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e ABSTRACT

In this paper, few other identities of Rogers-Ramanujan type modulo

BOMSR (4p+2)s, (12p+6)s where p = 3 and p = 4 respectively and s is any finite

v 9 positive integer, have been derived by using some transformations of basic

P iieeas Ly hyper geometric series. We derive such identities modulo 18, 54, and 66.
Finally, we conclude by a general result which gives identities modulo 42,

54, 66... and so on.

Key words: Basic Hypergeometric Series, g- analogue of Saalschutz
Theorem, Jacobi’s Triple Product Identity.

1. Introduction

For |q|<1, the g-shifted factorial is defined by

(a;q)o =1
CHM Z;é 1 —aq®), for n>1
and (@ @)oo = [Tiz1(1 — ag”).
(@D

It follows that  (a; q)n = 55

The multiple g-shifted factorial is defined by

(81,8008:0), =(210), (@23 )y (a3 01),

(81,81000,81:0),, =(21:0),,(a2;0),.--(am;0)...
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The Basic Hyper geometric Series is

n(n-1)r
(al,az, ....... Apugi X :i(al;q)n(az;q)n....(ap+1;q)nXn(_l)nrq 2
Sl (PO = (@09),(by:a),(by;a), . (blw;q)n

The series p+1¢p+r converges for all positive integers r and for all x. For r=0 it converges only when

[x|<1.

1.1 The g-analogue of Saalschutz Theorem is

e.f,.qq RGN
s P, g cefa ) =

c’ a (a_cq)n'(%)n'

1.2 We require the following Jacobi’s Triple Product Identity (see [3], 2.2.10, 2.2.11)

2
(qu/z,z‘lql/Z, T Doo= XF_oo(—D)" 2q" /2, and its corollary

(2k+1)n(n+1) (k+1)n(n+1)

SE W(-Dhq 2 M=¥Ea(-Dtq 2 M1 - q@rDh
— H;}:o(l _ q(2k+1)(n+1)) (1 _ q(2k+1)n+i)(1 _ q(2k+1)(n+1)—i)

2. We begin by introducing the following transformations:

-n -n a3q3+2n
a,qgva,—qva, b,x,—x,y,—=y, ¢ ", —q" " q; — by
D aq aq —-aq aq —aq
+1 +1
e va.—va,g,?T,;,T,—aq" ,aq™
a2 2
(@?q%9%)n (xzzziqz)n
P P
(xz 3q%)n ( 32 3d%)n
2
2 ,,2 749 —aq —2N., 42. 42
X ;y ;T;T;q nlq lq
SCD4 2,2 42,2 (2'1)
_ 28797 X"Yy" _2n
aq, —aq*,—;= =54
and,
3 3 2 2 ,-n .-n+l . -n+2.,3. @0
aqva,—q~va, x,xq,xq",y,yq,yq", 9 ,q »q yq, X3y
12 P

@q:0)n G@n

= X
GOn Chn

a3, wa'3,w2a'l3,x, ¥.97 % q;q 25
ahe, a2, () e, ~(ag) 2, 2q ) P
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(For proof of the transformations (2.1) and (2.2), (see [1], (1.3) and (1.6) respectively))

The multiple series generalisation of the transformation (2.1) is (see [1], (4.1)) given by

Forp = 3,
_aPapt2n
= = -n ,-n. . aq
(D a;q a;_ C[ a; b; x; _x; y: _y; (Cp_g). (dp_?,), _q ;q ’ q! bx2y2c1d1...cp_3dp_3
2p+4 2p+3
S Va,—a,%8,%9, 49,09 09 9 80 _qquem ggion
x'y’ Y Cp-3 dp-3 q 1aq
2
(@?q%q%)n (xzyz 44)n Z H ( Q)r (cj; Q)M (dj;Q)Mj_l
=522 T1,12,..Tp—_320 aq aq.,
F4%n (ayg :q2) p- (q,q),(cj.q)mj (dj,q)Mj

B:DMp_5 %) mpy_s (yz:qz)Mp 3 (q‘zn:qz)Mp_3qu—a(Mp_3+1)/z

2
(—aq:@)2m,_s GDm,_s 3 az I O VI

2 2.3 p-3,p-2
x(-2Ly =3 (- L s (-

— T Yp-ax
bCp_3dp_3 bCp_3dp_3....C2d2

1+Mp_ 24+My_
2M,_3 ~94 p=3 —qq“""P—3

,qu -3, , - ’q—2n+2Mp 3; q q

1+2Mp3 _

2Mp_3

x2q

5P a’® aiamM, 5 X*¥® _on+2Mm (23)
2+ _ —2n+ _

_aq 'ﬁq P 3’_‘12 q p-3

where M; =1, +1r,+ ....+1;, M_; =M, =0andasusual (ay,) standsfor(n —M + 1)
symbols ay, ap 41, -.- @y, . When M = 1, we would drop it and write (a, ) instead of writing (a; ,,).
Similarly, the multiple series generalisation of the transformation (2.2) is (see [1], (4.5))

given by
Forp = 4,
, X " X B i1 +2 aPg3p-9+3n
@ @ ¢*Na— VG, x,x4,%4%, 7, ¥4,y (p-a)- (dp-a) 47 a7 07" 0% s
2p+4 T 2p+3 aq® aq® aq aq® aq® aq ad® aq? 34n 240, 14n
\/a,_\/al_l_l_l_l_l_l_)_)aq ,aq ,aq
x ' x "x 'y Yy Yy cp-g dp-as
(G qa) -(C"q3)M- (d"q3)M-
(aq;n ( 'Q)n Z l_I cj d TNy — ]’ j-1
=_— 71,72, Tp—420
GrDn Gha) - (q® ;qS)rj(“C a*u d—q) M;

