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ABSTRACT 

Two classes of topological spaces which are very similar to Hausdorff spaces 

have been defined and studied in this paper. The structures of these spaces 

have also been determined. 
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1. Introduction 

This paper is a continuation of our programme of generalizing Hausdorff spaces started in [1]. 

An almost Hausdorff space is a topological space such that at most one pair of distinct points in it 

cannot be separated by disjoint open sets. A nearly Hausdorff space is a topological space such that 

there exists at most one point in it with the property that 

i) this point cannot be separated from any other point by disjoint open sets, 

ii) each pair of distinct points which are different from the above point can be separated 

from each other by disjoint open sets. 

Clearly, the Hausdorff spaces belong to each of the above two classes of spaces. 

Here we shall study almost Hausdorff spaces and nearly Hausdorff spaces. We shall prove a number 

of important properties of these spaces and determine their topological structures. For any non-

empty class C of non-empty subsets of a topological space X, <C > will denote the topology 

generated by C. Generalisations of Regular and normal spaces have been studied in [2], [3] and [4]. 

2. Almost Hausdorff spaces 

Definition 2.1. A topological space X will be called almost Hausdorff space if there exists at most one 

pair of points {a, b} in X which cannot be separated from each other by two disjoint open sets. 

If such a and b exist and 𝑋 has at least 3 elements, then we shall denote such spaces by (𝑋; {𝑎, 𝑏}) 

and call these spaces properly almost Hausdorff space if 𝑋 is not Hausdorff. 
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Example 2.1.1. 

Every Hausdorff space is almost Hausdorff space. 

Example 2.1.2. 

If X = {a, b, c, d} &  = {X,  , {a, b}, {a, b, c}, {c, d},{c}, {d}, {a, b, d} } 

Then (X,  ) is an almost Hausdorff space since only a and b cannot be separated by disjoint open 

sets. Moreover, X is properly almost Hausdorff. 

Example 2.1.3. 

Let X = ,  =< {X,  ,{1,2}}  Discrete topology on ( - {1,2})>. 

Example 2.1.4. 

Let X =   {i,  } and  =< U  {i,  }>, where U  is the usual topology on   . Here i and 

 are non-real square and cube root of -1 and 1 respectively. It is clear that i and  cannot be 

separated from each other and that for each x, y , x  y, x and y can be separated from each 

other. Also each of i and  can be separated from every x . Hence X is properly almost 

Hausdorff. 

Properties 

We have proved a few properties almost Hausdorff spaces. 

Theorem 2.2.1. Any subspace of an almost Hausdorff space is also so. 

Proof. Let X be an almost Hausdorff space and A be a subspace of X. Then there exists at 

most one pair {x, y} with open sets G and H in X such that x G, y H and G  H   . If X 

is Hausdorff, then so is A. So, suppose X is not Hausdorff. Then there exist exactly one pair 

of distinct points a, b such that for each pair of open sets G and H with aG, b H, GH . 

If both of a and b belong to A, then GA and HA are open sets in A and aGA, bH A 

and (G  A)  H  A   . If either none of a and b belong to A, or exactly one of a and b 

belong to A, then A is Hausdorff. Thus in all possible cases A is almost Hausdorff. 

Corollary 2.2.1. For any two spaces A and B of a topological space X, A  B will be almost 

Hausdorff space if either A or B is almost Hausdorff. 

Theorem 2.2.2. The product of two almost Hausdorff spaces is also an almost Hausdorff 

space. 

Proof. Let X and Y be two almost Hausdorff spaces. If any of X and Y is Hausdorff, then 

X×Y is also Hausdorff. Then the proof is obvious. So we assume that neither X nor Y is 

Hausdorff. Let X and Y be given by (X; {x1, x2}) and (Y; {y1, y2}) respectively. 

Let U and V be two open sets in X×Y such that (x1, y1) U and (x2, y2)V. 

