be used to evaluate or estimate some integrals.
Keywords: logarithmically completely monotonic; inequalities; k -

multinomial coefficient; k-multivariate beta function

1. Introduction
The k-analogue of the gamma and psi functions are defined as(See [14,15,16,17,18])
(0] tk
Ne(x) = [, t* e wdt, (1.1)
d
l/)k (.X) = Ell’l Fk (X) (12)

wherek € N, x € (0,00) and I'1 (x) = '(x), [}, (k) = 1, I}, (x + k) = x[},(x). The gamma, digamma
and polygamma functions and its k-analogues play an important role in the theory of special
functions, and have many applications in other many branches, such as statistics, fractional
differential equations, mathematical physics and theory of infinite series. The reader may see
references [4,5,6,7,8,9,10,30,31,32]. Some of the work about the complete monotonicity, convexity
and concavity, and inequalities of these special functions may refer to [21,23,24,25,26,27].
Accordingly, we have

d nk—y 1 <o
P (x) = —InTy (x) = - p X _;+Zi:1ik(i;§—+x)' (1.3)
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) =+, () = (- 1)m+1m'zm

oora"

= (- 1)m+1f ——dt, m>1, (1.4)
wherey = lim,,_,, (Zl’-‘:l% —In n) = 0.57721566 ... is the Euler-Mascheroni’s constant for m € N.

Let the multinomial coefficient and the multivariate beta function be
i=1b; F(1+Z —1b;)
by, by, -, b, g F(1+bi)

i=1 I (b))
(b +—+b,)

and

B (b1, by, by) =

respectively. Hence, Q(x) is defined as
n

F(L+xY D) T o, x Yy by b,
Q(X) - Qb,q;n(x) - ?:1[' (1 + Xbi) | qi - xbl’xbz’...’xbn Dql

_ Xt b Il q?bi

"I by X1 (xby,nxby)
where b = (by,by, -+, b,) with b; >0, q=1(q1,92,",q») With X' ;q; =1 and ¢q; >0 for
1 <i<n.In[19] and [28], the authors proved that the function defined in (5) is logarithmically

x € (0, ©),n €N, (1.5)

completely monotonic. For a € (0, 1), the logarithmically complete monotonicity of

L,(1+x Y b))
Qa(x) = Qa;b,q;n(x) = rwlf—(l-l-jd))Hl 1qL , (1-6)

has been proved by Qi in [20]. For more detailed information about the function Q(x), one can refer
to [2,3,12,13,19,22,28,33] and their references. Attracted by these work, it is natural to look for an
extension involving Yy (x)and 1, , (x). In this paper, we will study the logarithmically complete
monotonicity of the function Qy (x) = Qy;p4;n (x), k € N and establish some inequalities.

2. The logarithmically completely monotonic function

In this paper, we denote Q (x) = Qp;p,q;n (X) as follows

Tye(k+x Sy by) b,
Qr(x) = Qr;pgin () = m g (2.1)

where x € (0, ©), k, n€N, b= (by, by, -, b,) with b; >0 , q=1(q1, 92, ***, ) With
Y19 = land g; > 0for1 < i < n.ltis obviously that Q; (x) = Q(x).

Theorem 2.1. Lletx € (0, ), k, n€N, b = (b, by, -+, by)with b; >0, q = (q1, 92, ***, qn)
with }"_; q; = 1and g; > 0 for 1 < i < n. Then the function Q; (x) defined in (7) is logarithmically
completely monotonic for x € (0, o).

