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D LONTHEIN ABSTRACT
- E In this work, asymptotic expansions were carried out on the perturbed system
R & of nonlinear coupled nonhomogeneous ordinary differential equations

d :: originally derived by Danielson [1]. Impulse loading was thereafter imposed
'omsn on the viscously damped system with light damping coefficients & . Q-basic
; - codes were finally used in the analysis and the result revealed an increasing
B “ dynamic buckling load |, with increase in the damping coefficients.

f‘-,‘.-_;.:-_;v*;;_-;.}ﬁ,:;;vk;;.-;.;ﬁ,:;;vk?f Key words: Modified, viscously damped, quadratic, model structure,
perturbation, elastic, impulse

1. Introduction:

The concept of buckling, though as old as creation, was neglected and overlooked until Koiter [2]
overcame the frontiers of this inaction. This elicited various interests in the area. Prominent amongst
them include Budiansky and Hutchinson [3] and Hutchinson and Budiansky [4]. The duo investigated
buckling in line with imperfections in the structures. In their work, they used a quadratic model
structure to study the dynamic stability of elastic structures laden with imperfection. Danielson [1]

modified the Budiansky / Hutchinson’s structure by incorporating an additional mass M, and a spring

with spring constant K, (see fig. 1), thus enhancing a pre — buckling motion. Ette [5] extended the
work of Danielson by the inclusion of an arbitrary explicitly time dependent slowly varying load
If(T). Other researchers in buckling include Gladden et al. [6] who investigated the dynamic
buckling and fragmentation of slender rods axially impacted by a projectile, Amit [7] investigated
nonlinear response of shallow arches under dynamic and static loadings while Wei et al. [8]
investigated dynamic buckling of thin cylindrical shells under axial impact. Others include Lu and
Wang [9], Osuiji et al. [10], Udo — Akpan and Ette [11], Chukwuchekwa and Ette [12] amongst others.

This work is an extension of a similar one by Ette [5] vis — a — vis Danielson’s [1] earlier
investigation. Here, we have imposedan impulse loading on the system and incorporated light viscous
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damping of coefficient & and imperfection coefficient E .We recall that Etteand Osuji [13]had earlier

considered the same structure for the case of periodic loadingwhile Lillermae et al. [14], Paulo et al.

[15] and Ronning et al. [16] had,in the same token, made insightful contributions on the subject
matter.

F(T)_—
kS
1%
Figure 1: A modified simple quadratic model structure (Danielson’s model)
2. Formulation of the problem
The original equations given by Danielson [1] are
1 d? K -
205 Dol v28)= () iy
w,” dT Ae
1 d? K _ N
O - g)-as v Do (g + B+ 28)= 22, 2)
o, dT A,
d,(0) _ d&,(0)
0)=¢,0)= 22" = =21 - 3
&0)=60)=="=" 3)

1 1
K K, )2 K, )2
Aczi,wO:(M—oJ ,a)lz(M—l] Ky, >0, K, >0
0

where &, and & are distinct buckling modes with respective circular frequencies e, and @,.

Here, & is the imperfection parameter satisfying the inequality 0 < £ <1, while in Danielson's
case, f (T )was a step load with amplitude A and where o > 0.
In this work, we assume the following :

(a) The load f (T ), isan impulse given by 15(T )i.e. the impulse loading is of the order of
the imperfection parameter &.
(b) Light viscous damping on the modes &, and &, .

(c) The modes &, and &, are continuous functions of the time T.
Substituting all these assumptions in (1) and (2) we get
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l d2§0+c d§0

K, =\ =
-2 28 )=S1o(T 4
7 TGt et alG v 2E)=816) ®)
1 d? d K _ N
oo, B rala-g)-ast o lg BN 2)- 2 ©)
, (o
d d& (A
50)-25(0)-40)- %0 )0 ©
where (0‘)|s the time just beforethe action of the impulse.
Let
o O, 0 4 .d?
S dT PdE dT2 C df?
Substituting all these in (3) and (4), we get
d d K - =
Lo B, —7551(§1+2§)=a5(;0j
d d K = = =
Ch Qicm, o g (6 -6)-Qagl +Q* Kog (e 1 2)e - 22)- 02,
where
Q:(ﬂj, 0<Q<1
0
o\ dé, (A o\ d&
0 )=—=2(0")= =—20")=0
50)-%0)-£0)-% ()
Let
2¢ =Cym,, O0<e<<l1
Here, ¢ is a small damping parameter that is not related to and is independent of &.
Thus we get
d d K = = f
S §°+§o—7:§1(§1+25)=§|5[50] 7)
d d K _ _ _
L9 200" % (- )- Qs + 07 K0 46+ 2)e 4 22)- 07, ®)
d& d& (-
&(0)-220)-4(0)-S20)-o0 ©)
To get the equation of motion after the action of the impulse, we integrate (7) from
(0‘)to( +), V\/nere( +)isthe time shortlyafter the action of the impulse. Thus, we get
22
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J'%dt +2¢ j i+ j &,df - j Foale 28t - Ifia(wijdf (10)

Since the displacement is continuous, then its higher powers are also continuous hence the
second, third and fourth integrals on the left hand side of (10) vanish. Thus, from (10)we
finally get

1 I W O S WP
HO_lfoja[a)Jdt_lg
d(;:O +)_ 12

The improvement made on Danielson's model is that the improved quadratic structureis trapped
by an impulse which is of the order of the imperfection &, and that the structure is viscously

damped, where the damping coefficiert ¢ is not in any way relatedto the imperfection &.
Thus, the equations of motion after the action of impulse are

S 0e B g, Ko g 428)-0 (2a)
&0)=0, "d? 0)=12 a2)

and

2 2 2 |(o ra 3 2%
ddf +2:Q2 dé +QU (- 5)-aQ e + Q1 L& (5 + E)a +25)= Q% ()

&0)=0, "d?( 0')=0 024)

Henceforth, the evaluation at 0" will be written simply as evaluation at ‘0’. We shall assume O<g
<< 1. The following procedures are the steps to be taken in this analysis:

a) We shall first obtain asymptotic expressions of the displacements &, (f ) and fl(f )
by means of a two — small parameter regular perturbation analysis.
b) We shall next determine the maximum values, say respectively 7, and ¢, of these

displacements 7 and ¢ respectively and obtain the net displacement M, =7, + ¢,
c) We shall lastly determine the dynamic buckling impulse I, which is defined as
the largest impulse value for the problem to have a bounded solution. This obtained

from the maximization d—l =0.
dM

a

3.Assumption and Perturbation Solution:
3.1Perturbation Solution:

A.M. Ette, W. I. Osuji 23
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Let

r=d, t=f+ {“’2 (r)” + w3(7)9?3J (13a)

&

®,(0)=0, o, =wlr) i=123.., (13b)

‘;f - (1+ 0, E2 v @, B3 + ...);t ek, (13c)

(;ff = (1+ a)zlgEZ + a);? + j £+ 25(1+ a)z,fz + a)3'53 + ...J;t,

+&%¢ + g(a)zﬂfz + a)3”§_3 + "'j;‘ (13d)
where
"o
(-4

and a subscript followinga comma indicates partial differentiation.
Let

&E)=nlt.z.¢.¢)= ggn”(tf)é_‘ej (142)
&(f)=plt.7.&,6)= ggco”(t,r)f_ €’ (14b)

We now substitute (14a), (13c,d) in (12a,b) and equate coefficients of powers
of £ and & to get

nlt? + 7710 =0 (15a)
My +0™ = =27, = 217} (L5b)
M +0" = =207 =2 =2 =, (L5c)
i +n* =0 (L6a)
2+ n® =-2n2 +1”) (L6b)
i +n" =—=2ni =27 -2n" -0 (L6c)
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Vol.7.Issue.1.2019 (Jan-Mar) Bull.Math.&Stat.Res (ISSN:2348-0580)

Ng T = _0(020 20)£ﬂ,1t? (178')
31 31 2k0 21 711 30 r 10 n 10 30 r .10
Ng TN = T¢ - 250277& 277,tr - 2a)277tr — Wy, 277,t - 2w277t (l7b)
C
32 32 _ 2k 1,12 31 r 11 n 11 31
Ng +tn = J) (0 —Za’zﬂn 277,tr _2w277tr — W1 277,1
C
- 20y} -0 - 2n% (L7c)
We next substitute (14b) and (13c,d) into (12c,d) and get
(Dtt +Q2 20 Q2 1 (18a)
(0“ QZ 21 QZ ll 2Q2 20 (18b)
o +Q%0% =Q°n* - 207 - 2Q%pt —2Q%p% — 92 (18c)
(Dtt +Q2g030 _Q2 10 20+Q27720 (18d)
q)tt +Q2 31 QZ 10 21 +Q2 11 20 +Q2 21 2Q2 30 (186)
wtt QZ 32 QZ 10 22 QZ ll 21 Q2 12 20 2Q2 31
2Q2 30 (p” + QZ 22 (18f)
The initial conditions which are evaluated at t=7=0, are
n°=0n=1;n"=0Vij (19a)
77t +771j’—0 p=k-1, k=123,. (19b)
nfo =0 (19¢)
¥ +n’® =0,p=k-1 k=123,.. (19d)
1y +@,(0)n =0 (19¢)
n +w, O +n," =0 (19f)
n¥ +a,0) +7% =0, k=123,...,p=k-1 (199)
The initial conditions for ¢" , evaluated at t =7 =0, are
25