Then (x1, y1) G1×H1, (x2, y2) G2×H2 , for some open sets G1 , G2 in X and open sets H1, H2 

in Y. So, x1G1, x2 G2, y1H1, y2H2. By definition, G1  G2   , H1  H2   . Hence 

(G1×H1)  (G2 ×H2)   .So U  V   . Thus (x1, y1) and (x2, y2) cannot be separated by 

disjoint open sets. However, all other pairs of distinct points can be separated by disjoint 

open sets. 
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Let (x, y) X×Y and suppose (x, y) is different from (x1, y1) or (x2,y2), say, (x, y)  (x1,y1) 

i.e., x  x1 or y  y1. Then there exist open sets G, G1 in X and H, H1 in Y such that xG, x1 

G1, yH, y1H1, with G G1=  or H  H1=  . So, (G×H)  (G1 ×H1) =  . Thus (x, y) 

and (x1,y1) can be separated by disjoint open sets. Similarly it can be shown that if (x, y)  

(x2,y2) , then they can be separated. Also if {(x, y), (x
/
, y

/
)}  {(x1,y1), (x ,y2) }, then it can be 

similarly shown that they can be separated by disjoint open sets. 

Hence X×Y is almost Hausdorff. 

Theorem 2.2.3. If X×Y is almost Hausdorff spaces, then at least one of X and Y is almost 

Hausdorff space. 

Proof. Suppose none of X and Y is almost Hausdorff spaces. Then there exist x1, x2, x3 X 

and y1, y2, y3 Y such that x1 cannot be separated from both x2, x3; y1 cannot be separated 

from y2 and y3 . Then there exist open sets G1 , G2, G3 in X and open sets H1, H2, H3 in Y with 

x1G1, x2 G2, x3G3 , y1H1, y2H2, y3 H3 such that G1G2   , G1 G3   , 

H1H2 , H1  H3   . So, (G1×H1)  (G2 ×H2)   , (G1×H1)  (G3 ×H3)   . Since 

(x1,y1)(G1×H1), 

(x2,y2) (G2 ×H2), (x3,y3)(G3×H3), (x1, y1) cannot be separated from (x2, y2) and (x3 , y3). 

This contradicts the fact that X×Y is almost Hausdorff space. 

Structure of almost Hausdorff spaces. 

Structure of the topology of an almost Hausdorff space (X; {a, b}) with at least three 

elements: 

Theorem 2.3.1. Every properly almost Hausdorff space ((X; {a, b}), ) with at least three elements is 

given by 

(i) X=Y  {a, b} , for some a, b in X, (a≠ b), with Y=X-{a, b}≠  , 

(ii) =<{X,  }  H Y 
 {a, b}> , where H Y is a Hausdorff topology on Y. 

Proof: It is obvious that ((X; {a, b}), ) given by (i) and (ii) is a properly almost 

Hausdorff space with at least three elements. 

We shall prove the converse. So, let ((X; {a, b}), ) be a properly almost Hausdorff space 

with at least three elements. By definition, the topology H Y , induced on Y= X-{a, b} is 

Hausdorff. Then the following cases may arise: 

Case-1: {a, b} is in  . 

Case-2: Both {a} and {b} is in  . 

Case-3: {a}  G  , for some non-empty GH Y , or 

{b}  H  , for some non-empty HH Y , or  
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{a, b}  K  , for some non-empty KH Y  , 

Case-4: One of {a},{b}  . 

If case-1 holds, then  is given by (ii). 

If case-2 holds, then a and b can be separated from each other by disjoint open sets {a}, {b} 

in X which is a contradiction to the definition. 

If case-3 holds, then in the first situation, there exists yG such that a and y cannot be 

separated from each other by disjoint open sets, in the second situation, then b cannot be 

separated from some yH, and in the third situation, both a and b cannot be separated from 

some yK. Thus in all situations there is a contradiction to the definition. 

If none of the cases (1), (2) and (3) holds, but (4) holds, then if {a}  , then b cannot be 

separated from the elements of Y, and if {b}  , then a cannot be separated from the 

elements of Y. Always there is a contradiction to the definition. The proof is thus complete. 

