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ABSTRACT 

In this paper, few other identities of Rogers-Ramanujan type modulo 

(4p+2)s, (12p+6)s where p ≥ 3 and p ≥ 4 respectively and s is any finite 

positive integer, have been derived by using some transformations of basic 

hyper geometric series. We derive such identities modulo 18, 54, and 66. 

Finally, we conclude by a general result which gives identities modulo 42, 

54, 66… and so on. 

Key words: Basic Hypergeometric Series, q- analogue of Saalschutz 

Theorem, Jacobi’s Triple Product Identity. 

 

1. Introduction 

For |q|<1, the q-shifted factorial is defined by  

                                   (𝑎; 𝑞)0 = 1 

                                   (𝑎; 𝑞)𝑛 = ∏ (1 − 𝑎𝑞𝑘)𝑛−1
𝑘=0 , for n≥1 

                          and    (𝑎; 𝑞)∞ = ∏ (1 − 𝑎𝑞𝑘)∞
𝑘=1 .       

It follows that      (𝑎; 𝑞)𝑛 =
(𝑎;𝑞)∞

(𝑎𝑞𝑛;𝑞)∞
 

The multiple q-shifted factorial is defined by  

       
nmn2n1nm21 q;a....q;aq;aq;a,....,a,a   

      
       


 q;a....q;aq;aq;a,....,a,a m21m21 . 
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The Basic Hyper geometric Series is 





















rp21

1p21

rp1p b,.......,b,b

x;q;a,.......,a,a        
 

       


 



 


0n nrpn2n1n

2

r1nn
nrn

n1pn2n1

q;b.....q;bq:bq;q

q1xq;a....q;aq;a
 

The series rp1p   converges for all positive integers r and for all x. For r=0 it converges only when 

|x|<1. 

1.1 The q-analogue of Saalschutz Theorem is  

 (
𝑒, 𝑓, 𝑞−𝑛; 𝑞
𝑎𝑞

𝑐
,

𝑐𝑒𝑓𝑞−𝑛

𝑎

) =        
(

𝑎𝑞

𝑒𝑐
)

𝑛
.(

𝑎𝑞

𝑐𝑓
)

𝑛

(
𝑎𝑞

𝑐
)

𝑛
.(

𝑎𝑞

𝑐𝑒𝑓
)

𝑛
.
 

1.2  We require the following Jacobi’s Triple Product Identity (see [3], 2.2.10 , 2.2.11) 

 

(𝑧𝑞
1

2⁄ , 𝑧−1𝑞
1

2⁄ , 𝑞; 𝑞)∞= ∑ (−1)𝑛 𝑧𝑛𝑞
𝑛2

2⁄ ,∞
𝑛=−∞  and its corollary 

 ∑ (−1)𝑛 𝑞
(2𝑘+1)𝑛(𝑛+1)

2
−𝑖𝑛∞

𝑛=−∞ = ∑ (−1)𝑛 𝑞
(2𝑘+1)𝑛(𝑛+1)

2
−𝑖𝑛. (1 − 𝑞(2𝑛+1)𝑖)∞

𝑛=0  

              = ∏ (1 − 𝑞(2𝑘+1)(𝑛+1)) (1 − 𝑞(2𝑘+1)𝑛+𝑖)(1 − 𝑞(2𝑘+1)(𝑛+1)−𝑖)∞
𝑛=0  

2. We begin by introducing the following transformations:  

 

(
𝑎, 𝑞√𝑎 ,− 𝑞√𝑎 ,  𝑏, 𝑥, −𝑥, 𝑦, −𝑦, 𝑞−𝑛 , −𝑞−𝑛; 𝑞; −

𝑎3𝑞3+2𝑛

𝑏𝑥2𝑦2

√𝑎,− √𝑎,
𝑎𝑞

𝑏
,

𝑎𝑞

𝑥
,

−𝑎𝑞

𝑥
,

𝑎𝑞

𝑦
,

−𝑎𝑞

𝑦
, −𝑎𝑞𝑛+1, 𝑎𝑞𝑛+1

) 