A.M. Ette, W. I. Osuji



Vol.7.Issue.1.2019 (Jan-Mar) Bull.Math.&Stat.Res (ISSN:2348-0580)

9"(00)=0, p = 23,.. ,j = 012,. (20a)
92(0,0)=0 (20b)
P+ =0 ,s=r-1,r=123,. (20c)
pF +9¥ =0 ,s=r-1,r=123,. (20d)

3.2 Solutionsof equationsof order £4,j=0,1,2,...
On solving (15a), we get

17" (t,7) = ayy () cost + B,y (z)sint (21a)
On applying the initial conditions (19a), we get

,,(0)=0, B,(0)=1 (21b)
Next we substitute (21a) into (15b), and get

ma +n' = 2(e, sint — By cost) + 2(ey, sint — B, cost) (21c)

To ensure a uniformly valid solution in t we equate to zero in (21c), the coefficients of
cost andsintrespectively get

Lo+ P =0, a+a,=0 (21d)
The solutions of (21d) are

Bo(r)=1e7, a(r)=0 (21e)
It follows that

7" = B,(r)sint = le " sint (21f)
The remaining equation in (21c) is

M +n" =0

ot rFG0er200)-0) a0
Onsolving (21g), we get

7' (t,7) = ay,(r)cost + B, (z)sint (22a)

a,(0)=0, A,(0)=0 (22b)
We next substitute (21f)and (22a) into (15c)and get

ne +n' =2(aj, sint— B, cost)+ 2(a, sint — 3, cost)— 28, sint — By sint (23)

To ensure a uniformly valid solution in t, we equate to zero in (23) the coefficients of cost
andsint and respectively get

! !/ l n !
ﬂn + ﬂn =0, ap, tay; = E( 10t 21810) (24)
From (24), we get
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Pu@)=0,  aylr e'f I (81, (s)+ 28, (s)le*ds (25a)
= ay(7)=— I;e
- ™ (t,7) = ey (7)cost (25b)

It follows that
I

ay(0)=—-, a,(0)=1 (25¢)
From (21d, f), we get

Bo0)=-1. A (0)=1, B5(0)=-1 (25d)
From the remaining equation in (23), we get

g +1° =0 (26a)

7(0,0)=7(0,0)+7:(0,0)
On solving (26a,b), we get
7' (t,7) = a,(z)cost + B, (z)sint

0 (26b)

| (27)
qypp (0) =0, by (0) = 2
3.3 Solutionsof equations of order £%,j=0,1,2,3,...
We now substitute (21f),into (18a) and get
+Q%0* =Q°n™ = QB sint (28a)
% (o,o) =0, ¢,°(0,0)=0 (28b)
On solving (28a,b), we get
@™ (t,7) = 0, (7)coSQt + B, (z)sinQt + QQﬂlo_SIlnt, (29a)
Q=1 aZO(O)ZO,,BZO(O): Kl 1 :% (29Db)
Next, we substitute (29a) and (25b) into (18b) and get
2 ot
o5 +Q%p™ =Q%ay, cost —ZL—Qaglsith +Qp}, cosQt +%J
-20Q ( Qa,, SINQt +Qf,, cosQt + Q 510 C;Stj (30a)
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9(00)=0, ¢7(00)+¢.*(0,0)=0 (30b)

We ensure a uniformly valid solutionin (30a) by equating to zero the coefficierts
of cosQt and sinQt and get

132,0 + Qzﬁzo =0, aéo + Q2a20 =0 (31)
On solving (31),we get

B (T) = P (O)G_QZT’ Uy (T) =0 (32)
Therefore, from (29a), we get

p” (t, T) = P (T)Sin Qt+
Thenwe get

;82’0(0): _Q2r0| , ﬂgo(o): Q4r0| ) ﬂg:)(o)z _Q6r0|
The remaining equation in (30a,b) is solved to get

Q’ay, cost  2Q°p cost  2Q“ B, cost
-1 @Y @Y

Q28,,sint

= (33)

92 (t,7) = @y (7)cosQt + B, (r)sinQt +
From (30b), we get

02(00)=0= a,,(0)= 22 ﬂlo((Q)i;g“ﬂm(O)

(34a)

Thus, we get

0, (0)=-2Qr,1, ,(0)=0 (34b)
Substituting (34a)in (18c),we have

Q° Q ey, sint

¢tt Q2 2 QzﬂlZSlnt ( QQZISIth-’_QﬁZlCOSQt Q _1

L 2Q%Bhsint 2Q*4,, sint ( o Qzﬁl’{)sintJ
>— | —| BpSINQt + ————
-7 (- ] Q-1

-2Q [ Qa21stt+Qﬁ21COSQt—Q (leslnt 2Q 'Blosmt 2Q4ﬂ103intJ

S A

To ensure a uniformly valid solution in t, we equate to zero the coefficients of cosQt and
sinQt to zero in (35a) to get

B+ QB =0, ay+Qlary = %(ZQ%’O +By)=h(z) (35b)
Solving (35b), we get
1821(7) =0, a21(7) =e @ U. hl(s)estdS + a21(0)J (35¢)
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Thus, from (34a), we get

2 2 0
§021 (t, T) = am(r)coth + Q°ay, cost _ 2Q° B, cost

_2Q°,, cost

QZ _l (Q2 _1)2
The solution of the remaining part of (35a) is

9% (t,7) = a,, (r)cosQt + B, (z)sinQt + R, (z)sint

r(c)e Qha, el 4Q°B, 8QBL Q'

1 f @f @ @1

Q? 2Q° 4Q° 8Q* 4Q°

= -~ — + -~

Q) @ -f ©@-F @-1f ©@- @-1f

On solving (16a,b,c) with the appropriate initial conditions as in (19a — c), we get

n*' =0 Vj
Substituting (21f) and (33) into (17a), we have

77;04_7730 (ﬁzo sinQt + Q(,?Bm S:Il-ntj

C

n”(0,0)=0, 7(00)+@;7(00)=0

+ 2, B, Sint

(36a)

(36D)

(37a)

(37b)

(37¢)

(38a)

(38h)

To ensure a uniformly valid solution in t in (38a), we equate to zero the coefficients of sint

and get

2K, Q*f, '
ﬂﬁ'i‘ 2a)2ﬂ10 =0

Thus,
2 2
oy(7)= 2 (1) = Xt

R o) ACE

Solving the remaining part of (38a), we have

n*(t, T) = a3o(T)COSt + B (r)sint n 2K fao S”:Qt
ﬂ’c 1_Q
From (38b), we have

oy (0)=0,  py(0)=Kere! Q2]

A

C

Substituting (38e), (36), (21f) and (25b) into (17b), we get

(38c)

(38d)

(38e)

(38f)

A.M. Ette, W. I. Osuji
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C

ay, cost 2Q°pB,cost  2Q° By cost}

-1 -y @-Y

2Qk, B,, cosQt
2.1-Q°)

We ensure a uniformly valid solution in time t in (39a) by equating the coefficients of cost
andsintto zero, and having

. Q’Koaryy  2Q'Ky By, 2Q°K, 4, ,
cost: By + Bay = Pl . 11)_ 20 0 20 2+ wya,
Q-1 2@ -1f l@*-1)
— @, By — 03 o — 03 B (39b)

sint: 2a;, + 205, =0 (39¢)

2k
7711 + 7731 = /1_0|:%1 cosQt +

— 20} (— a;, cOSt) - 2[— aly sint + B, cost + } — 20, f3,, cost (39a)

Solving (39b,c), we have

,Bgo(r):e‘TJ.eSHl(s)ds+Cle", a,(r)=Ce™, C,,C, =constant (39d)
0

where
Hl(r) _ QZKoan(T) _ 2Q"Ko S (T) _ 2Q°K, B (T)

- A (Qz _1) 2 <Q2 _1)2 2 (Q2 _1)2 + 03 (7l (7) - Bro (7) - Boo (7)) (39€)

Let
H1(O): Iror,, 1, = ZEOQ (39f)
From (38f)and (39d), we hawe
2K Ql, K, rl =
ﬂso(r): o1, + 02 (Q_Zro)e (399)
A A
a,,(7)=0 (39h)
Hence
2K, By (7)sinQt :
Ot )= t 0/720 39
7 E)= Al )sint e = o) (391)
The remaining part of (39a) gives
p = 2K, (7)cosQt QK B5(r)cosQt  4QK B, (r)cosQt (403)

2 2,1-Q?) 21-Q?)