We know that for a Hausdorff space every compact subspace is closed ([5], [6]). We now 

prove the following theorem: 

Theorem 2.4.1. Let (X; {a, b}) be a properly almost Hausdorff space and K be a compact 

subspace of X. Then K is closed if and only if either both of a, b belong to K or none of a, b 

belong to K. 

Proof. 

Case-i. Both a, b are in K. 

Let xK
c
 and yK. Then x  y and {x, y}  {a, b}. Hence by the condition on (X; {a, b}) 

there exist disjoint open sets Gx and Hy such that x Gx, yHy and Gx  Hy =  . 

Then{Hy│yK} is an open cover of K. Since K is compact, there exists H
1y  , H

2y ,..., H
ny for 

some n such that Hy 1
Hy 2

...H
ny K,and (H

1y H
2y ...H

ny )(G
1y G

2y ...G
ny )=. 

Hence (G
1y G

2y ...G
ny )  K=  . i.e., G

1y G
2y ...G

ny  K
c
. 

Since x G  G ...  G and the latter is open, X is an interior point of K
c
.  

Hence K
c
 is open and so K is closed. 

Case-ii: None of a, b are in K i.e., a, bK
c
. 

 Similar argument will show that K is closed. 

Case-iii: One of a, b, say aK.  

Then bK i.e., bK
c
. 

Let bG with G open in X. Then G must contain a by the structure theorem (Theorem 

2.3.1). So G  K   . So G  K
c
. Thus b is not an interior point of K

c
. Thus K

c
 is not 

open, i.e., K is not closed. 
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 1 

 The concept of properly almost Hausdorff spaces (X; {a, b}) can be extended to a  

on- Hausdorff space (X; A), which is less close to a Hausdorff space, where A is a subset of 

X with more than two elements. The definition of (X; A) is as follows: 

If there exists a non-empty subset A  X such that X-A   and 

i) no pair of distinct points in A can be separated from each other by disjoint open sets 

in X, 

ii) each pair of distinct points x, y in X such that at least one of x and y does not belong 

to A, can be separated by disjoint open sets in X. 

The properties of (X; A) will be similar to that of (X; {a, b}). 

Example 2.5.1. 

If X = {letters of English alphabets} & 

 = <{X,  } {a, b, d, e}  Discrete topology on {X-{a, b, d, e}}>. Here A= {a, b, d, e}. 

Example 2.5.2. 

If X = {a, b, c, d}  

Here A= {a, b, c}., and  = {{X,  , {a, b, c}, {d}}  the usual topology on  }. 

Hausdorffification of (X; {a, b},  ) 

To make (X; {a, b},  ) Hausdorff, we extend the topology H Y  of Y to the topology  H  on X 

where  H  = < H Y   {{a}, {b}}>. Clearly  H  is a Hausdorff topology which contains . 

2. Nearly Hausdorff Space 

Definition 3.1. A topological space X will be called nearly Hausdorff if either X is Hausdorff 

or  

i) there exists only one point aX which cannot be separated from any other points of X, 

ii) every other pair of distinct points of X can be separated from each other. We denote such 

spaces by (X; a). 

Example 3.1.1. 

Let X be a non-empty set with at least two elements and let aX. Let Y be X-{a}, and HY a 

Hausdorff topology on Y. Let  = HY  {X}. Then ((X; a), ) is a nearly Hausdorff 

topological space. 

The following are particular cases of the above: 

Example 3.1.2. 

Let X=  {i}, where  i=     , then (X,  ) is a nearly Hausdorff topological space where 

 

 =U{X}, U being the usual topology on  . 
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Example 3.1.3. 

Let X= {a, b, c, d, e, f}, Y= {b, c, d, e, f} and let DY be the discrete topology on Y. Then      

((X: a),  ) is a nearly Hausdorff topological space where  ={X}  DY 

Properties 

We have proved a few properties of nearly Hausdorff spaces. 

Theorem 3.2.1. Every nearly Hausdorff space is connected if it is not Hausdorff. 

Proof. Let X be a nearly Hausdorff space which is not Hausdorff. Then there exists a unique 

element a of X such that for all xX, x  a, and for every pair of open sets G and H, with 

xG, xH, G  H   . 

