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1. Introduction

This paper is a continuation of our programme of generalizing Hausdorff spaces started in [1].
An almost Hausdorff space is a topological space such that at most one pair of distinct points in it
cannot be separated by disjoint open sets. A nearly Hausdorff space is a topological space such that
there exists at most one point in it with the property that

I) this point cannot be separated from any other point by disjoint open sets,

i) each pair of distinct points which are different from the above point can be separated
from each other by disjoint open sets.

Clearly, the Hausdorff spaces belong to each of the above two classes of spaces.

Here we shall study almost Hausdorff spaces and nearly Hausdorff spaces. We shall prove a number
of important properties of these spaces and determine their topological structures. For any non-
empty class C of non-empty subsets of a topological space X, <C > will denote the topology
generated by C. Generalisations of Regular and normal spaces have been studied in [2], [3] and [4].

2. Almost Hausdorff spaces

Definition 2.1. A topological space X will be called almost Hausdorff space if there exists at most one
pair of points {a, b} in X which cannot be separated from each other by two disjoint open sets.

If such a and b exist and X has at least 3 elements, then we shall denote such spaces by (X; {a, b})
and call these spaces properly almost Hausdorff space if X is not Hausdorff.
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Example 2.1.1.
Every Hausdorff space is almost Hausdorff space.

Example 2.1.2.

IfX={ab,cd}& 3 ={X, &, {a, b}, {a, b, c}, {c, d},{c}, {d}, {a, b, d} }

Then (X, 3 ) is an almost Hausdorff space since only a and b cannot be separated by disjoint open
sets. Moreover, X is properly almost Hausdorff.

Example 2.1.3.
Let X =R, I =< {X, ® {1,2}} v Discrete topology on ( R- {1,2})>.

Example 2.1.4.

Let X=RuU{i,w}and I =<UyR U {i, ®}> where Ug is the usual topology on R. Here i and
w are non-real square and cube root of -1 and 1 respectively. It is clear that i and @ cannot be
separated from each other and that for each X, ye R, x =y, x and y can be separated from each

other. Also each of i and @ can be separated from every xe R. Hence X is properly almost
Hausdorff.

Properties
We have proved a few properties almost Hausdorff spaces.

Theorem 2.2.1. Any subspace of an almost Hausdorff space is also so.

Proof. Let X be an almost Hausdorff space and A be a subspace of X. Then there exists at
most one pair {x, y} with open sets G and H in X such that xe G,ye HandG nH = ® . If X
is Hausdorff, then so is A. So, suppose X is not Hausdorff. Then there exist exactly one pair
of distinct points a, b such that for each pair of open sets G and H with aeG, be H, GnH=® .
If both of a and b belong to A, then GNA and HNA are open sets in A and acGNA, beH NA
and (G A)nH A =®. If either none of a and b belong to A, or exactly one of a and b
belong to A, then A is Hausdorff. Thus in all possible cases A is almost Hausdorff.

Corollary 2.2.1. For any two spaces A and B of a topological space X, A n B will be almost
Hausdorff space if either A or B is almost Hausdorff.

Theorem 2.2.2. The product of two almost Hausdorff spaces is also an almost Hausdorff
space.

Proof. Let X and Y be two almost Hausdorff spaces. If any of X and Y is Hausdorff, then
XxY is also Hausdorff. Then the proof is obvious. So we assume that neither X nor Y is
Hausdorff. Let X and Y be given by (X; {x1, X2}) and (Y; {y1, Y-}) respectively.

Let U and V be two open sets in XxY such that (X1, y1) €U and (X2, y»)€V.