= 
(𝑎2𝑞2;𝑞2)𝑛 (

𝑎2𝑞2

𝑥2𝑦2;𝑞2)𝑛

(
𝑎2𝑞2

𝑥2 ;𝑞2)𝑛 (
𝑎2𝑞2

𝑦2 ;𝑞2)𝑛

 × 

(
𝑥2, 𝑦2,

−𝑎𝑞

𝑏
,

−𝑎𝑞2

𝑏
, 𝑞−2𝑛; 𝑞2; 𝑞2

−𝑎𝑞, −𝑎𝑞2,
𝑎2𝑞2

𝑏2 ,
𝑥2𝑦2

𝑎2 𝑞−2𝑛
)                     (2.1) 

and, 

(
𝑎, 𝑞3

√𝑎 ,− 𝑞3
√𝑎 ,  𝑥, 𝑥𝑞, 𝑥𝑞2, 𝑦, 𝑦𝑞, 𝑦𝑞2, 𝑞−𝑛, 𝑞−𝑛+1 , 𝑞−𝑛+2; 𝑞3; 

𝑎4𝑞3+3𝑛

𝑥3𝑦3

√𝑎,− √𝑎,
𝑎𝑞3

𝑥
,

𝑎𝑞2

𝑥
,

𝑎𝑞

𝑥
,

𝑎𝑞3

𝑦
,

𝑎𝑞2

𝑦
,

𝑎𝑞

𝑦
, −𝑎𝑞3+𝑛, 𝑎𝑞2+𝑛, 𝑎𝑞1+𝑛

) 

= 
(𝑎𝑞;𝑞)𝑛 (

𝑎𝑞

𝑥𝑦
;𝑞)𝑛

(
𝑎𝑞

𝑥
;𝑞)𝑛 (

𝑎𝑞

𝑦
;𝑞)𝑛

 × 

(
𝑎

1
3⁄ , 𝜔𝑎

1
3⁄ , 𝜔2𝑎

1
3⁄ , 𝑥, 𝑦, 𝑞−𝑛; 𝑞; 𝑞

𝑎
1

2⁄ , −𝑎
1

2⁄ , (𝑎𝑞)
1

2⁄ , −(𝑎𝑞)
1

2⁄ ,
𝑥𝑦

𝑎
𝑞−𝑛

)         (2.2)       

23

910

45

1112

56
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(For proof of the transformations (2.1) and (2.2), (see  [1], (1.3) and (1.6) respectively)) 

The multiple series generalisation of the transformation (2.1) is (see [𝟏], (4.1)) given by  

For 𝑝 ≥ 3,  

(
𝑎, 𝑞√𝑎,− 𝑞√𝑎,  𝑏, 𝑥, −𝑥, 𝑦, −𝑦, (𝑐𝑝−3). (𝑑𝑝−3), −𝑞−𝑛, 𝑞−𝑛; 𝑞;

−𝑎𝑝𝑞𝑝+2𝑛

𝑏𝑥2𝑦2𝑐1𝑑1…𝑐𝑝−3𝑑𝑝−3

√𝑎, −√𝑎,
𝑎𝑞

𝑏
,

𝑎𝑞

𝑥
, −

𝑎𝑞

𝑥
,

𝑎𝑞

𝑦
, −

𝑎𝑞

𝑦
,

𝑎𝑞

𝑐𝑝−3
,

𝑎𝑞

𝑑𝑝−3
, −𝑎𝑞1+𝑛, 𝑎𝑞1−𝑛

) 

                  = 
(𝑎2𝑞2;𝑞2)𝑛 (

𝑎2𝑞2

𝑥2𝑦2;𝑞2)𝑛

(
𝑎2𝑞2

𝑥2 ;𝑞2)𝑛 (
𝑎2𝑞2

𝑦2 ;𝑞2)𝑛

. ∑ ∏ {
(

𝑎𝑞

𝑐𝑗𝑑𝑗
;𝑞)𝑟𝑗

(𝑐𝑗;𝑞)𝑀𝑗−1
 (𝑑𝑗;𝑞)𝑀𝑗−1

(𝑞;𝑞)𝑗 (
𝑎𝑞

𝑐𝑗
;𝑞)𝑀𝑗

 (
𝑎𝑞

𝑑𝑗
;𝑞)𝑀𝑗

}
𝑝−3
𝑗=1𝑟1,𝑟2,…𝑟𝑝−3≥0 . 