Proof. By directly calculating, we obtain

InQy (x) = InTy (k+x2bi> —Zlnl"k (k + xb)) +x2bi Ing;,
i=1 i=1 i=1
[In Qe GO = (Z m)wk(k +x ) b)= Y bipy(e+xb)+ ) bng,
i=1 i=1 i=1 i=1

n 2

[In Qe (0" = (Z bl-) Welk+x ) b) = > bRk +xb),
i=1 i=1

i=1

and
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By using (4), we get

t

wherev >0, p = vt,and g(t) = Therefore, we obtain

ekt —1"
Qe G’ = | “cea (%) 22)
where
n 2 n
G(p) = (Z bi) g( ,}plb_) —Zb?g<£>- (2.3)
i=1 == ¢

In the following, we shall prove G(p) > 0.
Considering the following identities:

lim t? (1)—0
tirglf 9 t o

k
d [tz (1)} d < t ) 1 N ket >0
o LA W | Bl ™ =% % )
dt t dt et —1 et —1 t(er —1)2

k
1, (1 , k 2et 1
2|9 (5)] =+ P >0,

(et —1)3t3 (et —1)%t3

and based on the results in [11], we obtain tzg(%) is star-shaped and super-additive on (0, o), that

indicates
2

b 1 = b2 [ p
; > (5) 9| %)
(Zp)g n o p g%

i=1 =1, i=1

which can be simplified as

n 2 n
() ol = 2o )
i=1 i=1"1 i=1 t
So, we prove that G(p) > 0.

Based on Bernstein Theory in [29], we can deduce that [In Qj, (x)]” is completely monotonic, which
also indicates [InQ, (x)] is strictly increasing. Moreover, by applying (3), we can prove
[In Qy (x)]' < 0. Hence, the function Qy (x) is logarithmically completely monotonic forx > 0, k €
N.

3. Inequalities for the k-multinomial coefficient

In this section, we give some inequalities related to the k-multinomial coefficient. The k-multinomial
coefficient is defined as

( i=1 b > =Fk(k+zi=1bi) (3.1)
k

lebZI'”an ?:11;((k+bi)’

where k, n € N,and b = (by, by, -+, b)) withb; > 0for1 <i <n.
Theorem 3.1. The inequality

< %j=1H % Ziza b )
by S ity 2, b Tty 0 b gty 3
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l

X Yoy b; Hi
< n( ZL =1 ) (32)
j= b1 bzx,"',bnxj' K
issatisfied and the equality in (3.2) is satisfied if and only ifx; = x, =-- = x;, wherek, [, n €
N, b = (by,by,-,by) with b; >0 for 1<i<n, and y; € (0,1) with Z}l-:luj =1, x >0 for
1<j<L.
Proof. By Theorem 2.1 we obtain that the function Qj (x) is logarithmically convex on (0, o). That is
! !
i
A YTER | [akent (33)
j=1 j=1
By the definition of Q) (x), (3.3) can be written as
< f—1 1y % X by > qbi21l'=1 Hi%j
l 1 1 j
by X1 1 X%, ba Xy 1 X, b B i %) 4 L

b n Hj
i=10i bix;

. . 34
H[ blxj,bzxj,---,bnxj> nql ] (34)

k i=1
Eliminating the public factor in (3.4), we complete the proof.

!
[ s
by x; ,bzx,---,bnx- f

j=1

X Xi=1 b;
<< l 1=1% i l (3:5)
blzj'zlxj:bZijlxj""'anjzlxj k

is satisfied, where k, [, n € N, b = (by,by,+-+,b,) with b; >0 for 1<i<n, and x >0 for
1<j<lL

Proof. By the results in [1] and the logarithmically convexity of the function Q (x),we can obtain
!

n
[Gai?y ) TTa
1] by %, by, , by q;

ki=1
%1 %) Zisg b bi %oy %)
< ] ,] 111 1 I =1 q; = (3.6)
blzjzlx],bzzjzlx], ,bnzj 1%j i
So, we easily obtain the inequality (3.5).
Theorem3.3.Ifd > 0and 0 < ¢ < d, the inequality

Theorem 3.2. The inequality

(c+x)Y dy,
<(c + x)by, (c + x)by ... ... (c+ x)bn>k (dbl,dbz ...... dbn>k

<( cxq1b; ) ( (d+x) X7 b )
= \ebricha,cbn ), \(@+2)b1,(d+2)b coc(d+3)by )

is satisfied and the equality in (3.7) is satisfied if and only if c¢=d, wherek , n€
Nb=by, by, .....,b,with b; >0 for 1 <i <nand x > 0.
Proof. Let