Then (Xq, y1) €G1xHs, (X2, Y2)€ GoxH, , for some open sets G; » G, in X and open sets H;, Ha
in Y. So, X1€G1, x,e G, YieHy, y2eH,. By definition, Gy N Gy # @ , Hy N H, # @ . Hence
(G1xH{) N (Gy XHy) # ® .So U NV = @ . Thus (X1, y1) and (X2, Y2) cannot be separated by
disjoint open sets. However, all other pairs of distinct points can be separated by disjoint
open sets.
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Let (X, y)e XxY and suppose (x, y) is different from (X1, y1) or (X, Y2), say, (X, ¥) # (X1,Y1)
I.e., X # X1 or y # Y. Then there exist open sets G, G; in X and H, Hy in Y such that xeG, x; €
Gy, yeH, YieHy, with GN G;= @ or H N Hy= @ . So, (GxH) N (G1 XHy) = @ . Thus (X, Y)
and (x,,y;) can be separated by disjoint open sets. Similarly it can be shown that if (x, y) =
(X,.Y2) , then they can be separated. Also if {(x, y), (X, ¥)} # {(Xx1.y1), (x ,y2) }, then it can be
similarly shown that they can be separated by disjoint open sets.

Hence XxY is almost Hausdorff.

Theorem 2.2.3. If XxY is almost Hausdorff spaces, then at least one of X and Y is almost
Hausdorff space.

Proof. Suppose none of X and Y is almost Hausdorff spaces. Then there exist X1, Xz, X3 € X
and yi, Yo, Y3 €Y such that x; cannot be separated from both x,, X3. y; cannot be separated

from y, and ys . Then there exist open sets G, , G,, Gz in X and open sets Hys Hy, Hzin Y with
X1€G1, X2e Gy X3€Gs , Y1eH;, y,eH,, ¥3 €Hj such that GiNG, # @ , GiN Gz # O
HiNHy2® , Hy N Hz # @ . So, (G1xH;) N (Gz XHy) # @, (GixHp) M (G XH3) # @ . Since
(X1,Y1)e(G1xHy),

(Xz,Y2)€ (Gy XHy), (X3,Y3)e(GaxHs), (X1, y1) cannot be separated from (xa, y2) and (Xs , Va).
This contradicts the fact that XxY is almost Hausdorff space.

Structure of almost Hausdorff spaces.
Structure of the topology of an almost Hausdorff space (X; {a, b}) with at least three

elements:

Theorem 2.3.1. Every properly almost Hausdorff space ((X; {a, b}), J) with at least three elements is
given by

0) X=Y U {a, b}, for some a, b in X, (a# b), with Y=X-{a, b} £ D,

(i) 3 =<{X,®}J H,U {a, b}>,whereH, is a Hausdorff topology on Y.
Proof: It is obvious that ((X; {a, b}), 3) given by (i) and (ii) is a properly almost
Hausdorff space with at least three elements.

We shall prove the converse. So, let ((X; {a, b}), 3) be a properly almost Hausdorff space
with at least three elements. By definition, the topology H , induced on Y= X-{a, b} is

Hausdorff. Then the following cases may arise:

Case-1: {a,b}isin 3.

Case-2: Both {a} and {b}isin 3

Case-3: {a} Y GE€ 3T, for some non-empty GEH ., or

{b} U HE T, for some non-empty HEH,, or

MALLIKA MITRA, SUBRATA MAJUMDAR 14



Vol.7.Issue.1.2019 (Jan-Mar) Bull.Math.&Stat.Res (ISSN:2348-0580)

{a, b} U KE€ 3T, for some non-empty KEH
Case-4: One of {a} {b}E€ I3 .
If case-1 holds, then J is given by (ii).

If case-2 holds, then a and b can be separated from each other by disjoint open sets {a}, {b}
in X which is a contradiction to the definition.

If case-3 holds, then in the first situation, there exists y& G such that a and y cannot be
separated from each other by disjoint open sets, in the second situation, then b cannot be

separated from some y € H, and in the third situation, both a and b cannot be separated from
some y €K. Thus in all situations there is a contradiction to the definition.
If none of the cases (1), (2) and (3) holds, but (4) holds, then if {a}& J, then b cannot be

separated from the elements of Y, and if {b}& J , then a cannot be separated from the

elements of Y. Always there is a contradiction to the definition. The proof is thus complete.
We know that for a Hausdorff space every compact subspace is closed ([5], [6]). We now
prove the following theorem:

Theorem 2.4.1. Let (X; {a, b}) be a properly almost Hausdorff space and K be a compact
subspace of X. Then K is closed if and only if either both of a, b belong to K or none of a, b
belong to K.