                    
(𝑏;𝑞)𝑀𝑝−3  (𝑥2;𝑞2)𝑀𝑝−3  (𝑦2;𝑞2)𝑀𝑝−3  (𝑞−2𝑛;𝑞2)𝑀𝑝−3𝑞𝑀𝑝−3(𝑀𝑝−3+1)/2

(−𝑎𝑞;𝑞)2𝑀𝑝−3
(

𝑎𝑞

𝑏
;𝑞)𝑀𝑝−3

(
𝑥2𝑦2

𝑎2 𝑞−2𝑛;𝑞2)𝑀𝑝−3

  

                                             ×(-
𝑎𝑞2

𝑏
)𝑟𝑝−3(- 

𝑎2𝑞3

𝑏𝑐𝑝−3𝑑𝑝−3
)𝑟𝑝−4.....(- 

𝑎𝑝−3𝑞𝑝−2

𝑏𝑐𝑝−3𝑑𝑝−3….𝑐2𝑑2
)𝑟𝑝−4× 

       (
𝑥2𝑞2𝑀𝑝−3 , 𝑦2𝑞2𝑀𝑝−3 ,

−𝑎𝑞1+𝑀𝑝−3

𝑏
,

−𝑎𝑞2+𝑀𝑝−3

𝑏
, 𝑞−2𝑛+2𝑀𝑝−3; 𝑞2; 𝑞2  

−𝑎𝑞1+2𝑀𝑝−3 , −𝑎𝑞2+2𝑀𝑝−3 ,
𝑎2

𝑏2 𝑞2+2𝑀𝑝−3 ,
𝑥2𝑦2

𝑎2 𝑞−2𝑛+2𝑀𝑝−3

)                    (2.3) 

where  𝑀𝑖 = 𝑟1 + 𝑟2 +  … . + 𝑟𝑖,    𝑀−1 = 𝑀0 = 0 and as usual  (𝑎𝑀,𝑛) stands for (𝑛 − 𝑀 + 1) 

symbols 𝑎𝑀 , 𝑎𝑀+1, … 𝑎𝑛. . When 𝑀 = 1, we would drop it and write (𝑎𝑛) instead of writing (𝑎1,𝑛). 

Similarly, the  multiple series generalisation of the transformation (2.2) is (see [𝟏], (4.5)) 

 given by  

For 𝑝 ≥ 4, 

(
𝑎, 𝑞2

√𝑎,− 𝑞3
√𝑎, 𝑥, 𝑥𝑞, 𝑥𝑞2, 𝑦, 𝑦𝑞, 𝑦𝑞2, (𝑐𝑝−4). (𝑑𝑝−4), 𝑞−𝑛, 𝑞−𝑛+1, 𝑞−𝑛+2; 𝑞3;

𝑎𝑝𝑞3𝑝−9+3𝑛

𝑏𝑥2𝑦2𝑐1𝑑1…𝑐𝑝−3𝑑𝑝−3

√𝑎, −√𝑎,
𝑎𝑞3

𝑥
,

𝑎𝑞2

𝑥
,

𝑎𝑞

𝑥
,

𝑎𝑞3

𝑦
,

𝑎𝑞2

𝑦
,

𝑎𝑞

𝑦
,

𝑎𝑞3

𝑐𝑝−4
,

𝑎𝑞3

𝑑𝑝−4
, 𝑎𝑞3+𝑛, 𝑎𝑞2+𝑛, 𝑎𝑞1+𝑛

) 

                  = 
(𝑎𝑞;𝑞)𝑛 (

𝑎𝑞

𝑥𝑦
;𝑞)𝑛

(
𝑎𝑞

𝑥
;𝑞)𝑛 (

𝑎𝑞

𝑦
;𝑞)𝑛

. ∑ ∏ {
(

𝑎𝑞3

𝑐𝑗𝑑𝑗
;𝑞3)𝑟𝑗

(𝑐𝑗;𝑞3)𝑀𝑗−1
(𝑑𝑗;𝑞3)𝑀𝑗−1

(𝑞3;𝑞3)𝑟𝑗
(

𝑎𝑞3

𝑐𝑗
;𝑞3)𝑀𝑗

(
𝑎𝑞3

𝑑𝑗
;𝑞3)𝑀𝑗

}
𝑝−4
𝑗=1𝑟1,𝑟2,…𝑟𝑝−4≥0 . 