(5@ amp_g iDamy_y (@ 5D 3my_y (@4%0%)2m,,_,q° NP+ Mp-24D

X, —
(—aq:)emp_y a0 3Mp_y

ap—4q3p—15

(@)= ( )Tp 5. ).

Cp—4dp—g....C2d3

1 1 1 -
a3 szp_4 wa /3qzzv1p_4 wla /3(12Mp_4 quMp_4 yanp_4 q n+3Mp_4;q;q
+3Mp,_ + +3Myp,_ . XY —n+3Mp_, (2.4)

a /2q3Mp 4 _a /2q3Mp 4 a /Zqz o q

—a /2q2

where w is a cube root of unityand M; =ry +1r, + ....+r;and M_; =My, =0
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3. ROGERS-RAMANUJAN TYPE IDENTITIES MODULO (4p+2)s : (where p = 3 and s is any finite
positive integer)

In (2.3), taking n, b, x,y, ¢1,dy, ... Cp—3,d,_3 = o0 and then replacing g by q% , we get

25(MZ 4+ +ME_y+3Mj_3+4nMp_3+2n?) My+-+Mp_y+3Mp_3+2n

(az 45 45) Z Z q .a
— o (@50 (@%5 %), (425 %),y (—00%% 0% )2ni2m,
=0 712, Tp-3=
o (a;qZS)n (1_aq4ns)(_1)n abn q(2p+1)n25—ns
= 2n=o0 @%:q*5)n 1-a) (3-1)
Equation (3.1) fora = 1, ¢?® yeilds the following identities:
(@*%:0%)oo qZS(M1+ +Mp 4+3Mp 3+4nMp_3+2n?)
@ 2n=0 iy 3=0 (Gis iy, @5, 4297y (@757 ) ry_5 (02502 2n42Mp_s
(q q) Zn 0( 1)71 (1 an)q(2p+1)n2s—ns
=[I52,(1 — g™, wheren # 0,(2p + 2)s,2ps mod (4p + 2)s (3.2)
(on using the Jacobi’s Triple Product Identity)
and,
(q“ ) Z Z qzs(M%+---+M%,_4+3M12,_3+4nMp_3+2n2+M1+---+Mp_4+3Mp_3+2n)
@@ M0 STT2Tp-3=0 (g45,045), (02507 (07507 ) ry_3 (~42%0% ) 2ns2mpy_341
Zn 0( 1)n q(2p+1)n s+(2p-1)ns
T @ q)
=[I51(1 — g™, wheren # 0,2s,4ps mod (4p + 2)s (3.3)

(on using the Jacobi’s Triple Product Identity)

4. ROGERS-RAMANUJAN TYPE IDENTITIES MODULO (12p+6)s : (where p = 4 and s is any finite
positive integer)
In (2.4), taking n, b, x, y, €1, Cy, «.. . Cp—4, dp_4 = o and then replacing g by q%s , we get

65(MZ+--+Mp_5)+24SMj_ 4 +12n5Mp_s+2n%s

. 465
2 25 25) Z Z (a;q )n+2Mp_4q .
@%%a*)n (% q4%)r, - (@%%54%)r,_,

n=0 7,7y,. Tp 4=0

Q4 Mp—a+ Mg+t Mp_s

(a; q25)2n+6Mp_4+1

(a;qGS)n (1_aq12ns)(_1)n q(6p+3)n25—3nsapn

(0.0)
=)= 4.1
Zn=o (@°5a%)n (1-) @1
which fora = 1, % yeilds the following identities:
65. .65 6S(M3+-+M%_5)+243M5_ 4 +2nsMp_s+2n2s)
(@%%:0%%) 0 ¥ ¥ (@507 In+aMp_4-14 ¢ P
@D M0 ST Tp-a=0 (25,29)(q5%505%)r, - (A5%0% )4 (475507 )2ns6Mp_y
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Zn 0( 1)n q(6p+3)n s—3ns

T @ q)
=[I5-1(1 — g™, wheren # 0,(6p + 6)s,6ps mod (12p + 6)s (4.2)
(on using the Jacobi’s Triple Product Identity)
and
(qzs;qzs)oo (q6siq6s)n+2Mp—4 q6S(M%+.”+M%_5)+243M127_4+2n25)
(@D oo Ln=0 27irs..7ps=0 (a%%a%)n(@%%4%) 7, +(a%%a%)ry_4
q12nSMp_4+65(n+4Mp_4_+M1+'“+Mp_5
X 25. 428
q*%;q )2n+6Mp_4+3
Zn 0( 1)71 q(6p+3)n s+(6p—3)ns
T @ q)