C

Solving (40a) gives
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2K, (7)cosQt  4QK, By,(r)cosQt

17°M(t,7) = ey, (r)cost + B, (z)sint +

2.1-Q?) 2,0-Q?f
_ 4QKOﬂ20(T)C(2)SQt (40b)
2,1-Q?)
Applying initial conditions in (19a,g), we have
aSl(O)z Ir; 1831(0): 0 (40c)
where

4K, r,

r, =m[ro+Q—Q2ro] (40d)

Substituting (40b) in (17c), we have

Mo +1% = %[azz(r)coth + B,,(7)sinQt + R, sint + 2w, A, sint}

C

! i 2 " .
— aly(z)sint + Bl (r)cost — 2Qa}, (r)sinQt L 497K,y (z)sinQt

-2 J”C(l_QZ) ic(l_Qz)z
4Q°K, B ()sin QtJ
+ 2
2.1-Q?)
+20,a), (7)sint - ZL— s, (7)sint + By, (r)cost — ZQZZ(ll (j)éizn)Qt + 4Q2z°(1ﬂ io((;);; nQt
4Q%K B,y (7 )sin Qt}
+
ic (1 - Q ’ )2

2K, 5 (7)sin Qt 4Ky B (7)sin Qt

2.1-Q?) 2.1-Q?)
To ensure a uniformly valid solution in t weequate the coefficients of cost andsint to zero,
we have

cost: Sy, + S5, =0 (41b)

+ 20, (7)sint — B2 (z)sint —

— 2, (r)sint — (41a)

220 i 2w, 3, — 2wy0, — zw;allj

c

] 1
sint:ay, +ay, ZE 20+ 2550 —

1

, ” ., 2K,R
-'-0‘31+a31:EH2(T)' H2(7)2ﬁ30+2ﬁ30_ —

2w, 3, — 2wy, — 2wy, (41C)

C
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Solving (41b,c) using (40c)and substituting for 8%, B, Ry, @}, B, oy, and ), in H,(z),

the simplification gives

Ba(r)=0 (41d)
ay(r)= - [ H, ()5 +6(0) (410)
where O
H,(r) =25 [Q- (Q-25 )" + 208 R,(r)+ Qe ] (410
4K0I‘02| N2 .
9(7)—m(2 Q2-Qr, e
R,(r)= 1;T - 5;_71 - (Q24—1)2 +8r,° +Qr,*r —4Q°r,* - 2Qr, (41e)
Hence from (40b) and (41d,e) we have
7% (t,7) = a, (z)cost + F,(r)cosQt (41f)
= (2’): 2K00‘21(T) _ 4QK By (T) _ 4QK By (T)
S A-QY) a0-Qf  A0-qFf
The remaining part of (41a)is
N4 = 2K°“22£T)°°3Qt +Fy(¢)sinQt (419)
_ ZKoﬁzz(T) 2K, | ' 4Q2,B2”o(7)_ SQZﬂz'o(T)
F,(r)= PR oD Kl Sy o) e o) +2Qay(7)
_4Q2:320(T)_ " (-\_op |
W ﬁzo(T) Zﬂzo(r)_
Solving (419g) gives
7%(t.0) = a, (c)cost + B (c)sint + ZKZTE(_T?)S@
2K 2Qay(z) 4Q°fy(r) 8Q°fy(r)  2Qay(r)
+ 02 ﬂzz()"’ 212 . 02_ 02+ 212
26-07) ") -t (-Qtf  6-Q7)
_4Q2ﬂ20(7)_ ﬂgo(r) _ Zﬂéo(Z) (41h)

-Qf -Q°) -Q7)

Applying the initial conditions (19a,e), we have

_2K0a22(0)_0 (41i)

n* (0,0) =0=ay, (O) = m) =

A.M. Ette, W. I. Osuji 32



Vol.7.Issue.1.2019 (Jan-Mar) Bull.Math.&Stat.Res (ISSN:2348-0580)

7 (0.0)+ @7 ?(0,0)+77(0,0)=0 (41))
Similarly applying the initial conditions (20a,c) to (36b), we get
’r, 2, r r
a22(0): 0, 1822(0): Ir,, 1, = Q2 - Qz 0_1 - 2I’02Q _61_ 2Q2ro _EO (41k)

From (41a), we get by equating the coefficierts of sint to zero

’ _3KehQ Kol Kol ;

O3 (0) =Irg, 1 27, A 2, 3 (42a)
From (41j),we hawe
P (O) = 1Irg
. 8Q'Ko,'  16Q%°K,n,'  2Krnr,  6Q°r’ . 8Qr,’ . 8K, r,* . 6Q°K,r,’
° /10 /10 2’0 ﬂ'C ﬂ'C /10 ﬂ’c
3 2 2
8K QKoly | 3Q°Ky, (42b)
A 24, Ae
We now simplify the following term to be used in (18d).
4 2
7710¢2o _ Qzﬂlo (T) o (T)[Cos(g _1)t _ COS(2+1)I} + Q ,fm (T) (1—C0$2t) (420)
Q° -1
Substituting (42c) in (18d), we get after simplifying
P +Q%p® =R, (7)cos(Q—1) —cos(Q +1)t|+ Ry(z J1—cos2t) (43a)
where
2 4 02
R7 (T): Q ﬁlo(r) 20 (T), Rs (T): Q flO(T) (43b)
2 Q-1
Solving (43Db), we have
: cos(Q-1t coslQ+1
7 (1,7) = 24 (£)c0SQt + f,(£)sin QA+ R, (ﬁ{ 041, o0 )t}
1 cos2t
+Ry(r o o _4} (43c)

valid forQ = 2
From the initial conditions in (20a), we have

¢3°(0,o)=0:>a40(o):_R7(0){ 1,1 }—RS(O 11 }

20-1" 20+1 Q? Q-4

Thus
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_ o[ Q7 1
a,,(0)=—-2Qr,| (4Q2_1+Q2_4J (43e)

From (19d), we have

¢,”(00)=0= 4,(0)=0
We next simplify the following multiplication to be substituted into (18e).

np* = Pole )2%1( ){sm(1+Q)t+sin(1—Q)t}+ﬂl‘)(r)asgr_)?zSinZt

| 2Q°B(0)By(7) sin2t  2Q* B, (¢)sin 2t
Q-1 Q-1

Therefore, the substitutions into (18e) and further simplification using (43f) gives,

(43f)

(ptt +Q2 31 —Q ﬂm( )all( ){Sin(1+Q)t+Sin(1_Q)[}+ Q4ﬂ10(2?();11_(§_38in2t

{sin(Q +1)t +sin(Q — 1)t}

_ QAﬂlo(T) 10(2‘)5"’1 2t Q6ﬂ120(7)3in 2t + Qzall(r) 20(7)
Q* -1 (@ -1f 2

n Q40(11 T)ﬂlO(T)Sin 2t + ZQOCLO (T)Sith _ 2Q,b’jm(r)sin Qt+ 2(Q _1)R; (T)Sin(Q _1)t

2Q*-1) 2Q-1
2Q +1)R;(T)sin(Q +Dt  4Ri(z)sin2t _ ,
’ 2Q0+1 B Q?-4 +2Q (T)SIth —2Q° By (T)COSQt

L 20°(Q-1R, (r)sin@ -1t 2Q*(Q+1R, (r)sin(@+1t _ 4Q”R,(r)sin2t

S (44a)
20-1 20+1 Q-4

We ensure uniformly valid solution in (44a) in terms of tby equating to zero the coefficients
of cosQt andsinQt and get,

For  cosQt and sinQt
Bio +Q2:B4o =0 ) Ay +Q2a4o =0 (44b)

Solving (44b) using appropriate initial conditions, we get respectively,

_ _ -Q% _ 2 Q2 1 Q%
Bu(@)=0 and  a,(r)=a,(0)e " =-2Qrl [4Q2 SR _4}9 (44c)

Hence, (43d) becomes

0f | cos(Q-1)t cos(Q+1)t 1 cos2t
0 (t,r)—a4o(r)COSQt+R7(r){ 91, ol }+R8(r ke Q2_4} (440

The remaining equation in (44a) is

9.2 + Q%™ = Ry(r)sin(L+ Q)t + Ry (¢)sin(L— Q) + Ry, (¢)sin 2t (44e)

where
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R (T): Qzﬂm(T)an(T) " Qzan(r) 20(7)_ 2(Q +1)R7l _ ZQZ(Q +1)R7
? 2 2 20 +1 20 +1
R (T): Qzﬂm( )an( ) Q an( ) 20(7)_ Z(Q_l)R7, _ ZQZ(Q—]-)R7
w0 2 2 2Q-1 2Q-1 (aa)
R (T): Q4ﬁ10(7)0‘11(7)_Q41810(7) 10'(7)_Q613102( ) Q an( ) 10
= 2(Q%-1) 2Q*-1f  (@-1f 2Q°-D
4R, 4QR,
Q°-4 Q*-4
Solving (44e) with (20a,d), we have
sl \_  Rysin(l+Q)t  Rysin(l-Q)t Ry sin2t
@™ (t,7)= a,(r)cosQt + B,,(r)sinQt 2041 + 501 + 07— (44q)
Q= % Q=2
where
,(0)=0 (44h)
Hence
ﬁ41(0): I 2r7 (441)