If possible, suppose X is not connected. Then there exists non-empty open sets V, W in X 

such that V  W   and X=V  W. Now a is in one of V and W say V. Since W   , 

there exists xW. Since V  W   , we have a contradiction. Thus X is connected. 

Theorem 3.2.2. Every subspace of a nearly Hausdorff space is either nearly Hausdorff or 

Hausdorff. 

Proof. Let (X; a) be a nearly Hausdorff space and Y  X.  

If aY, then (Y; a) is obviously nearly Hausdorff. 

If aY, then each point of Y can be separated from each other by disjoint open sets. Thus Y 

is Hausdorff. 

Corollary3.2.1. For any two subspaces C and D of a topological space X, C  D will be 

nearly Hausdorff space if either C or D is nearly Hausdorff. 

Theorem 3.2.3. The product of two nearly Hausdorff spaces is also a nearly Hausdorff 

space. 

Proof. Let (X, a) and (Y, b) two nearly Hausdorff spaces.  

Then we shall prove that (X×Y, (a, b)) is also a nearly Hausdorff space. 

Let(x1,y1), (x2,y2) X×Y-{(a, b)}. Let(x1,y1)  (x2,y2). Then either x1  x2 or y1  y2. 

Then either x1, x2 can be separated from each other by disjoint open sets G1 , G2 in X or y1, y2  

can be separated from each other by disjoint open sets H1, H2 in Y. Since either G1  G2=  , 

or Here H1  H2=  , (G1  H1 )  (G2  H 2 )   .Here (x1,y1) and (x2, y2) can be separated in 

X×Y. 

Now let us consider the points (a,y1) and (a, y2) of X×Y , with y1, y2Y, y1  y2. Then there 

exist open sets H1, H2 in  Y with  y1H1,y2 H2 and H1  H2=  .  Hence  (a,y1)  X×H1and 

(a,  y2)X×H2 . Thus (a,y1) and (a,  y2) can be separated in X×Y. Similarly (x1,b), (x2,b),with    

x1  x2 can be separated in X×Y. 

However, x, y where xX, y Y and a, b cannot be separated from each other by disjoint 

open sets, since the only open sets containing (a, b) is X×Y. Thus (X×Y, (a, b)) is nearly 

Hausdorff. 
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Theorem 3.2.4. Let X and Y be two topological spaces and let aX, bY such that 

(X×Y,(a, b) ) is nearly Hausdorff. Then both of (X, a) and (Y, b) are nearly Hausdorff spaces. 

Proof. We first prove that (X, a) is nearly Hausdorff. Let x1, x2X-{a} with x1  x2, Then 

(x1,b) and (x2, b) can be separated in X×Y. So, there exist open setsG1, G2 in X such that 

(x1,b) G1×Y, (x2, b) G2×Y. Then (G1×Y)  (G2×Y) =  . Then G1  G2=  . 

Let x  X-{a}. Since the only open sets in X×Y containing (a, b) is X×Y, the only open set in 

X which contains a is X. Hence x and a cannot be separated from each other by disjoint open 

sets. Thus (X, a) is nearly Hausdorff. 

Similarly it can be shown that (Y, b) is nearly Hausdorff space. 

Structure of nearly Hausdorff spaces. 

It is clear that if a topological space X with at least two elements is not Hausdorff, then ((X; 

a),  ) is nearly Hausdorff and is given by 

i) X=Y  {a}, where aY, 

ii) Y is a Hausdorff space with a Hausdorff topology HY on Y, 

iii) ={HY {X}}. 

The concept of a nearly Hausdorff space (X; a) can be extended to a non Hausdorff space 

(X; A) which is less close to a Hausdorff space. Here A is a subset of X with more than one 

elements and X-A   . 

For a topological space (X; A), either X is Hausdorff, or for each pair of elements x, y in X 

with x  y, x and y can be separated from each other by disjoint open sets in X if and only if 

neither x nor y belongs to A. 

The properties of (X; A) will be similar to that of (X; a). 
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