                    
(𝑥;𝑞)3𝑀𝑝−4  (𝑦;𝑞)3𝑀𝑝−4  (𝑞−𝑛;𝑞)3𝑀𝑝−4  (𝑎𝑞3;𝑞3)2𝑀𝑝−4𝑞3𝑀𝑝−4(𝑀𝑝−4+1)

(−𝑎𝑞;𝑞)6𝑀𝑝−4(
𝑥𝑦

𝑎
𝑞−𝑛;𝑞)3𝑀𝑝−4

  

                    (𝑎)𝑟𝑝−4 (
𝑎2𝑞3

𝑐𝑝−4𝑑𝑝−4
)𝑟𝑝−5….(

𝑎𝑝−4𝑞3𝑝−15

𝑐𝑝−4𝑑𝑝−4…..𝑐2𝑑2
)𝑟1 . 

                                             

(
𝑎

1
3⁄ , 𝑞2𝑀𝑝−4 , 𝜔𝑎

1
3⁄ 𝑞2𝑀𝑝−4 , 𝜔2𝑎

1
3⁄ 𝑞2𝑀𝑝−4 , 𝑥𝑞3𝑀𝑝−4 , 𝑦𝑞3𝑀𝑝−4 , 𝑞−𝑛+3𝑀𝑝−4; 𝑞; 𝑞

𝑎
1

2⁄ 𝑞3𝑀𝑝−4 , −𝑎
1

2⁄ 𝑞3𝑀𝑝−4 , 𝑎
1

2⁄ 𝑞
1

2
+3𝑀𝑝−4 , −𝑎

1
2⁄ 𝑞

1

2
+3𝑀𝑝−4 ,

𝑥𝑦

𝑎
𝑞−𝑛+3𝑀𝑝−4

)          (2.4) 

where 𝜔 is a cube root of unity and   𝑀𝑖 = 𝑟1 + 𝑟2 +  … . + 𝑟𝑖 and    𝑀−1 = 𝑀0 = 0         

3242   pp

45

3242   pp

56



Bull .Math.&Stat.Res ( ISSN:2348 -0580)  

   23 

Vol.8.Issue.4.2020 (Oct-Dec.) 

SHAIKH FOKOR UDDIN ALI AHMED 
 

3. ROGERS-RAMANUJAN TYPE IDENTITIES MODULO (4p+2)s : (where 𝑝 ≥ 3 and s is any finite 

positive integer) 

In (2.3), taking 𝑛, 𝑏, 𝑥, 𝑦, 𝑐1, 𝑑1, … . 𝑐𝑝−3, 𝑑𝑝−3 → ∞ and then replacing 𝑞  𝑏𝑦 𝑞2𝑠 , we get 

(𝑎2𝑞4𝑠; 𝑞4𝑠)∞ ∑   ∑
𝑞2𝑠(𝑀1

2+⋯+𝑀𝑝−4
2 +3𝑀𝑝−3

2 +4𝑛𝑀𝑝−3+2𝑛2)

(𝑞4𝑠; 𝑞4𝑠)𝑛(𝑞2𝑠; 𝑞2𝑠)𝑟1
… (𝑞2𝑠; 𝑞2𝑠)𝑟𝑝−3

.
𝑎𝑀1+⋯+𝑀𝑝−4+3𝑀𝑝−3+2𝑛

(−𝑎𝑞2𝑠; 𝑞2𝑠)2𝑛+2𝑀𝑝−3

∞

𝑟1,𝑟2,…𝑟𝑝−3=0 

∞

𝑛=0

 

= ∑
(𝑎;𝑞2𝑠)𝑛 (1−𝑎𝑞4𝑛𝑠)(−1)𝑛 𝑎𝑝𝑛 𝑞(2𝑝+1)𝑛2𝑠−𝑛𝑠

(𝑞2𝑠;𝑞2𝑠)𝑛 (1−𝑎)
∞
𝑛=0                                                     (3.1) 

Equation (3.1) for 𝑎 = 1, 𝑞2𝑠  yeilds the following identities: 