(2Q+1F  (2Q-1F Q’-4 24 Q-4

_(29+2Q]++Q2+Q2 1 }(J)
1Q7-1 Q'-4) 2 4Q-2 4Q+2 Q Q’-4

r7:Qro{_ Q+1f  Q-17 2 (ro—ero—QLlQ . ZQSJ

11 12

Substituting 7'°, 7™, 7%, 0®, 0**, 0%, 0* and ¢ in (18f),we have

’ 32 2 32 Qzﬂ;oﬂzz {S|n(1+Q)t+sm(1 Q)t} Q ,B10F\2)1 sin2t

Q*af cos2t Q' fy, cos2t
2(Q% -1 Q-1
Q* B, By Sin 2t
2(Q*-1)
(1+Q)R;cosl1+Q)  (L-Q)R}, cosl1— QX
2Q+1 20-1
w +2Q%,, sinQt — 2Q°A,, cosQt + 2Q%(1+ Qz)giclos(l"' QX
2Q°(1-Q)R, cos(1-Q)  4Q°R,, cos2t
Q-1 Q*-4

+ % {cos(L+Q)t +cos(1—Q)t}+

) QSO(tllﬁlo (:)(2)521: N Qzﬂlzﬁzo {sin(1+Q)t+Sin(1—Q)t}+
Q*-1

+2Qay, sinQt —2Q4,, cosQt —

~2Q%a, cosQt
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Q%! cos(Q -1}t cos(Q +1)t _2Q%R! 1 cc2)32t 4l cosOt
2Q-1 2Q+1 Q* Q-4
R cos(Q—l)t+cos(Q+1)t R iz_ cc:sZt (45a)
20-1 2Q+1 Q° Q°-4
We ensure a uniformly valid solution in terms of t in (45a) by equating the
coefficients of cosQt and sinQt to zero. Thus, we have, for cosQt

P+ Q% Py = _(Qa:m + %a:{oJ = hy(7) (45b)

Bl { [ hy(s)e¥*ds +.4( )} (45¢)
Similarly, forsinQt O
oy +Q%a,, =0 (45d)
On solving (45d) using (44h), we have
a,(r)=0 (45¢)

Consequently, we have
ap N\ - Ry(r)sin(l+Q)t  Ry(r)sin@-Q)t . Ry(r)sin2t
9> (t,7)= B,(z)sinQt 20+1 + 20-1 + o4 (45f)

The remaining part of (45a) is
0.2 +Q%% =Ry, (¢ )sin(l+Q)t +sin(L-Q)t}+ R, (r)sin 2t + R, (z)cos(1+ Q )}t
+Ry(7)cos(l-Q)t + Ry (z)cos2t + R, (z) (450)

where
R, (r)= Q° Ay (;) 2 (T)+ QA (Z) »(7) (45h)
role)- L), O BAl) us)
() Q) QDR 20°QDR()_QR)_RI) e
H 2 2Q +1 2Q+1 20-1 2Q+1
)= Lolenl) O, ) e O, (), o &), ;Q(j)l (45K
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R (r): Q4a112 (T)_ Q40‘11(7) 10 (T)_ Qean(r) 10 (T)+ 2R},
XD ) )
_ 4Q2R11 n ZQZR;; N 2Ré’

> > - (451)
Q’-4 Q*-4 Q*-4
Ry (r)= _ZRé(T) - Rg(:') (45m)
Solving (459), with the necessary initial conditions, we get
2 \_ - Ry(r)sin@+Q)t R, (r)sin@-Q)t
1) (t,r)—a42(T)COSQt+,B42(r)SIth 2041 + 201
.\ ng(z;)sin 2t Ry(r)cos+Q)t .\ Rys(z)cos—Q)t . RiG(TZ)COSZ'[ s Rﬂ(zr) (462)
Q* -4 2Q+1 2Q-1 Q" -4 Q
where
a, (O)z R14 (0) _ RlS(O)_ R126 (0) _ Ry go) (46b)
20+1 2Q0-1 Q°-4 Q
We find it necessary to obtain the following values which will be useful later
From (43d), (44f) and (45j — m), we obtain
' __erOIZ_Q4rOI2 " N2 2 2 1 Q_2
R;(0)= ) o R7(0)=Q°r,| (Q ot 2j (47a)
’ __Q4|2 " =2Q4|2 —_032 2 Q+1
Ri0)="gi RO)=5a7  Rel0)=-Q"r] (ZQHJ (47b)
R(0)=17r, = —Q° QT _2(Q+l){Q4ro+ﬁ+Q6ro}
4 4 2Q+1 2 2
Q+D .. 6
T 2Q+1[Q r, +Q°r, | (47¢)
N2 2 Q_l ' _12
Ry (0)=Q°r! [—ZQ_J, Rio(0) =11y (47d)
_Q'r, Q* 2Q-1)| e ,Qn Q% | (Q-D, 6
Mo = 1 4 201 {Q ry + > v }L 2Q—1[Q rL+Q ro] (47e)
2 Q* Q° 4Q* 2Q°
Rn(o)zl o, Iy = > >t ~1~2 2 (47f)
@2-1f (@*-1f Q-4 (@°-4JQ°-1
: 2 3Q° 2Q° 2Q° 8Q* 4Q°
Ru(0)= 171, 1y =- 2 - 2 2 [~2 2 2 47
0=t % =iy - - @-k-yo-a U
RlA(O)_|2r9
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: _—(@+Q), 2(+Q) Q:ro L Q'n Q' Q7 [Q2+;+Q_“] 47h)
2Q +1 (2Q +1) 20-1 2Q0-1 2Q+1 2 2

R15(0)= |2r11' n, = (1_Q)r10 + Z(Q_l)2Q4r° — Q4r0 _ Q6r0
2Q-1 (20-1)> 2Q-1 2Q-1

+ﬁ{QZ+E+Q—4] (471)

2Q0-1 2 2
R16(O)= |2I’l4, M, = 22|'13 _4(32|’12 - 2Q6 2 +— 2Q4 > (47j)
Q-4 Q°-4 Q" -4Q°-1) Q -HQ"-I
R17(O):|2r15! s = 22Q - 24Q2 (47K)
Q-1 Q°(Q°-)
Hence
a42(o):|2r16’ e L B o - < _r1_5 (47|)

T2Q+1 2Q-1 Q-4 Q

From (20d), we have

B,(0)=0 (48a)

Summary :
The displacement components so far derived are as follows:
& (t) = n(t,r,é?, 5)= 5(7710 + 87]11 + 827712 + )+ 5_2(7720 + 57721 + 527722 + )
+ 5_3(7730 +ent +e' ¥ + )+ .. (48b)

2 32

&(t)= go(t,r,§,g): 5_2((020 +ep” + %% +...)+ 53(4030 +ep” + % +...)+... (48¢)

3.4 Values of variablesof Maximum Displacements

We shall now determine values of the independent variables at maximum displacement.
These will help us determine the maximum displacement which is necessary for
determining the dynamic buckling impulse.
Let f,, t, , 7, be the values of f, t and 7 for  at maximum and now expand them

asymptotically as
f =t +f,e+f,6%+...+ E(flo +f,6+1,8 +...)+ Ez(fzo +f,6+1,8° +...)+... (49a)
2 z 2 z2 2
t, =t +t e+t +..+ §(t10 +t,e+t,¢ +...)+ & (t20 +t,6+t,,& +...)+... (49b)
¢ eof £oL2 z(f ¢ ) z2(f e )
7, =&, :g[to +1,,6 +1,8 +...+§(tlo +1,e+1,¢ +...)+§ (t20 +1,e+1,¢ +...)+...](490)

The condition for maximum for 7 is

ddito =0=> (1+ cozl(r)szz +a>3'(7)6?3 +"'j77,t +en. =0 (50)

Expanding (50) in Taylor series about (t,,0), using (49a — c), we have
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E[nio + {tmg e+t f(tlo +t e +t,e% + )+ Ez(t20 +t,e+t,,e% + )}771;’

reffy + e+ E(fy + e+ )+ EXEy +Epe+..) p +%{{ [t01g+t0252 +.