Proof.
Case-i. Both a, b are in K.

Let xeK® and yeK. Then x =y and {x, y} # {a, b}. Hence by the condition on (X; {a, b})
there exist disjoint open sets Gy and Hy such that xe Gy, yeHy and Gy n Hy = @ .
Then{Hy | yeK} is an open cover of K. Since K is compact, there exists H, , H, ..., H  for

some n such that Hy, oH,, L..0H, oKand (H, WH  U...UH )N(G, UG U..UG )=0.
Hence (G, UG, L..UG, )NK=® .ie,G, UG, U..UG, K"

Since xe G U G u... U G and the latter is open, X is an interior point of K°.
Hence K is open and so K is closed.

Case-ii: None of a, b are in K i.e., a, beK".

Similar argument will show that K is closed.

Case-iii: One of a, b, say aeK.

Then bgK i.e., beK".

Let beG with G open in X. Then G must contain a by the structure theorem (Theorem
231).S0GNnK=®.SoG & K" Thus b is not an interior point of K°. Thus K° is not
open, i.e., K is not closed.
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The concept of properly almost Hausdorff spaces (X; {a, b}) can be extended to a
on- Hausdorff space (X; A), which is less close to a Hausdorff space, where A is a subset of
Xwith more than two elements. The definition of (X; A) is as follows:

If there exists a non-empty subset A < X such that X-A = ® and

1) no pair of distinct points in A can be separated from each other by disjoint open sets
inX,

i) each pair of distinct points x, y in X such that at least one of x and y does not belong
to A, can be separated by disjoint open sets in X.

The properties of (X; A) will be similar to that of (X; {a, b}).

Example 2.5.1.

If X = {letters of English alphabets} &

I =<{X, ® }u{a, b, d, e} U Discrete topology on {X-{a, b, d, e}}>. Here A={a, b, d, e}.
Example 2.5.2.

IfX={ab,c,dfUR

Here A={a, b, c}.,and I = {{X, @, {a, b, c}, {d}} U the usual topology on ‘R }.
Hausdorffification of (X; {a, b}, J)

To make (X; {a, b}, I ) Hausdorff, we extend the topology H, of Y to the topology J,, on X

where 3, =<H, U {{a}, {b}}>. Clearly 3, is a Hausdorff topology which contains 3.

2. Nearly Hausdorff Space

Definition 3.1. A topological space X will be called nearly Hausdorff if either X is Hausdorff
or

i) there exists only one point ae X which cannot be separated from any other points of X,

il) every other pair of distinct points of X can be separated from each other. We denote such
spaces by (X; a).

Example 3.1.1.

Let X be a non-empty set with at least two elements and let aec X. Let Y be X-{a}, and Hy a

Hausdorff topology on Y. Let 3 = Hy U {X}. Then ((X; &), J) is a nearly Hausdorff
topological space.

The following are particular cases of the above:

Example 3.1.2.

Let X= R U {i},where i:\ 1 then (X, 3 ) is a nearly Hausdorff topological space where

JI=Uy v {X}, U,, being the usual topology on R .
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Example 3.1.3.
Let X={a, b, c, d, e, f}, Y={b, c, d, e, f} and let D, be the discrete topology on Y. Then

((X: a), 3) is a nearly Hausdorff topological space where 3 ={X} u D,

Properties
We have proved a few properties of nearly Hausdorff spaces.

Theorem 3.2.1. Every nearly Hausdorff space is connected if it is not Hausdorff.

Proof. Let X be a nearly Hausdorff space which is not Hausdorff. Then there exists a unique
element a of X such that for all xeX, x # a, and for every pair of open sets G and H, with
xXeG, xeH,GNnH=®.