(𝑞4𝑠;𝑞4𝑠)∞

(𝑞;𝑞)∞
 ∑   ∑

𝑞
2𝑠(𝑀1

2+⋯+𝑀𝑝−4
2 +3𝑀𝑝−3

2 +4𝑛𝑀𝑝−3+2𝑛2)

(𝑞4𝑠;𝑞4𝑠)𝑛(𝑞2𝑠;𝑞2𝑠)𝑟1…(𝑞2𝑠;𝑞2𝑠)𝑟𝑝−3(−𝑞2𝑠;𝑞2𝑠)2𝑛+2𝑀𝑝−3

.∞
𝑟1,𝑟2,…𝑟𝑝−3=0 

∞
𝑛=0  

                   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 (1 − 𝑞2𝑠𝑛)𝑞(2𝑝+1)𝑛2𝑠−𝑛𝑠∞

𝑛=0  

                   = ∏ (1 − 𝑞𝑛)−1, 𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0, (2𝑝 + 2)𝑠, 2𝑝𝑠 𝑚𝑜𝑑 (4𝑝 + 2)𝑠 ∞
𝑛=1             (3.2) 

 (on using the Jacobi’s Triple Product Identity) 

and, 

(𝑞4𝑠;𝑞4𝑠)∞

(𝑞;𝑞)∞
 ∑   ∑

𝑞
2𝑠(𝑀1

2+⋯+𝑀𝑝−4
2 +3𝑀𝑝−3

2 +4𝑛𝑀𝑝−3+2𝑛2+𝑀1+⋯+𝑀𝑝−4+3𝑀𝑝−3+2𝑛)

(𝑞4𝑠;𝑞4𝑠)𝑛(𝑞2𝑠;𝑞2𝑠)𝑟1…(𝑞2𝑠;𝑞2𝑠)𝑟𝑝−3(−𝑞2𝑠;𝑞2𝑠)2𝑛+2𝑀𝑝−3+1
.∞

𝑟1,𝑟2,…𝑟𝑝−3=0 
∞
𝑛=0  

                   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞(2𝑝+1)𝑛2𝑠+(2𝑝−1)𝑛𝑠∞

𝑛=0  

                   = ∏ (1 − 𝑞𝑛)−1, 𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0,2𝑠, 4𝑝𝑠 𝑚𝑜𝑑 (4𝑝 + 2)𝑠 ∞
𝑛=1                           (3.3) 

                                     (on using the Jacobi’s Triple Product Identity) 

4. ROGERS-RAMANUJAN TYPE IDENTITIES MODULO (12p+6)s : (where 𝑝 ≥ 4 and s is any finite 

positive integer) 

In (2.4), taking 𝑛, 𝑏, 𝑥, 𝑦, 𝑐1, 𝑐2, … . 𝑐𝑝−4, 𝑑𝑝−4 → ∞ and then replacing 𝑞  𝑏𝑦 𝑞2𝑠 , we get 

(𝑎2𝑞2𝑠; 𝑞2𝑠)∞ ∑   ∑
(𝑎; 𝑞6𝑠)𝑛+2𝑀𝑝−4

𝑞6𝑠(𝑀1
2+⋯+𝑀𝑝−5

2 )+24𝑠𝑀𝑝−4
2 +12𝑛𝑠𝑀𝑝−5+2𝑛2𝑠

(𝑞2𝑠; 𝑞2𝑠)𝑛(𝑞6𝑠; 𝑞6𝑠)𝑟1
… (𝑞6𝑠; 𝑞6𝑠)𝑟𝑝−4

.

∞

𝑟1,𝑟2,…𝑟𝑝−4=0 

∞

𝑛=0

× 

𝑎𝑛+4𝑀𝑝−4+𝑀1+⋯+𝑀𝑝−5

(𝑎; 𝑞2𝑠)2𝑛+6𝑀𝑝−4+1
 

                = ∑
(𝑎;𝑞6𝑠)𝑛 (1−𝑎𝑞12𝑛𝑠)(−1)𝑛  𝑞(6𝑝+3)𝑛2𝑠−3𝑛𝑠𝑎𝑝𝑛

(𝑞6𝑠;𝑞6𝑠)𝑛 (1−𝑎)
∞
𝑛=0                                               (4.1)      

which for 𝑎 = 1, 𝑞6𝑠  yeilds the following identities: 