+E(ty +tye+ )P0 + 26ftg6 + o+ Ety + by )+ E Xty + e+ ), + e+
+ E(fy + B+ )+ E2(Ey +Epe+. )7 + 82+ B+t E2, }277137}”
+§g[¢7’lr° + {t015+... + &ty +t,e+..)+E 2ty +t21g+...)+}2nﬁ’

+g{f0 +o+ &l + o+ 0, }rylror

+ 25{... + &ty + E %,y + E e ...}{fo ot Ely + .+ E M + }771;’1 }}]

_ — - 1 - )
+§52|:77,1t2+{---+§t10+---+§2t20 ,ltt2+5{'"+§t10} 771tt2t:|

+§_3[77,?0 { 1‘9_|_t 28 +.. }ﬂtt +8 +t 18+ }77 2 nt’[t

f2e?
+ {t01g+t025 +.. }{t +t01<9‘*' },7&1 > 77,?21}

3.2,32

+ B[ +tyend +en |« £

r. 10 r, 10

+& [a);nlto {18+t0282+ }a)znn +g{t +i,e+.. }((0277t )I

o s v 2eltus e+ Nt 6 o). )

=2 2 11
t
+Z¢ { { + &ty .+ E 0y, %}:0 (51)
Equating relevant powers of orders of £ and ¢ from (51), we have the following
0(£.1): 7 (t,,0)=0 (52a)
O(_.g): t0177,1t? +f0ni2 +7711t1 +77’110 =0 (52Db)
try . b, 7, .
( £ ) 0277tt +t0177 tr %"'tmton}tg +OTt+t0177,ltt1 +t077,1ti
+17 8 +toy + e 40 =0 (52c)
O(E>.1): tny + 1Y + @y =0 (520)
2 7711
_ Vi
0(53 5) t2177 it +t2077tr +t20t077ttr +t10t1077ttr +tzo77,ltt1 +— 2m +1lg ?to
t2 10
72 + 0% + 0ty +E (@) +tn + 10727”“ =0 (52€)
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From (21f),we have

17"(t,,0)= I sint, (53a)
~1.°(t,0) = I cost, (53b)
Hence (52a) implies
cost, =0 (53c)
T
st== 53d
0=> (534)

From (52b), we have

ty, = ;_1 e+ %] o) (53¢)
From (21f), (53e) and (25b), we have

to =_Tl[— 1]=1 (53f)

From (52c), we have

17 . - o
oy =5 [t01t077,lt?r + toﬂ,lﬁ + 77,1tz + ton’lfof](‘o'o) %0
[t
1l . It . 3f
:T|:t01t0|_?°+t0|}=70 (53
(52d) implies

1
ty = _W [77,?0 T W17, ](tO,O)

it

On simplifying, we get

2K, Qr, COS(QZEJ
sty =R = 53i
20 1 ic (1_ Qz) ( )
From (52e)we hawe
1 sl fal 12 -
by =——¢ [tzoton,lt?r + t0177,?t0 + to’ﬁ? + 77? + mzt0177,1t?](t0,0) (53))
it
We shall now determinef,, t,,,f,,, ..., ,,, f,,, which are necessaryin determining t,,
and the maximum displacement. We know that
40
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t, =t + (54a)
&
and
2
n O
o,(r,)=0,(0)+ 7,0 0)+ =220 (54)
From (13a), we know that
T, =&,
NN
t, =1, +1(a)2(0)+ 5faa);(0)+—(6ta);)2(o) +...]§_2 +...
&
t, =, +,0(0)8° +...= (1+ &} (0)E2, + .. (54¢)
Substituting fort, from (49b)and forf, from(49a)in (54c),we get
t, +1,E + 18"+t (,?Z(t20 +t,6+t,,87 + )+
= [1+ a);(O)g_Z]{fo +i,e+6,8% +.. + Ez(fzo +t,e+6,8% + )}+
Equating relevant ordersof powers of £ and &, we have
o(1):t, =f, = % (55a)
O(s.1):t, =, =1 (55b)
0(e2.1):t,, =1, (55¢)
O(E2.1):t,y =ty + @} (), = T, =1, — 0}, (OX, (55d)
0(6?2-5): ty = + @, (0)f, = 1 =t — 0, Ok, (55e)
From (55d), we have
R K,Q°x
fo =P + 7 OQZ =P (55f)
Similarly, (55e)implies
- K,Q’
t,, =P, +—° = 55
a = 2.[Q7 -1 4 (550)
On substituting f, , t, , t,, in (53]),we get
P ar K,Q?
R T o ke (55
where
41
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2 2 Qrx
2 —2Q°K,r, COS(]
. 2K, 1, COS(QE/Z)' [y =00 KoQry {( +—j (Zr SIH[Q”D}, e = :
P Q 2

. A A

c c

We shall now determine the values of the independent variables at the maximum value of
olt,z, &, & Jand now

lett_ , £ and z, be the values of t, f and 7 for (t, 7, £, & )at maximum. Hence
t=Ty+&Ty + 6Ty +ot E (T + 6Ty, 4. )+ E2(Tyy + €Ty +.0 )+ (56a)
£ =T, +6T, +&Ty,+..+ E(ﬂo + Ty, + )+ 52(1:20 T )+ (56b)

T =t = g[T0 + 6T + 6T+ + E(Tyy + 6T+ )+ EX(Tyy + 6Ty +.. )+ ] (56¢)
The condition for maximum for ¢ is

%:O:(l+a);52+a)§§_3+...)¢’t+3QT =0 (573)
But
gp(t,r,g, 5_): 52(4020 +ep™ + %% + )-1- 5_3((030 +ep + %% + )+ (57b)

Hence, substituting in (57a) from (57b), we get

(1+ )&% + o Ed +...Ifz(go2° +ep™ + 2% +...)+ 53(¢?’° +ep™ + %% + )]t

B0 +ep™ + 2707 +. )+ Ep” +ap™ + 707 +.. )|, =0 (58)

Similarly, expanding (58) in Taylor series about (T,,0), we obtain
£? [govfo + {gT01 +E Ty +.t E(T10 +&T, +&°T, + )} 2

+(9{'I:0 + 6Ty, +... +g?('lclO + T, +)} 29 +%{{(5T01 o+ ETy, )zgofg
+2<9{<9T01 +o+ E(Ty + €T, +...)}{fo +6T +... +5('I:10 + 6T, +)} o
+<92('I:0 +... +ET10)2(p’fST}}}
+§ 5[§0 5T01+ +§(T10+5T11+ )¢’tt +5{T +.. +§T10} ii
+%{{(5T01 ot ET V% + 260+ ET, +...}{'f0 +§_'I:10} e }}}
Eelpid + 4+ ET o]
+6?3[¢’§0 +{T01g+‘92T02 (ott +5{T +‘9T01 +.. } ?S

+ % {{82T012§0?3 +2616Ty, }{fo +éTg, }60‘10 +e" T, i, }}]
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+& 38[¢31 + T + Ty ]+ E3%p,”

+& 5l(P 5T01+§(T10 +5T11)}(P%S +‘9{-|: +§_1:10} ng
3.2 31

+§ ‘9[¢ +8T01¢tr+gTO¢rr:|+§ & ¢r

1 — _ _
+ E {{(ng + ngo) (”m + 25§T10T0(P tr }}] +& 2g [(0,271 + éZTlo(D,fi]
We now equate coefficients of powers of &'s’! to get.
0(£2.1): 9% =0

0(5_2 ) T01§9n +To§9t2 +(”,210 ‘Hﬂfl =0

2 20

TOl ¢ ttt

220

( & ) T tt P+ —— +T01T0(Pttr +T0 (Ptn+T01(Ptr +T01¢,%t1

+ T + 92 + Ty + Ty + 92
O(E%.1): T 0 +9® =0

O(§ ‘& ) T11(0 tt +T10¢tr +T01T10(P ttt +T10To(/’ ttr +T10§0tt +T01¢,?t0
+-|:o§0,?2 + (0,?1 +T10(ng + (p,?;o =0

( £ ) 12(Ptt +T11¢’tr +T11To§0ttr +T01T10(Pnz +T10T01¢ttr +T TlO(D,f(r)r

30

+T11(”n + T10§0tr + Tl o(”ftl + -I:oTlontlr +T10(”tt + Toz§”tt

2 30

T01 @

2 30

+T01To(”ttr +-f02 Dire +T01(Dtt +T0(Ptr

+ TOl(D tr

"'(P,?Z +T11(0tr +T10§0,n +T, To(” t +T10To§0 tr +T10§0,§

+T01§0tr +T0¢Z’T+¢T _O
Substituting in (60a), we get

?B,,(0)cosT,
Qpa(0)cosqr, + LLulo0Ty
Q-1
On simplifying (61a), we get
cosQT, —cosT, =0
Taking the first few terms of the Taylor series expansion of (61b), we have
1_ (QTO )2 + (QT0)4 4. _{1_E E+} — 0

+
2 4l 2 4l

— (Q4 _1)T04 + (1_Q2)T02
4 2

(59)

(60a)

(60b)

(60c)
(60d)

(60e)

(60f)

(61a)

(61b)

(61c)
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- TO2{(Q2 Jrl)(ilg'2 -1 _ (sz—l)} ~0 (61d)

On solving (61d), we get

T, ~ 42 /(ﬁ (61e)

We shall however take only the positive sign.
Solving (60b), we have

1 [~
Tn="%% TO¢,tr20 + (P,TZO + (p,t21](T0,0)
t

fi

(62a)

T =[RS, 415, 418, )= 14 T2 3s (62b)
IS, s, s,

where
S, =Qr,sinT, —Q%r,sinQT,, S, =S, =Qr, cosT, —Q°r, cosQT,
Solving (60c),we have

