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1. Introduction

The main object of this note is to present infinite series representations for generalized
complete elliptic integrals with three parameters. As we all know, it plays an important role in
various of mathematics as well as in physics and engineering. During the past years, many
mathematicians have published some series representations for many special functions and
important constants. In [3,4,5],series representations of some important mathematical constants
were obtained. In particular, Alzer and Richard give a collection of single- parameter series
representations for special functions such as complete elliptic integrals,gamma and beta functions,
trigonometric and inverse trigonometric functions, logarithm function,and so on, by using the
tambda —methods.

This note shows infinite series representations for generalized complete elliptic integrals by
generalizing the A —methods of Alzer and Richard. First of all, we simply introduce definitions about
generalized complete elliptic integrals defined by Takeuchi.

Let k € [0,1). the following classical complete elliptic integrals of the first kind and of the second
kind are defined by
1
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1 1 — k2¢t2
E(k) =f T dt

In 2016, Takeuchi [16] defined a new form of the generalized complete elliptic integrals via
generalized trigonometric functions with single parameter. We repeat the definition of complete
p —elliptic integrals of the first kind K,, (k) and of the second kind E,, (k): for k € (0,1)

1 dt
Koo = | - — 11)
0 (1—tP)P(1 —kPtP) »
1
L1 —kPtP\r
E,(k)=| (————] at. (1.2)
o= [ ()
In this note, we consider generalized elliptic integrals with three parameters[17] defined by
1

(1.3)

K k)= dt,
P'W( ) 0o (1— ta)1/p (1 — kata)l/r

and
E (k) — lwdt (1.4)
p.ar T 0 (1 - tq)l/p )
where = + l =1.In casep =q =2,K,, (k) and E, , (k) are reduced to the classical K(k) and
ror p.q, p.q,

E(k), respectively.
The beta function is defined by

1
B(p,q) =f tP~1(1—t)? tdt, ¢ € (0,1].
0

Given complex numbers a, b and ¢ with ¢ # 0,—1,—2, --+, the Gauss hypergeometric function is the
analytic continuation to the slit place C\[1, =°) of the series
- a,n)(b,n) x™
@nkms
(c,n) n!
n=0

For more details, we refer the reader to [7,8,9,10,11,15] and the references therein.

F(a,b;c;x) = LFi(a,b;c;x) =

2. Main results

9)
axm)?

Lemma 2.1. [3] Suppose that the function G given by G(x) = satisfies g, G € L'[0,1] where

0<a§1,n>0,l<5,€ER,and

1
by = b;(a,n) = affo t/ g(t)dt,

it follows that

oo n
g(x) _ ($n n i
f A—ai ™ 2 nl (1 — )n+e Z (j ) AT by (e, ) 2.3)
n=0 j=0
Theorem 2.1. Forp,q,r > 1land k € [0,1),A < %, we have
-1
oo _ n 1 1
T _Z\[Z_Z_ , (2.2)
P.q 2 Z p q 1 k4.
n=on!(1— /1) =0 J)

1
Proof. Takinga = k% <1,n =q>0,§ =< Land g(t) = (1 —t%) »inLemma 2.1, we have
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1
b = a/f t" g(t)dt
0

1 1
= k4 f t/9 (1 —t9) vdt
0

L T L
_T Ou e (1—u) rdu (2.3)
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1 1 1
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CrGr )
Considering the formula, , = B (=, 1 - =) in 8], we have
Pa g7 \q’ P ’
1
YL (;)j 2.4)
T ECIh) '
q p j
Applying the known formula
. o—a
= (=1 .
@; =), (2.5)
we have
_1
% ( p)
n J
b =21 . . (2.6)
J 2 (1 1 1>
P
J
The proof is complete. W
Remark 2.1. Taking A = 0 in Theorem 2.1, the formula (2.2) changes into
1 -1
< (- 1\ /1 1
B R
p.a.r 2 n! \n aj\r 4
n=0 n n
1\ (1
Mg 2 (7)n (;)n (kD™ (2.7)
2 1,1 n!
= St 1)n
s 11 1
= ﬂF(—,—,——+—+ 1,kq)
2 \gqr p q
If g = pand%= 1 —%,weobtain
K,(k) =K k—n”"’F<11 11kq) 2.8
p( )_ p,p,l_%( )_T a' _E: ) . ( . )
If g =p =2, we have
K(k) = K k—”F(111k2) (2.9)
()_ 2’2%()_2 212: ) . .
So the K, , - is reduced to the classical K, (k) and K (k) respectively.
Remark 2.2. Takingp = q = r = 2 in Theorem 2.1, the formula (2.2) reduces to (2.15) in [6].
Similar to the Theorem 2.1, we easily obtain following result.
Theorem 2.2. Forp,q,r > 0and k € [0,1),4 < %, we have
3
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Ep,q,r(k)
1 -1
oo - 1\ /1 1
e (1) e (VAN 210
== n z ( ) pllp ¢ kJa
2 n+l—1 J . .
n=on! (1 _/1) T j=0 J ]
Remark 2.3. Taking A = 0 in Theorem 2.2, the formula (2.3) changes into
E (k)—@F(l Ioa-14t kq) (2.11)
p.,q,r - 2 q;r ] p q! . .

Remark 2.4. Takingp = q = r = 2 in Theorem 2.2, the formula (2.10) reduces to (3.16) in [6].
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