=TI5=,(1 — ¢, wheren % 0,12ps, 6s mod (12p + 6)s (4.3)
(on using the Jacobi’s Triple Product Identity)

Again taking x,y,n = , ¢1,dy = 0, ¢3,C3, ... Cp_y = ®, dy,d3, ...dp_y = ©in (2.4) we get (with
di=eqVi=12,..p—4and d; = e;q = ¢1q), (see [4], (6), p-394 and its proof) the following
result:

(aq® @*)am,_p+k-1(—1)*MP2 7M1 (@)™
(@4 Qe Z Z z @ Dazk+em,_, (@G D@ 4%)r, (@5 0)r,_, §

= sz 0 k=0

3M1+M1

3(MZ++Mp_3)—2(My+-+Mp_3)— +12Mp_5+6KMp_p+37p_3+-+(3p—9)1y

-q

oo (@aDR(@a5aVk K k(p—1)  CETIDEk >
Lk e, DT 42 forp 26 @4

Now, replacing g by g2 and setting a = 1 in (4.4), we get,

4% q%) z z Z (q6;q6)2Mp—2+k—1(_1)3Mp_2_M1 o
° (@% 4P zk+6m,,_,(@% 4k (@% a%)r, - (@5 )r,_,

1=0 1p-2=0k=0

2 2 2 2
_ q6(M1 +odMp_3)—4(My++Mp_3)—3MF—M+24Mj_,+12KMp_p+6[1rp_z+-+(p—3)1]

© 6; 6 _ 12; 12 _ 2_
T it (DTN for p > 6 (4.5)

The equation (4.5) is an interesting general result because upon settingp = 6,7, 8, ... .... in this
equation, we get the following identities of Rogers-Ramanujan type modulo 42, 54, 66, .............

(=@ Qoo Xry=0 - Lirg=0 Lk =0-

2 2 2 2 2
6.6 3My4—Mq 6\ M{+M5+M3 |—4(M1+Mp+M3)—3M7—M1+24M3+12kM4+6[r3+212+371]
(@%9%)2my+k-1 (=147 M1q (M3 e03) t

(%9 2k+6M4(@%a*)k(a%0%)r, - (a%0%)r,
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- k 6k ,21k%—3k
= (qq) Goo Zk=o(=1* (1 +4°)q

= [12,(1 — %)™, where k % 0,18,24 (mod 42) (4.6)

Do Z?i:o ---2?(5):0 Yk=0-

2 2 2 2
6.6 3Me—Mq ,6(|M{++M7)—4(M1++Myg)—3M{—M1+24M5+12kM5+6[r4+-+471]
(@%a°)2mg+k-1(-1)*"57M1q (3 ) L 5

(@%a*) 2k+6M5 (@509 (@%0%)r, (@551

_ Kk 6k~ - 27k%2—3k
= (qq) —— Yk=o(—D* (1 +q°%)q

=[152,(1 — q*)~1, where k # 0,24,30 (mod 54) (4.7)

(=% D oo Xiry=0 - Lro=0 Lk =0

2 2 2 2
6.6 3Mo—M, 6(|M{++Mg)-4(M1++Msg)-3M{-M1+24Mg+12kMg+6[r5+-+571]
(@%4°)2mg+k-1(=1)"""67"1q ( B 5) L 6

(@%a)2k+6M6 (@%aH)k(a%05%) 7, - (a50%)r

2_
= e N (— D) (1+ g5k

=[I5=1(1 — ¢*) %, wherek % 0,30,36 (mod 66) (4.8)
and so on.
5. Some particular cases:
Settingp = 4,5 = 1in(3.2) and (3.3), we get

q67‘2+8n7‘+4n2

n(@%4%)r(=a%4%) 2ns2r

(@%5a)w

(@)oo =IIn=i(1 = g™, n #0,+10 (mod 18)

Zn 0 ZT 0(q4. 4)

2 2

6r°+8nr+4n“+6r+4n

=l (1 — g™, n #0,£2 (mod 18)

(@*aM)w q
(@D oo Xn=0 Xr=o (@%4Mn (%021 (—a%4®) zne2r41

Settingp = 4,5 = 1in (4.2) and (4.3), we get

P 0 0 (qsiq6)n—1q2n2 R ] _ A1 +

(4 Do Zn=0 2re0 72ar7 7= In=1(1 —q™)™", n % 0,124 (mod 54)
(@%a*)n(a%4%)2n

2n?+6n

=== g™~ n # 0,46 (mod 54)

. oo o _(a%a%na
(=4 @) Zn=o Zr=o (@%a%)n(@%9%)2n+3
In the same way, many identities can be obtained from (3.2), (3.3),(4.2), (4.3) by choosing diferent
values of p and s (where p = 3in case of (3.2), (3.3) and p = 4 in case of (4.2), (4.3) and s =
1,2,3,......).
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