(𝑞2𝑠;𝑞2𝑠)∞

(𝑞;𝑞)∞
 ∑   ∑

(𝑞6𝑠;𝑞6𝑠)𝑛+2𝑀𝑝−4−1 𝑞
6𝑠(𝑀1

2+⋯+𝑀𝑝−5
2 )+243𝑀𝑝−4

2 +2𝑛𝑠𝑀𝑝−4+2𝑛2𝑠)

(𝑞2𝑠;𝑞2𝑠)𝑛(𝑞6𝑠;𝑞6𝑠)𝑟1…(𝑞6𝑠;𝑞6𝑠)𝑟𝑝−4(𝑞2𝑠;𝑞2𝑠)2𝑛+6𝑀𝑝−4

.∞
𝑟1,𝑟2,…𝑟𝑝−4=0 

∞
𝑛=0  
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                   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞(6𝑝+3)𝑛2𝑠−3𝑛𝑠∞

𝑛=0  

                   = ∏ (1 − 𝑞𝑛)−1, 𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0, (6𝑝 + 6)𝑠, 6𝑝𝑠 𝑚𝑜𝑑 (12𝑝 + 6)𝑠 ∞
𝑛=1                  (4.2) 

                                      (on using the Jacobi’s Triple Product Identity) 

and 

(𝑞2𝑠;𝑞2𝑠)∞

(𝑞;𝑞)∞
 ∑   ∑

(𝑞6𝑠;𝑞6𝑠)𝑛+2𝑀𝑝−4 𝑞
6𝑠(𝑀1

2+⋯+𝑀𝑝−5
2 )+243𝑀𝑝−4

2 +2𝑛2𝑠)

(𝑞2𝑠;𝑞2𝑠)𝑛(𝑞6𝑠;𝑞6𝑠)𝑟1…(𝑞6𝑠;𝑞6𝑠)𝑟𝑝−4

.∞
𝑟1,𝑟2,…𝑟𝑝−4=0 

∞
𝑛=0  

×
𝑞12𝑛𝑠𝑀𝑝−4+6𝑠(𝑛+4𝑀𝑝−4+𝑀1+⋯+𝑀𝑝−5

(𝑞2𝑠; 𝑞2𝑠)2𝑛+6𝑀𝑝−4+3
 

                   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞(6𝑝+3)𝑛2𝑠+(6𝑝−3)𝑛𝑠∞

𝑛=0  

                   = ∏ (1 − 𝑞𝑛)−1, 𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0,12𝑝𝑠, 6𝑠 𝑚𝑜𝑑 (12𝑝 + 6)𝑠 ∞
𝑛=1                             (4.3) 

                                      (on using the Jacobi’s Triple Product Identity) 

Again taking 𝑥, 𝑦, 𝑛 → ∞, 𝑐1, 𝑑1 → 0, 𝑐2, 𝑐3, … 𝑐𝑝−4 → ∞,  𝑑2, 𝑑3, … 𝑑𝑝−4 → ∞ in (2.4) we get (with 

𝑑𝑗 = 𝑒𝑗𝑞 ∀𝑗= 1,2, … 𝑝 − 4 𝑎𝑛𝑑 𝑑1 = 𝑒1𝑞 = 𝑐1𝑞), (see [4], (6), p-394 and its proof) the following 

result: 

(𝑎𝑞; 𝑞)∞ ∑ … ∑ ∑
(𝑎𝑞3; 𝑞3)2𝑀𝑝−2+𝑘−1(−1)3𝑀𝑝−2−𝑀1(𝑎)𝑀1

(𝑎𝑞; 𝑞)2𝑘+6𝑀𝑝−2
(𝑞; 𝑞)𝑘(𝑞3; 𝑞3)𝑟1

… (𝑞3; 𝑞3)𝑟𝑝−2

∞

𝑘=0

∞

𝑟𝑝−2=0

∞

𝑟1=0

× 

. 𝑞3(𝑀1
2+⋯+𝑀𝑝−3

2 )−2(𝑀1+⋯+𝑀𝑝−3)−
3𝑀1

2+𝑀1
2

+12𝑀𝑝−2
2 +6𝑘𝑀𝑝−2+3𝑟𝑝−3+⋯+(3𝑝−9)𝑟1  

                    =∑
(𝑎;𝑞3)𝑘(𝑎𝑞6;𝑞6)𝑘

(𝑞3;𝑞3)𝑘(𝑎;𝑞6)𝑘
 (−1)𝑘𝑎𝑘(𝑝−1)𝑞

(6𝑝−15)𝑘2−3𝑘

2∞
𝑘    , for  𝑝 ≥ 6                                (4.4)                                                         

