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ABSTRACT
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> In this paper, we study the explicit solutions of the equation A XB+B X A=C
S o . ; i
e E for linear bounded operators on Hilbert spaces, where X is the unknown

: operator. Based on the block operator matrix technique and the Moore-
IOIII‘R Penrose inverse, the sufficient and necessary conditions for the existence of
of ' solutions to the equation are respectively obtained under one of the four
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cases: R(B')cR(A"), R(A")cR(B"), R(B")=N(A) or R(A")=N(B) .Moreover,
the general solutions of the considered equation are expressed in terms of

Pite WSV Y e Ty

the Moore-Penrose inverses of A and B.
AMS classification : 47A62, 47A52
Keywords: Operator equation; Moore-Penrose inverse; Solution

1 Introduction

In this paper H and K denote arbitrary complex Hilbert spaces. We use B(H,K) to denote the set of all
linear bounded operators from H to K. Also, B(H)=B(H,H). For AcB(H,K), the null space, the range and

*
the adjoint operator of A are denoted by N(A),R(A) and A . Let TeB(H,K), if there exists an operator

T+eB(H,K) satisfying the following four operator equations
* *
IEARET A AEY A A i W A ST i s

thenT" is called the Moore-Penrose inverse of T. It is well known that T has the Moore-Penrose
inverse if and only if R(T) is closed and the Moore-Penrose inverse of T is unique. Moreover, s

*
the orthogonal projection from K onto R(T) and T'Tis the orthogonal projection from H onto R(T )
(see[1,2]).
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For given operators A,BeB(H,K) and CeB(H) , we are interested in finding the solution XeB(H) of the
equation

* E N 3
A XB+B X A=C.(1)

This kind of equations has been studied by several authors because of its multiple applications in

* *
different areas, for example, control theory and sampling. The equation A X+X A=C was studied for
matrices by Braden [3], and for the Hilbert space operators by D S. Djordjevi¢[4]. More general
equations AX—XBT=C and AX—-XF=BY are considered in [5] and [6]. Yuan [7] studied the solvability of
* k% *
the operator equation A XB+B X A=C for finite matrices under the condition that R(B ) is contained
*
in R(A ). In this article, Using the block operator matrix technique and the generalized inverse of
* *
operators, we study the solvability of Eq.(1) in infinite Hilbert spaces. When R(B )cR(A ),
* * * *
R(A )cR(B ), R(B )cN(A) or R(A )cN(B), we give the sufficient and necessary conditions for the
existences of solutions to Eq.(1) and the general forms of these solutions.

2 Main results and proofs

To prove the main results of this paper, we begin with the following lemma.
Lemma 2.1. Let A,BeB(H,K) be invertible and CeB(H). Then the following statements are equivalent:

(a) There exists a solution XeB(K) of Eq.(1).

(b) C=C"

If (a)or(b)is satisfied , then any solution of Eq.(1) has the form

1 _ _ _ _
x=5a) Leg a1zl (2)

whereZe B(H) satisfies Z*=—Z.
Proof.(a)—(b):Clearly.

(b)—(a): It is easy to see that any operator X of the form (2) is a solution of Eg.(1). On the other
hand, let X be any solution of Eq.(1). Then

* 1 * % 1 % * %
A XB= E(A XB+B X A)+ E(A XB—B X A)

1
2

1 = * %
C+ E(A XB-B X A)
% 1 * ] 1 *\_q 1 * *  k —1
Since A ,B are invertible, so X= E(A )JTCB T +(A) [E(A XB—-B X A)1B™".

1 * * * *
Taking Z= E(A XB—B X A), we get Z =—Z.
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Now, we solve Eq.(1) in the case when A and B have closed ranges.

Theorem 2.1. Let A,BeB(H,K) have closed ranges and CeB(H). If R(B")cR(A"), then the
following statements are equivalent:

(a) There exists a solution XeB(K) of Eq.(1).
(b) C=C", R(C)=R(A"), A*AC(/-A*A)=0, and (A*A—B*B)C(A*A—B*B)=0.
If (a)or(b)is satisfied , then any solution of Eq.(1) has the form

1, )
X= 5(A)'B'BCB™+(A’)"(A"A-B'B)CB’ )
—(A")'B*BZB*+AA'Y(I-BB")+(I-AA")Y

whereZeB(H) satisfies B(Z*+Z)B*=O, YeB(K) is arbitrary.
Proof.(a)—(b): Obviously, C=C". Since R(B")cR(A"), so R(C)=R(A"XB)cR(A"). Also,