1

20

2 20
1 | Ty @ 2 20 22 20 - 20 21 2 2
T =- 5 +Tulo@u, +T0 @ +Tuo, +Tue, +Too,,

+ §0,t22 +T01(P,tr20 +T0§0,r120 + (p.rﬂJ(To,O)

2
Ty, = _irolzs“ + Ty, T,Ss +T,°Ss + Ty, S, + Ty, Sy +T,Sy + Sy + TS, + 1,56 + S, | (62¢)

where
S, =Q%r,sinQT, —Qr,sinT,, S, = Q°r, cosQT, —Qr, cosT,
S, = 2rO(Q2 sinQT, +Q°r,sinT, —r, sinTO), S, = 2rO(Q3 cosQT, —r, cosT, +Q°r, cosTO)

amd e .
S, = r{ Q SZm(QTO)—QsmTO +2r,sinT, —2Q2rosinT0J,

S, = 2r0(—Q4 sin(QT,) +r,sinT, —Q*r, sinTo)
_ 5
S, = ro[ 3Q°cos(QTy) _ QCZSTO +2r, cosT, — 2Q°r, cosTOJ

5

S,, = Qr, cos(QT, )+r, cosT,, S, = —(er4 sin(QT, ) +r, sinTO)
Solving (60d), we have

—_ﬁ :_|2813 :_IS13
TlO (DVHZO (To,0) |Sl Sl (62d)
S, =Qdr — I Sin(QTo) _ sin2T, n Qr, (1_ Q)Sin((Q _1)To) _ (Q +1)Sin((Q "‘1)-'-0)
13 ™ 0 2 Q2_4 2 2Q_1 2Q+1
Solving (60e), we have
44
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20
Py

F 20 20 F 20 21, 30  F 30
T = 1 |:T10¢tr T 0@ + T ToPur + TP + P + 100
=

31 20 30
+ ¢,t + T10¢,t‘r + ¢,T

= —%[‘fmlsl + T T oIS, + T TylS, + Ty IS, + 12S,, +Ty12S,, + 12S,, + T, IS, + 125,
2

where

2
r
Sy = &{_ Q2r33 cos

a1 G- cos(@-21)

2 20-1

_(1+Q)’cos((Q+1)T,) 4Qcos2T,
2Q+1 Q’-4

Si5 = %{—Q%% sin(QT, )-(Q? +1{(1—Q)Zig((_Ql—ler)

—(Q+1)sin((Q+1)T,) , 4Qsin2T,
2Q+1 Q*-4

_QN oy -(1-Q)'sin(Q-1JT,)
S5 == { Q rgssln(QTo)+[ 20-1

, (Q+1)sin((Q+1JT, ) | 8Qsin2T,
2Q+1 Q%-4

S,y = Q;r° {Q“rsg cos(QT, )~ (Q* + 1{‘ (Q-1)" cosl(Q-1)T,)

2Q-1

—(Q+1)*cos(Q+1JT,) , 8Qcos2T,
2Q+1 Q> -4

S = _Q7ror335in(QTo)+r (1-Q)sin((Q-1)T,)
18 2 34 2Q—1

—(Q+1)sin((Q+1JT, )} _ 4Q%r,sin 2T,

2Q+1 Q2-4

S, =QF, cos(QTo)+[215 Q ] Q?r, cos((1+Q)T, )

1-Q I, Sin2T,
(ZQ jQrcos«l Q)+

S :_Q2r7 Sin(QTo) Q fo Sm((l"'Q)To)

(1+Q)’
(2Q +1)°

1-Q) 4r,, sin 2T,
g gy @ osin(i-QIT)- TR
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S =-Gnesin(ar,)- £ T, U Leogas

1-Q)/Q™, , Qn ) 1,
+2Q—1 2 " 4 COS((]' Q)-ro)+Qz_4{Q il Qro}COSZTo

S,, =Qr,(sinT, —Qsin(QT,)),  S,, =Q*r,sin(QT,) - Qr, sin(QT,)

324 = Qro(ng COZS(QTO ) i COZTO ] " 2"02 (Q2 COSTO N COSTO)

Q[ (o7 +1] s(@-1T)  cos(Q +2),)
S-Sl oo, - (o7 ] M), k@2
+Q3ro{i2_w}

Q 2Q+1

S, = Q6r0 I3 COS(QTO) " r34|:COS((Q _:l-)-ro)+ COS((Q +1)1-0 ):| _ 2Q3I’0 {iz_ CO:ZTO}
2 20-1 20+1 Q Q-4

_ 'y Sin((l+Q)To)+ Mo Sir'((:l-_Q)To)+ N3 SinZTo
2Q+1 2Q-1 Q-4

Sy = I, siN(QT,)—QrysinT,, S, = 21, (r, cosT, —Qcos(QT, )-Q’r, cosT, )
S,y =1, sin(QT, ) +r,sinT,

-2 {Q o[ SEGT), codQ 01| 1_Qcosr, }

S27 =TIy Sin(QTo)

31 = 20-1 20 +1 Q2 Q-4
S,, =r,sin(QT, )+ erO(Q+1)Sin((;L+Q)-ro)+ ero(Q—l)Si“((;L—Q)ro)Jr N, szinZTO
(2Q+1) (2Q-1) Q' _4
S, =t cos(QTO)—(QZU . erojsin((1+ Q)FO)JF(QZQ N erOJsin((l—Q)rO)
2 4 20+1 2 4 2Q -1

+(er1 ) erojsin 2T, rycos((1+ Q)I'O)Jr I, cos((l—Q)'I'o)+ r, COS2T, T

2 2 Q2 -4 20+1 20-1 Q2 -4 Q2
where
ly = Kol 4r, — 2Qr, +Q—2Qrosin(%j ,
J 2
. (Qrx
ZKOrOZQ?’sm(
. Kol {4Q2r0 “r, _g}_ ST 2
2, 2] 22(Q*-1) A
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Kot 0 2Q°K,r,? cos(Q;j
r, = {ZQ Si n( 5 j 4r0+2QrO—Q}, My = 7 ,
—2Q%K,r, cos(Qzﬂj K Zsin[Qzﬂ)
r, = v I = - 2 -Q-2r,,
A A (1_Q )
2K, 1, cos(Q;j )
I = a {ZQro _1—Q2 _1}
2K, 1, Qx Qz Q7 _
ry _W{ZQ sm( 5 J+2Qr sm( 5 j 2Q°r, sm( 5 j+r ZQ}
4QK 1’ cos(Qﬂ) Q%K,r,’ sin(Qﬁ)
g = 2 {Q_Q2r0+ro}' M = 2 {4Q2I’O—3Q—4I’O}—I’5
A, A,
QK,r,’ cos(QﬂJ
[ = - 2 /13q - 4Q7r, + 4r, ),
2K, 1’ sin(Qzﬁj A
Iy = 7 {Q -4Q°r, +8Qr, —m} + Iy
2K, 1, cos[Q”)
o= —— 2 ke +2Q°r7 —4Q%r, +8Q7r," — 2Qr,” — 4r,°}

C

1 1 1 Q
Fs = _2 - TS T J
Q-1 20+1 Q Q°-4

Q’ 1
r35=Q4r0(4Q2_1+Q2_4J_Q2r7
wherether,and S, ,i1=0,1,2,...,

o[
34_Q rO(z

2 1
+Q +2j

35are gotten fromthe values of 7 and ¢ and their partial

derivatives or a(z)and S(r)and their derivatives evaluated at the critical values of t and .

We shall now determineT, ,T,, , T,, , T, that shall be needed in obtaining the maximum

displacement ¢, of ¢.
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From (54c),we have

t, = [+ (0)E2F, +.. (63a)
Substituting in (63a) fort, and . from (56a,b), we have

T, + 6Ty + 6Ty +.+ E(T10 + T, +&°T, + )+ E(Ty + 6Ty +...)

= (1+ a)’(O)EZ)['fO + 6Ty + 6Ty +.t E(‘I:10 +&T, +&°T, +...)+ .

+ 5_2(1:20 + T, + )] (63b)
Comparing coefficierts of ordersof ¢ and &, we obtain

o): T, =T,, O(¢): Ty, =Ty, O(.E): T, =T,,, O(E.1): T, =Ty (63c)

3.5 Maximum Displacement :
The maximum displacement for n(t,r,g,f) is obtained by evaluating (48b) at the critical
values t=t,, { =f,, 7 =7, = &, Thereafter, we expand 7(t,,z,) in a Taylor series using

(49a — c), similar to the expansion (51) to get

&(t)=nlt,.z,)= §|: 771°+{et01+et01+52t02+...+§_(th+st11+52t12+...)

+§_2(t20 ety + &, +.. j}nio + 5{ £+ e+ E (g + ey +.)
(. X 1 _
+E2 {,y + by +... }77,170 +E{{ oy + %, + o+ E(tyy + ety +...)