Now,  replacing 𝑞 𝑏𝑦 𝑞2 and setting 𝑎 = 1 in (4.4), we get, 

(𝑞2; 𝑞2)∞ ∑ … ∑ ∑
(𝑞6; 𝑞6)2𝑀𝑝−2+𝑘−1(−1)3𝑀𝑝−2−𝑀1

(𝑞2; 𝑞2)2𝑘+6𝑀𝑝−2
(𝑞2; 𝑞2)𝑘(𝑞6; 𝑞6)𝑟1

… (𝑞6; 𝑞6)𝑟𝑝−2

∞

𝑘=0

∞

𝑟𝑝−2=0

∞

𝑟1=0

× 

. 𝑞6(𝑀1
2+⋯+𝑀𝑝−3

2 )−4(𝑀1+⋯+𝑀𝑝−3)−3𝑀1
2−𝑀1+24𝑀𝑝−2

2 +12𝑘𝑀𝑝−2+6[𝑟𝑝−3+⋯+(𝑝−3)𝑟1] 

                    =∑
(𝑞6;𝑞6)𝑘−1(𝑞12;𝑞12)𝑘

(𝑞6;𝑞6)𝑘(𝑞12;𝑞12)𝑘−1
 (−1)𝑘𝑞(6𝑝−15)𝑘2−3𝑘∞

𝑘  , for  𝑝 ≥ 6                                      (4.5) 

The equation (4.5) is an interesting general result because upon setting 𝑝 = 6, 7, 8, … ….  in this 

equation, we get the following identities of Rogers-Ramanujan type  modulo 42, 54, 66, ….......... 

               (−𝑞; 𝑞)∞ ∑ … ∑ ∑ .∞
𝑘=0

∞
𝑟4=0

∞
𝑟1=0  

(𝑞6;𝑞6)2𝑀4+𝑘−1(−1)3𝑀4−𝑀1𝑞
6(𝑀1

2+𝑀2
2+𝑀3

2)−4(𝑀1+𝑀2+𝑀3)−3𝑀1
2−𝑀1+24𝑀4

2+12𝑘𝑀4+6[𝑟3+2𝑟2+3𝑟1]

(𝑞2;𝑞2)2𝑘+6𝑀4(𝑞2;𝑞2)𝑘(𝑞6;𝑞6)𝑟1…(𝑞6;𝑞6)𝑟4
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                                =   
1

(𝑞;𝑞)∞
 ∑ (−1)𝑘 (1 + 𝑞6𝑘)𝑞21𝑘2−3𝑘∞

𝑘=0  

                                = ∏ (1 − 𝑞𝑘)−1, 𝑤ℎ𝑒𝑟𝑒 𝑘 ≢ 0,18,24 (𝑚𝑜𝑑 42) ∞
𝑘=1                                    (4.6) 

                                           (−𝑞; 𝑞)∞ ∑ … ∑ ∑ .∞
𝑘=0

∞
𝑟5=0

∞
𝑟1=0  

(𝑞6;𝑞6)2𝑀5+𝑘−1(−1)3𝑀5−𝑀1𝑞
6(𝑀1

2+⋯+𝑀4
2)−4(𝑀1+⋯+𝑀4)−3𝑀1

2−𝑀1+24𝑀5
2+12𝑘𝑀5+6[𝑟4+⋯+4𝑟1]

(𝑞2;𝑞2)2𝑘+6𝑀5
(𝑞2;𝑞2)𝑘(𝑞6;𝑞6)𝑟1…(𝑞6;𝑞6)𝑟5

                   