AAC(I-A*A)=  ATA(A'XB+B X A)(I-A*A)
=A"XB(I-A*A)+B X A(I-A*A)=0’

(A*A—B*B)C(A*A—B'B)=(A*A—B*B)(A"XB+B X A)(A*A—B'B)
(A*A-B*B)A"XB(A*A—B'B)
(A*A—B*B)B" X A(A*A-B'B)

0

-+

(b)—(a): Let X be any operator of the form (3), then
* * ¥ 1 + + + + + + +
A'XB+B'X A= 5B"BCB'B+(A*A-B'B)CB' B+B'BZB"B]

1 .

+[ 5B'BCB'B+B'BC(A'A-B"B)+B'BZ'B'B].
A*ACB'B+B'BCA*A-B'BCB'B

A*ACA*A+A*AC(I-A*A)=A*AC=C

On the other hand, suppose that X is a solution of Eq.(1). Since R(A),R(B) are closed, we have
the matrix forms of A,X and B with respect to the proper space decompositions,

A= : — * |
00 N(A) N(A)

. [X11X12J ( R(B)j ( R(A)j

= : * [ * |;
X91%X22 ) \N(B')) "\ N(A")

(oo (i (e
B= : - * |
00 N(A) N(B )

*
whereAleB(R(A ),R(A)) is invertible, R(Bl) is closed. Since
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C..C * *
N (C11C12} (R(A ))_) (R(A )),
21%22) \ N(A) N(A)

* * k
thenA XB+B X A=Cimplies
* * *
Ap X11B1%B1 X131 A17Cyp
* *
Where XlleB(R(B),R(A)) is unknown and Cyq =Cqq- LetY =X, Aq, then we solve the
equation
* *
B1 Y1+Y1 Bl=C11.
* * * * * *
Since R(B )cR(A ), we obtain R(A )=R(B )®(R(A )OR(B )). Now, B,,Y1,C14 have the following

operator matrix forms

B,= ( B119): [ Je *]—>R(B);
R(A JOR(B )

v=("11"12): [ JE) *]—>R(B);
R(A JOR(B )

0 0 * *
C11 €12 R(B") R(B)
17| 0. of R(A*)GR(B*)_) R oRrE™)
21 —22

whereB11 is invertible. Hence

* * * 0. 0
* * Byy Y11*Y11B11B11 Y12 | | C11 C12
B, Y.+Y, B.,= - ,
1 V1*Yq By x . 0c. 0
Y12 B11 0 21 22

*
Because B, is invertible and (C110) =C110' so by Lemma 2.1 we have

%10
=By ) Cqps

Lo or-1 0, *1
Y1152(B17 ) "Cqq By ) "Z39Y9;

*
. Noting X, , A,=Y.=Y..+Y.,, then

* *
whereleeB(R(B )) and Zyq =< 11 A1=Y17Y11Y1

11
-1

%110 0%, —1 ,, *—1
X11=(Aq ) 713601 #(Cqp7) 1Byg (A1) 773989

Hence the solution X has the following form
1
*\—1f =~ 0 0\¥p -1 *\-1 -1
(Al) [2C +(C12 ) ]Bll _(Al) 2,81, X,

X21 XZZ;

11

whereXlz,X21, and X, can be taken arbitrary. Now, we express the solution X in terms of the

Moore-Penrose inverses of A and B. Let

" ( Yuxlj ( R(B) )_) ( R(A)j
"X, ) N8 N(A")

and
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2 (anlj_ (R(B*))_) (R(B*)j
z,z J\ne)) " ns)
whereY s arbitrary and B(Z+Z')B"=0. Then

1 * *
SWA")'B'BCB+(A")'(A"A-B'B)CB"
1
-1 = 0 0\* -1 ’
(A, 1715, 4(C,, )18, "0
0 0

11

X A"z B. 0
(A )+B+BZB+= ( 1 11 11 A
0 0

and

0X,
AA*Y(I-BB*)+(I-AA*)Y= x x|

Consequently, X has the form (3).