If possible, suppose X is not connected. Then there exists non-empty open sets V, W in X
such that V. n W = ® and X=V u W. Now a is in one of V and W say V. Since W = @ ,
there exists xeW. Since V "W = @ , we have a contradiction. Thus X is connected.

Theorem 3.2.2. Every subspace of a nearly Hausdorff space is either nearly Hausdorff or
Hausdorff.

Proof. Let (X; a) be a nearly Hausdorff space and Y < X.

If acY, then (Y; a) is obviously nearly Hausdorff.

If agY, then each point of Y can be separated from each other by disjoint open sets. Thus Y
is Hausdorff.

Corollary3.2.1. For any two subspaces C and D of a topological space X, C n D will be
nearly Hausdorff space if either C or D is nearly Hausdorff.

Theorem 3.2.3. The product of two nearly Hausdorff spaces is also a nearly Hausdorff
space.

Proof. Let (X, a) and (Y, b) two nearly Hausdorff spaces.

Then we shall prove that (XxY, (a, b)) is also a nearly Hausdorff space.
Let(X1,y1), (X2,¥2) eXxY-{(a, b)}. Let(x1,y1) # (X2,¥2). Then either X1 # X, Or y; # Y>.

Then either x;, X, can be separated from each other by disjoint open sets Gy, G, in X or y1, ¥»
can be separated from each other by disjoint open sets Hy, Hz in Y. Since either G; N Go= @ |
or Here Hin H=®, (G, x H,) N (G, x H,) = @ Here (x1,y1) and (X2, Y2) can be separated in

XXY.

Now let us consider the points (a,y1) and (a, y2) of XxY , with yi, y.€Y, y1 # y,. Then there
exist open sets Hy, Hy in Y with y;eHy,y,e Hy and Hy nHo,=® . Hence (a,y1) € XxHjand
(@, y2)eXxH; . Thus (a,y1) and (a, y2) can be separated in XxY. Similarly (x1,b), (x2,b),with
X1 # Xo €an be separated in XxY.

However, X, y where xeX, y €Y and a, b cannot be separated from each other by disjoint
open sets, since the only open sets containing (a, b) is XxY. Thus (XxY, (a, b)) is nearly
Hausdorff.
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Theorem 3.2.4. Let X and Y be two topological spaces and let a € X, beY such that
(XxY,(a, b)) is nearly Hausdorff. Then both of (X, a) and (Y, b) are nearly Hausdorff spaces.

Proof. We first prove that (X, a) is nearly Hausdorff. Let X3, Xo,e X-{a} with x; # Xz, Then
(x1,b) and (x2, b) can be separated in XxY. So, there exist open setsG;, G, in X such that
(Xl,b)e GyxY, (Xz, b) eGyxY. Then (GlXY) M (GzXY) =0 . ThenG; N Gy=D.

Let x € X-{a}. Since the only open sets in XXY containing (a, b) is XxY, the only open set in
X which contains a is X. Hence x and a cannot be separated from each other by disjoint open
sets. Thus (X, a) is nearly Hausdorff.

Similarly it can be shown that (Y, b) is nearly Hausdorff space.

Structure of nearly Hausdorff spaces.
It is clear that if a topological space X with at least two elements is not Hausdorff, then ((X;

a), 3 ) is nearly Hausdorff and is given by

)} X=YU {a}, where agY,

i) Y is a Hausdorff space with a Hausdorff topology Hy on'Y,

iii) I={Hyu {X}}.

The concept of a nearly Hausdorff space (X; a) can be extended to a non Hausdorff space
(X; A) which is less close to a Hausdorff space. Here A is a subset of X with more than one
elements and X-A = @ .

For a topological space (X; A), either X is Hausdorff, or for each pair of elements x, y in X
with x =y, x and y can be separated from each other by disjoint open sets in X if and only if
neither x nor y belongs to A.

The properties of (X; A) will be similar to that of (X; a).
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