                                =   
1

(𝑞;𝑞)∞
 ∑ (−1)𝑘 (1 + 𝑞6𝑘)𝑞27𝑘2−3𝑘∞

𝑘=0  

                                = ∏ (1 − 𝑞𝑘)−1, 𝑤ℎ𝑒𝑟𝑒 𝑘 ≢ 0,24,30 (𝑚𝑜𝑑 54) ∞
𝑘=1                                      (4.7)                     

            (−𝑞; 𝑞)∞ ∑ … ∑ ∑ .∞
𝑘=0

∞
𝑟6=0

∞
𝑟1=0  

(𝑞6;𝑞6)2𝑀6+𝑘−1(−1)3𝑀6−𝑀1𝑞
6(𝑀1

2+⋯+𝑀5
2)−4(𝑀1+⋯+𝑀5)−3𝑀1

2−𝑀1+24𝑀6
2+12𝑘𝑀6+6[𝑟5+⋯+5𝑟1]

(𝑞2;𝑞2)2𝑘+6𝑀6(𝑞2;𝑞2)𝑘(𝑞6;𝑞6)𝑟1…(𝑞6;𝑞6)𝑟6

                   

                                =   
1

(𝑞;𝑞)∞
 ∑ (−1)𝑘 (1 + 𝑞6𝑘)𝑞33𝑘2−3𝑘∞

𝑘=0  

                                = ∏ (1 − 𝑞𝑘)−1, 𝑤ℎ𝑒𝑟𝑒 𝑘 ≢ 0,30,36 (𝑚𝑜𝑑 66) ∞
𝑘=1                                (4.8) 

and so on. 

5. Some particular cases: 

Setting 𝑝 = 4, 𝑠 = 1 in (3.2) and (3.3), we get 

(𝑞4;𝑞4)∞

(𝑞;𝑞)∞
 ∑   ∑

𝑞6𝑟2+8𝑛𝑟+4𝑛2

(𝑞4;𝑞4)𝑛(𝑞2;𝑞2)𝑟(−𝑞2;𝑞2)2𝑛+2𝑟
.∞

𝑟=0 
∞
𝑛=0   = ∏ (1 − 𝑞𝑛)−1,   ∞

𝑛=1 𝑛 ≢ 0, ±10 (𝑚𝑜𝑑 18) 

(𝑞4;𝑞4)∞

(𝑞;𝑞)∞
 ∑   ∑

𝑞6𝑟2+8𝑛𝑟+4𝑛2+6𝑟+4𝑛

(𝑞4;𝑞4)𝑛(𝑞2;𝑞2)𝑟(−𝑞2;𝑞2)2𝑛+2𝑟+1
.∞

𝑟=0 
∞
𝑛=0   = ∏ (1 − 𝑞𝑛)−1,   ∞

𝑛=1 𝑛 ≢ 0, ±2 (𝑚𝑜𝑑 18) 

Setting 𝑝 = 4, 𝑠 = 1 in (4.2) and (4.3), we get 

(−𝑞; 𝑞)∞ ∑   ∑
(𝑞6;𝑞6)𝑛−1𝑞2𝑛2

(𝑞2;𝑞2)𝑛(𝑞2;𝑞2)2𝑛
.∞

𝑟=0 
∞
𝑛=0  = ∏ (1 − 𝑞𝑛)−1,   ∞

𝑛=1 𝑛 ≢ 0, ±24 (𝑚𝑜𝑑 54) 

(−𝑞; 𝑞)∞ ∑   ∑
(𝑞6;𝑞6)𝑛𝑞2𝑛2+6𝑛

(𝑞2;𝑞2)𝑛(𝑞2;𝑞2)2𝑛+3
.∞

𝑟=0 
∞
𝑛=0  = ∏ (1 − 𝑞𝑛)−1,   ∞

𝑛=1 𝑛 ≢ 0, ±6 (𝑚𝑜𝑑 54) 

In the same way, many identities can be obtained from (3.2), (3.3),(4.2), (4.3) by choosing diferent 

values of 𝑝 𝑎𝑛𝑑 𝑠 (𝑤ℎ𝑒𝑟𝑒 𝑝 ≥ 3 in case of (3.2), (3.3) and 𝑝 ≥ 4 in case of (4.2), (4.3)  and 𝑠 =

1,2,3, … …). 
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