Theorem 2.2. Let A,BeB(H,K) have closed ranges and CeB(H). If R(A*)gR(B*), then the
following statements are equivalent:

(a) There exists a solution XeB(K) of Eq.(1).
(b) C=C", R(C)=R(B"), B*BC(I-B¥B)=0, and (B"B-A*A)C(B* B-A*A)=0.
If (a)or(b)is satisfied , then any solution of Eq.(1) has the form
X= %(A*)+CA+AB++(A*)+C(B+B—A+A)B+ “
+(A*)+ZA+AB++(I—AA+)YBB++Y(I—BB+)'

* *
whereZe B(H) satisfies A(Z +Z)A =0, YeB(K) is arbitrary.

Proof. Obviously, Eq.(1) is equivalent to
E N 3 * * sk
B X A+A (X ) B=C,
* * *
whereX eB(K) is the unknown operator. Since R(A )cR(B ), then by Theorem 2.1 we have
* 1 = *
X =3(B )"ATACAT+(B ) (BB-ATA)CAT
* ’
—(8' ) a*tazat+BBYY(I-AAT)+(1-BBY)Y

* *
whereZeB(H) satisfies B(Z +Z)B =0, YeB(K) is arbitrary.
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Consequently, X has the form (4).

Remark 2.1 As a special case of Eq.(1), we consider the solvability of the operator equation
* *
A X+X A=C.(5)

* *
In Theorem 2.2, let B=l, clearly R(A )—R(B ), then we obtain the following Corollary, which is the
result of D S. Djordjevic in [4].

Corollary 2.1. Let AeB(H,K) have closed range and CeB(H). Then the following statements are
equivalent:

(a) There exists a solution XeB(H,K) of Eq.(5).
(b) C=C and(I~A*A)C(I-A A)=0.

If (a)or(b)is satisfied , then any solution of Eqg.(5) has the form
X-l ¥+ o+ * 4 + * o+ +
=5(A ) CATAHA ) CU-ATA)+HA ) ZATA(I-AAT)Y,

* *
whereZe B(H) satisfies A(Z +Z2)A =0, YeB(H,K) is arbitrary.

*
Theorem 2.3. Let A,BeB(H,K) have closed ranges and CeB(H). If R(B )cN(A), then the following
statements are equivalent:

(a) There exists a solution XeB(K) of Eq.(1).

* — 4t * *
(b) c=C ,R(C)gHO, B"BCB B=0, and A" ACA " A=0, where HO=R(A J®R(B ).

If (a)or(b)is satisfied , then any solution of Eq.(1). has the form
X=(A")*cB* +AATY(1-BBY)+(I-AAT)Y,(6)

whereYeB(K) is arbitrary.

Proof.If R(B*)gN(A), then we have the space decomposition H=R(A*)@R(B*)@)(N(A)GR(B*)). Let A,B
have the following operator matrix forms

(Alooj R ( R(A))
A= 000/ RED 1P na™y)
N(A)OR(B )
(0310)
B= :
) 000
RiA) ( R(B)j
R(B ) . - N(B*);
N(A)OR(B )
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whereAl,B1 are invertible operators. Also, X has the similar operator matrix form as in Theorem 2.1.

Consequently, Eg.(1) is equivalent to the following equation

* C..C.C
) 0 ) A1 X11B40 c11c12c13
By X;1 Ay 0 0| "21722723 A7)
0 o o \%31%2%3

* * *
with respect to the space decomposition H=R(A )®R(B )®(N(A)SR(B )). Noting that R(C)gH0 is
equivalent to C31=0,C3,=0,C33=0  and C;,®0®0=A"ACA"A,08C,,®0=B"BCB'B it is easy to
prove that condition (a) is equivalent to (b) in Theorem 2.3.

From equation (7), we can obtain any solution of Eq.(1) has the form

_1X

X22

A, i, .8
1) "Cp08q
X

21

12

7

X12,X21,andX22 can be taken arbitrary.
Using the Moore-Penrose inverses of A and B to express X, we obtain X has the form (6).

*
Theorem 2.4. Let A,BeB(H,K) have closed ranges and CeB(H). If R(A )cN(B), then the following
statements are equivalent:

(a) There exists a solution XeB(K) of Eq.(1).

* + + + + * *
(b) C=C , R(C)gHO, B"BCB B=0,and A"ACA A=0, where HO:R(A J®R(B ).
If (a)or(b)is satisfied , then any solution of Eq.(1) has the form
x=(8")rca*+BBTY(1-AAT)+(1-BB™)Y,
whereYeB(K) is arbitrary.

Proof. By exactly similar arguments, we obtain the analogue of Theorem 2.3, in which B is replaced
by A.
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