2
+E? 1,y + ety + .. } M +23{ gtm+...+§(tlo+gtn+... j

+ &ty ety +... Hfo +ef, + ... +§(fw b+ }L fz(fzo +ef,, + ... ]}nlﬁ

2
{ 4 Ey + E%H, } 77,11‘1}H+58[77” +{at01+...+5[tm+gtn+... j
+ Z(tz ety +.. j}nil +g{fo ot Ely + E P+ }77}}

{[gtmjL +§t10+§‘5t11+ +§ '[204‘6‘g ety +... }71“1

+ 23{ o+ F f:tm + z;fatll +..

+ &% (tyy + ety +...) }{fo oty o+ 8+ EH, }’711 }H
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242 12
_ _ t _
+§gz[7712 + {gtm + &%, +...}7712 + ° 12077’“ j|+§3|:7730 +{et01 + &%y, + ... }nfo

- - 1 - -
veffy s ot |2 s HsioR 22 v o2 a2

+& 35[;731 +eton; +ebon? } +E&% % (64)

On substituting in (64)and simplifying, we get (65a)

+&%leaP, + P, - P, 3R +@—r20 +r1—8—7z'rlg —r27+@+ Iy L (65a)
4 2 2 2
Thus, we have
7 = EVAg + Ape+ Ae? +..)+ E(Ay + Aye + Aye? +..) (65b)
where
_72' 72'2 7Zf
Ao =1 A, :7' A, :1_7’ Ay =T, Ay =P —P, -1, + 2+ Iy
3P, r . I

Ay =P + P, =P, - 41 +Tl7_r20 +?_m‘19 —Iy +%+I‘31+%
Also the maximum displacement for(p(t, T,E, E)is obtained by evaluating (48c)at the
criticalvalues t =t_, f ={_, 7 =7, = &, . Thereafter, we expand ¢(t,, 7, )in a Taylor
seriesusing (49a _ c),similar toexpansion (51)to get
& (t,)= (p(tc,fc &, 5): Ez{gpm + {ETOl +& Ty, +.t E(Tm + T, +&°T, +... j}(ofo

1 2
+ g{fo +&Ty 4.+ E(flo + 6T, + ) }(pio + EH {gTO1 ot E(Tlo + T+ ﬂ P2
Zg{ng + ...E(Tlo +ET, +... jH'I:O + &l +ot f(‘fm + 6T, +... j}gpff
— 2 — —
+ 52{1-0 +&T, } (0212}} +<& 25[§021 + {31-01 +oot é(Tlo +ely, J}(Dfl
1 2
+ 52{1:0 + é,? Alo }erl + 5 {I:ETOH‘ E[Tlo +el, +.. j} (P,ftl + 2551-101:02(”,2 }}}
49
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+E2g? [(022 + f_Tlo(”fz } + 53{(/’3 + {51-01 +&" Ty, }(oio + 5{1:0 + 51:01 }(013;0

A A

1
Hfemiop e ammoze ooz |}

+ 533{4031 + T + T ™ } + E3%p% (65c¢)
On substituting the relevant values in (65c)and simplifying, we get
0, = E21(Byy + By, + 7By, +...)+ E°12(Byy + By + 7By, + .. (65d)
where
By =Szs0 Bo =TSy + Sy,
TOZlSl TOZS23

Bzz :To1822 +T+T01T082 + +T0186 +T0824 + Sso

By =Sa1 By = X055 +Tor X465y +To X308, + X686 + Ty S35 +ToS05 +ToTgy S +Sgp
Ba, = X13S0 +Toy X13Sy +To X3Sy + 2Ty X 10S, +TgXy6S25 + X3S + X 19S55 + Ty X405,

T2S TSS
+To X108 + X10S11 +TgpS15 + Ty S+~ + =2

+T01819 +T0827 + 533

TlO = IX10 and T1l = IX11 (66Db)
S 1
X1o = ?v X11 = S_[leosl +T01X1os4 +Toxloss + XlOSB + 813 +T0814 + 816 + S15]
1 2
Thus
S4T012 SGT012

2 S, T, +S, Ty + + ST, T +

@, =1E% &{S,T, +ST, +S,+S,}+¢
+SgTo, +SgTy + Sy +S,Ty, + STy + S,
+1283[S, X0 + S, +&{S, X4y + S, Xy0 + S, X1 Toy + Ss X 1Ty + S X0
+S3Toy + STy + Sy +S; Xy + Sy }
+8%{S, Xy + S Xy, Ty + 2S5 X0 To, + S X 1Ty + S Xy + S X0 + Sp7 X Toy

2 2
SlQTOl + 820T0T01 + SZZTOl

+ S27 XlOTO + SlSXlO + S13T02 + S14T01 +

+ SZ3T01 + S24T0 + S26 + S7 Xll + SS XlO + S5x10T01 + SG xlOTO + S9 X10
+ S14T01 + S21TO + S25 }] (66C)
With further simplification, we get
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= 182(Bye +Byye? +...)+ 172%(Byy + Bye + Byye? +...) (664)
where
B, =S,Ty, +S,T,+S,+5S, (66€)
2
BZZ—ST02+ST01+S-£ + STy, T, +S12-°1 + STy, + STy + Sy
+S, Ty +S:T,+S,; (66f)
Bso = Sleo + 812 (669)
Bay =S, Xyy 5, X0 + 5, XyoToy + S5 X3oTo + S X0 +S15Toy + 54T,
+S,s+S, X+ S5 (66h)
B32 = Slxll + SSXllTO + 285><10T01 + S6)(101-0 + SBXll + nglo + S17)(101-01
T2 T
S KTy 8K STy 8Ty 0 s 7 Sl
+ SZSTOI + S24-|-0 + 826 + S7><ll + SSXIO + SSXIOTOl + S6>(10-r0
nglo + S14-r01 + SZlTO + S25 (66|)
Net maximum displacement M, is
M,= n,+o, (66j)
Thus
M, = E1(Ag + Aye + Ape’ +.. )+ E3(Ay + Aye + Ape? +...)
+ E21(Byy + By + Byye? +...)+ E°12(Byy + By + Byye? +...) (67a)
Let
C = I(Aio +ALe+ Aye’ "‘---)E 1Q, (67b)
c2 =1(By + Bpe+Bye’ +..)= IQ, (67¢)
(Aso + A e+ Aaze +.. ) (830 + B, e+ Bszg +.. )
= 03 :(IA30 +17By )+ £(1A,, +12B,, )+ 2 (1A, + 1°By,)
(1A 178y | 14— L(1A, +17B,, )+ £2(1A,, + 128y, ) (67d)
1A, + 1 2By,
= (1A, +17B4, JR,(1) (67¢)
where
Q =A,+Ac+Ae’+.. , Q, =By +B,e+B,e"+..
1
Q,(1)= +m{g(m31 +17By, )+ &7 (1A, + 12B,, )}
Hence
M, =C, & +C,E2 +C,E°% +... (68)
51
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By reversal of series Amazigo [17], we have

=M., +M, % +M e +.. (69)
Substituting for M, from (68) into (69), we have
E=6(CE+C,E +CE)+e,(CE+C,E +CEf +e(CE+CE +CEY)  (709)
Equating coefficierts of &, &% and £°in (70a), we have
2
elzi’ ezz__csz, e3:2C2—_5ClC3 (70b)
Cl Cl Cl
4 Dynamic Buckling Impulse, 1,
The condittion for dynamic buckling is
dl
—(1,)=0 71
am_ o) (71)
Thus, from (69),we have
e, +2M e, +3M e, =0 (72a)
where
M =M,(I5) (72b)
From (72a), we have
1
M, = i{— e, + (e22 —3ee, )2} (73)
3e,
Now, with a view to simplifying M, in (73),we have
2 3C,C, -5C,°
e2 — 3ele3 — %
2 2
_ 301603 {1_ 5C, } _ 3c: {1_ 5C, } (743
C, 3CC,| C 3C,C,
Thus, after substituting and simplifying termsin (74a), we get
2 2A 2
0 300, - A By SIQ)
°Q 3Q3|Q1(IA30 + 1 Bao)
— 3Q3(A30 + IB30)|:1_ 5Q22 :| — 3Q3(A30 + IBBO) K
1'Q/° 3Q:Qu(Ay + 1By ) 1'Q”
2
K2 = |:1_ 5Q2 :|
3Q3Q1(A30 + IBSO)
L e —3ee, = 3Q3(AZOJ;"33°)K2 (74b)
1°Q,
52
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B (74c)
¢’ 1’ 1%

2

1

—e,+ ( 3ee)E (e 3eeTL _38e3) ] (75a)

300+ 1By Ky | Qz{ 1'Q’ J ) 750)
1°Q,2 1°Q, 3Q3(%0 + IBso)K1
_B[QA BT Q[ 17 750
I8 Q | Ql 3Q3(A30 + IB30)K1
Taking the negative part and let
—& _(ezz —36163)% - _xz/g{Qg(Am +5IBSO )Kl}z K, (75d)
' Q
| Q 1‘Q. 2
g [3Q3(A30 + IBgo)Klj ' (75¢)
Now
2Cc,’-CC, -CgC, . 2C,°
oo C.C,
-5 {1 o } (762)
C, C,C
—(1A +17Bu R, [, 212Q,% (766)
1°Q,* 1Q, (1A, +17By,
_ (A + 1By )0, { 2’ } 760
I Ql QlQS(ASO + IB3O)
Let

3

2Q,°
- 76d
[ QQ (A, + 1830)} (76d)
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(ASO + IB3O )Q3
1°Q/

3

3

Substituting (76e€)in (73),we have

3 4
M = O

a5

3(A30 + IB3O )QBK

1

\/_ QS(A30 + IBSO)
* Q’

1

K

‘/— \/ Ay, + 1B3, JQ

Evaluating (69)at buckling, we get

E=M_e+M_%e,+MJe +..