(3.7)

h(x) = InQy(c + x) —nQ,(d + x) — InQ,(c) + InQ,(d)
with 0 < c < d. Since the function Qy, (x) is a logarithmically completely monotonicfunction, the
k(x) .
Qk(x)

function is strictly increasing. This implies

Qk(c+x) Qk(d +x)<

hoo = Qk(c + x) Qk(d + x)
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andh(x) < h(0) = 0.Thatis

h(x) = In (Qr(c + x)Qk(d)) — In (Qk(d + x)Qr(c)) < O:

So we get

In

< (c+x)X b

< Ini#{ cX (d+x) Xy b
= "eby, cby .cby ), \(d +2)by, (d +X)b; ...

The proof is complete.
4. Inequalities for the k -multivariate beta function

In this section, the k -multinomial beta function is defined as

Bl(b1; b2; ....; bn) = =[x

Te(Xig b))
where k; neN,and b = (by; bz2; ....;
Theorem 4.1. The inequality

ITi- 12} 1 Hj x]
j=1 1 % Xy

l

Hl 1xj

l
SIE

d Y1 b;
(C + X)bl, (C + .X')bz ...... (C + X)bn K dbl, dbz

blzlu'jx sz#j

j=1

[)’k(blx], bzx], e

n
bi(C+X)b1+bid
db, l l a

n

i 1_[ q@i(d+x)b1+bic
(d+x)b, /) 1 :
k i=1

(4.1)

;bn) withbi >0 forl < i <n.

..,bnz,ujxj

j=1

#.
bnx]‘)] } (4.2)

is satisfied and the equality in (4.2) is satlsfled ifandonlyifx; = x, =+ = x.

wherek; I; neN,b = (by; by;

___I

wich]l-:lu,- = 1;xj>0for1 <j<l

b,) withb; > 0 for1 <

i <n,and Uje (0; 1)

Proof. Substituting (3.1), (4.1) and I'_k (x + k) = xI'_k (x) into (3.2), we obtain

25 1#199'2?119' 1

i=1 ] =14 ]bﬁk(blzj 1“}"/1’221 1 %

1 [%iZEab
=IIj- 1[ . b; Br(b1xj,byx;,....b ]
[Ti=1 x;bi Br(b1%;, 2x]' n¥;)

Taking the reciprocal of (4.3), the inequality (4.2) is proved.

by Z]l':lllj xj)

(4.3)

Corollary 4.2. Let k; ne N,andb = (by; by;..; by) withb; > 0for1 < i <n.

Then the function
b,
Iy b Bk (b1 by, ., byx)
is logarithmically concave for x > 0.Thatis
172, xb; Br (by1x box,...bnx)
is logarithmically completely monotonic for x > 0.

Proof. By (4.2) we can obtain the proof immediately.

(4.4)

(4.5)

Using similar procedure into Theorem (3.2) and (3.3), we can obtain the followinginequalities:

[T xb;

H, =1 Zn ﬁk (b1xbyx, ..., byx)

Hi:l biZj:l Xj

Z]l'=1xj 2:?:11’

, (d + x)”‘1 Bi(b (d + x),by(d + x), ..., by (d + X))
Bk(b,d, b,d, ..., b,d)

>

‘\c+x

(bl j= 1:u]x bZZ] 1“]

by Z]l-zl L xj) (4.6)
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n—1
> (ﬂ) Bk(bid,byd,...b,d) (4.7)

c Bk(byc,byc,...byC)

wherek; I; neN,b = (by; by;..; by)withb; > 0 for1 < i <nXj;> 0 for
1<j<l,x >0 0 < c < dandthe equality in (4.7) is satisfied if and only if
c =d.
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