Wherethe e, e, and e, in (77c)are now evaluated at buckling. This implies

f_ = MaD[el + MaDeZ + MaDzes]

Multiplying (77d) by 3, we get

32 =M, [3e, +3M e, +3M %, |

But from (72a), we get

3M aD2 =—€ - 2M a2

Substituting (77f)in (77¢e),we get

3E =M, [3e, +3M e, —

€ - ZMaDeZ]

2M

35 =M aD [Zel +M aDez]
BF =M | o258
C, C

}:

CZ M aD
2C?

{1_

G,

We now substitute in (77b) forM_,,C, and C,

(76e)

(77a)

(77b)

(77¢)

(77d)

(77e)

(77f)

(779)

(77h)

y(K, ) 1 JK, /{ J 1 JK,
- 21,Q, ( j\/_\/(A30+I B30)Q3 1,Q,15Q, \/_\/(A30+| Bso)Qs
¢ = 1-
DQl D Ql
_ Qle_y[ ) \/K |
35 ZQ}/[ j \/K 1_ \/_(A30+IDBSOn3
\/_ \/(Aso +1 Bao)Qs
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ZQ%(KZJ | Qe (K]{ K, }
) 1
35_ — K3 Kl 2 1— \/§ K3 (A30 + IDBBO)Q3 (77|)
\/§ (Aso +15By )Q3 2
ID 1.8 -
ST —a—a—a—a—a—a—a—=n
g 1.4 -
o 12 ® o o o & S S S *
2
2 08 - —— |, forQ=0.01
(S
g 0.6 - —- |, forQ=0.02
% 0.4 - I, forQ=0.03
0.2 -
0 T T T T T T T (é—"" T 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
IMPERFECTION

Fig.1: Graph of Dynamic buckling impulse load |, against Damping coefficiert ¢.

12 -

U_

10 -

—— |, fore=0.01, (§" "y =0.01

DYNAMIC BUCKLING LOAD
o

0 T T T T T T T T 1
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0

Fig. 2: Graph of Dynamic buckling impulse load I ; against the ratio of the two modes Q.
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120 +

100 -

80 -

40 1 —o— |, forQ=0.01,(§" "y =

DYNAMIC BUCKLING LOAD
o
o

€

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
DAMPING PARAMETER

Fig. 3: Graph of Dynamic buckling impulse load | ; against Damping coefficiert &

Table 1
3 I, forQ=0.01 I, forQ=0.02 I, forQ=0.03
0.01 1.26098 1.56166 1.64484
0.02 1.26098 1.56166 1.64484
0.03 1.26098 1.56166 1.64484
0.04 1.26098 1.56166 1.64484
0.05 1.26098 1.56166 1.64484
0.06 1.26098 1.56166 1.64484
0.07 1.26098 1.56166 1.64484
0.08 1.26098 1.56166 1.64484
0.09 1.26098 1.56166 1.64484
Table 2
& I,
0.01 1.26098
0.02 26.8773
0.03 55.9803
0.04 65.6337
0.05 72.8184
0.06 79.8541
0.07 87.3791
0.08 95.6784
0.09 104.951
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Table 3
Q s
0.01 1.26098
0.02 1.56166
0.03 1.64484
0.04 2.73426
0.05 6.61334
0.06 8.46683
0.07 9.37906
0.08 9.80319
0.09 9.95558
Table 3:
5. Discussion:

Equation (77j) gives an implicit formula for determining the dynamic impulse 1.

The result is asymptotic and is valid as the small parameters & ande become increasing
small relative to unity. Guided by the fact that the impulse is of the order of the small
parameter £, we don’t expect much variation in the value of the impulse buckling load.

However, it is important to notice the effect of the viscous light damping on the impulse
buckling load as shown in table 2 and figure 3. A little change in the damping gives a

remarkable change in the buckling load.It is essential that the two parameters & and & be not

mathematically related otherwise the problem becomes a one — small parameter analysis

which is not what we intended originally.

6. Conclusion
We have successfully carried out a two — small parameter regular perturbation

analysis of some coupled non homogeneous viscously damped nonlinear system in a

dynamical setting and obtained an asymptotic result. This result which is strictly asymptotic,

is also made possibly by employing multi — timing (two — timing) perturbation procedures.

Perhaps, the salient novelty in the analysis is the inclusion of light viscous damping which

coefficient & serves as one of the perturbation parameters. It is our sincere desire that this

procedure be applied, perhaps with some slight modifications, to real — life engineering
structures, including columns, plates and even shells.

5. References:

[1]. D. Danielson, Dynamic buckling loads of imperfection — sensitive structures from
perturbation procedures. AIAA Journal, 7, (1969) 1506 — 1510.

[2]. W. T. Koiter, On the stability of elastic equilibrium (in Dutch), Thesis, Delft,(1945)
Amsterdam, English translator issued as NASA TTF — 10, 1967.

[3]. B. Budiansky and J. W. Hutchinson , Dynamic buckling of imperfection — sensitive
structures.A proceeding of the 11™ International congress of Applied Mechanics, Munich
Germany. Springer - Verlag. (1964)636 — 651.

[4]. J. W. Hutchinson and B. Budiansky, Dynamic Buckling Estimates, AIAA J. 4, (1966) 525 —
530.

[5]. A. M. Ette , Perturbation appraisal of the dynamic buckling of an elastic model structure
pressurized by a slowly varying load. Journal of Nigerian Ass. Of Math. Physics, 15,
(2009)47 — 54.

A.M. Ette, W. I. Osuji 57




Vol.7.Issue.1.2019 (Jan-Mar) Bull.Math.&Stat.Res (ISSN:2348-0580)

[6].
[7].

[8].
81

[10].

[11].

[12].

[13].
[14].

[15].

[16].

[17].

J. R. Gladden, N. Z. Handzy, A. Belmonte and E. Villermaux, Dynamic Buckling and
Fragmentation in Brittle Rods, PRL 94, 035503, (2005)1 — 4.

S. Amit, Nonlinear response of shallow arches under dynamic and static loading. 50"
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference,
(2009).

Z. G. Wei, T. L. Yu and R. C. Batra, Dynamic buckling of thin cylindrical shells under axial
impact., International Journal of Impact Engineering, 32, (2005)575 — 592.

T. Lu and T. I. Wang, Asymptotic solutions for buckling determination induced
crackpropagation in the thin film — compliant substrate system. 13" International conference
on fracture (2013)1 - 6.

W. L. Osuji, J. U.Chukwuchekwa and G.E. Ozoigbo, Buckling load of an elastic quadratic
nonlinear structure by an axial impulse. Int. J. of Math. Sc. and Eng. App.(IJIMSEA) 9(1),
(2015)67 — 78.

I. U. Udo — Akpan and A. M. Ette, On the dynamic buckling of a model structure with
guadratic nonlinearity struck by a step load superposed on a quasi — static load., Journal of
Nigerian Association of Math. Physics, 35, (2016)461 — 472.

J. U. Chukwuchekwa and A. M Ette, Asymptotic analysis of an improved quadratic
modelStructure subjected to static loading, Journal of Nigerian Asso. Of Math. Physics, 32,
(2015)237 — 244.

A. M. Ette and W. 1.0suji, Analysis of the dynamic stability of a viscous damped model
structure modulated by a periodic load. Journal of Nigerian Math. Society, 34, (2015)50- 69.
I. Lillermae,H. Remes and J. Romanoff, Influence of initial distortion on the structural stress
in 3mm thick stiffened panels, thin — walled structures, 72, (2013) 121 — 127fracture, 1 — 6.

R. M. Paulo, Teixeira — Dias and R. A. F.Valente, Numerical simulation of aluminiu stiffened
panels subjected to axial compression: sensitivity analysis to initial geometrical imperfection
and material properties, thin — walled structures, 62, (2013)65 — 74.

L. Ronning, A.Aalberg and P. K.Larsen, An experimental study of ultimate
Compressivestrength of transversely stiffened aluminum panels, thin — walled structures., 48,
(2010)357 —472.

J. C. Amazigo, Dynamic buckling of structures with random imperfections.Stochastic
Problems in Mechanics. Ed. H. Leipolz, University of Waterloo press, (1974), 243 — 254.

A.M. Ette, W. I. Osuji 58



